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Abstract
We provide a theoretical description of the characteristic crossover dynamics in complex sys
tems manifesting anomalous diffusion. The crossover dynamics may be from anomalous to 
normal diffusive behaviour. There are many real life examples, where this behavior is ob
served, such as the tracer motion in crowded artificial environments or in the cytoplasm of 
biological cells, diffusion in lipid bilayer membranes, etc. In such situations, the diffusive 
behavior is usually described by two independent power-law regimes. In order to have full 
description of the corresponding dynamics we consider different models describing stochastic 
processes driven either by external or internal tempered fractional Gaussian noise, and diffu
sion processes which arise as a long space-time limit of continuous time random walk models 
with tempered waiting time probability density functions. The corresponding equations, the 
overdamped Langevin equation (fractional Brownian motion), the fractional Langevin equa
tion and the generalised diffusion equation, which capture not only the short and long time 
limit behavior, but also the intermediate times, are investigated, and good agreement with 
experiments and computer simulations is shown.

Keywords: tempered dynamics, anomalous diffusion, fractional Gaussian noise, 
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1. Introduction
Anomalous diffusion, characterised by a power-law dependence of the mean squared displacement 

(MSD) on time of the form (x2(t)) — ta [1], has been observed in many different complex systems. We 
distinguish the cases of subdiffusion for 0 < a < 1, normal diffusion for a = 1, and superdiffusion for 
a > 1. It includes anomalous transport in biological cells [2], subdiffusion in artificially crowded systems 
[3,4, 5], subdiffusive behavior of protein-crowded lipid bilayer membranes [6], as well as superdiffusion 
observed in active transport in living cells [7]. Different approaches to anomalous diffusion exist, such 
as continuous time random walk (CTRW) model, fractional diffusion and Fokker-Planck equations, frac
tional Brownian motion (FBM) or generalised Langevin equation (GLE), to name but a few. Sometimes, 
these models lead to identical results for the MSD, however, the corresponding processes governed by 
these models are totally different. Therefore, one should be very careful when choosing a particular 
model for the description of experimental and simulations data, and additionally to the MSD, for in
stance, the probability density function (PDF) and velocity autocorrelation function should be analysed, 
as well. For example, FBM and the motion described by the GLE are ergodic, which means that the 
ensemble averaged MSD

(1)
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and the time averaged MSD

Wj (2)

are asymptotically the same, i.e.,

dm <52(A = t,T) = (r2(r)) . (3)

Contrary to this, ergodicity breaking appears in systems governed by subdiffusive CTRW and the corre
sponding fractional Fokker-Planck equation (FFPE) [8, 9], where the particle has a long-tailed waiting 
time PDF of form t//(/) ~ 1 (0 < a < 1) and thus a diverging characteristic waiting time, combined
with a finite-variance jump length PDF.

In many biological systems the observed anomalous diffusion is either of CTRW type with trapping, 
or of FBM and GLE motion type with power-law correlations of the driving noise. At sufficiently long 
times, this anomalous diffusion is often observed to turn to normal, when the system’s temporal evolution 
exceeds some correlation time. Therefore, in order to describe such characteristic crossover dynamics, 
it is desirable to have a complete quantitative model combining different diffusive regimes, instead of 
fitting by two independent power laws. This paper aims of introducing simple stochastic models that 
will capture not only the initial anomalous dynamics and the normal diffusion in the long time limit, but 
also the intermediate complex dynamics. Models that will be of interest of this paper are the so-called 
tempered FBM [10], tempered GLE [10, 11], and tempered generalised diffusion equation [12, 13, 14], 
which will be obtained from the CTRW theory.

2. Tempered motions
In what follows we consider three different tempered models in which we introduce exponential 

tempering either in the autocorrelation of the driving noise or in the memory kernel.

2.7. Tempered fractional Brownian motion
First we consider the overdamped stochastic equation of motion, so-called FBM, of a particle in a 

viscous medium under the influence of an external stochastic force £(r) [15],

= ««=.•(,). (4)
dt mt]

where x(f) is the particle position, v(r) its velocity, m is the particle mass, and r/ is the friction coefficient 
of physical dimension [rj] = s . Without loss of generality we assume zero initial position x(0) = 0. 
The stochastic force £(r) is assumed to be a stationary Gaussian noise of zero mean. The velocity 
autocorrelation function fulfils

(v(t)v(l + if = (v2)T, (5) 

for all T > 0. By integration of Eq. (4) the MSD becomes

(x2(/)) I dti i dt2{v(tf)vff)} =rL I dti I dt2{v(tl')v(t2)) =2 I dift - t){v2}t. (6)
Jo Jo Jo Ja Jo

For superdiffusive FBM we choose the autocorrelation function in the form

2H—2
r(2H-i) (7)

where the constant noise strength has dimension [3>h\ = cm2/s2//, r(z) is the Gamma function, 
and the Hurst exponent H is in the interval 1/2 < H < 1. We note here that this approach leads to the
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correct power-law asymptotics of the classical Mandelbrot-van Ness fractional Gaussian noise at long 
times [16], By plugging (7) into Eq. (6) for the MSD we obtain

23h 2H 

r(2/7+i) ’ (8)

which gives superdiffusion with the anomalous diffusion exponent a = 2H, 1 < a < 2. We note that 
in this combination of the Langevin equation (4) and the autocorrelation function (7) the fluctuation 
dissipation theorem is not satisfied, and the noise £(t) can be considered as an external noise [17]. We 
will see later, that in the GLE model the considered noise satisfies the fluctuation-dissipation theorem, 
and thus represents an internal noise. We note also that the FBM describes ergodic systems since the 
ensemble and time averaged MSD are the same.

We now consider an exponential tempering of the autocorrelation of the driving noise of the form

___________ 2H-2 -T/r*
r(2H-i) (9)

for T > 0, where T* > 0 is a characteristic crossover time. In the case of moving cells, for instance, the 
crossover time T* would correspond to the time scale when the cell motion becomes uncorrelated. We 
note here that the autocorrelation function (v2)T cannot be chosen arbitrarily but its Fourier transform, 
the spectrum (r'2(ft))) of the random process v(t) must be non-negative [18].

From expression (6) the MSD for the exponentially truncated fractional Gaussian noise becomes [10]

2^ht2h
r(2H-l) (10)

where y(a,z) = Jg ta~xe~'dt is the incomplete /-function. From the asymptotics expansion formulas 
y(a,z) fa for z 1, and y(a,z) ~ r(a) for z 1, one finds the superdiffusive-to-normal diffusive 
crossover

23h f2H
r(2// + i) ’

2WT2H"1t,

1

t/r* » 1.
(11)

Such supcrdiffusivc-diffusivc crossover is indeed seen for the bacterial motion in a quasi-two-dimcnsional 
bacterial bath [19].

2.2. Tempered generalised Langevin equation
The GLE, which also describes an ergodic motion, for a particle with mass m immersed in a vis

coelastic medium has the form [20]

mxlt^ + YH [ Y(t — t'yx(t')dt'= E,(t)
Jo

(12)

where x(t) is the particle displacement, x(t) is the particle velocity, y(t) is the friction (memory) kernel, 
and <^(z) is an internal correlated Gaussian noise, coupled to the friction kernel through the fluctuation 
dissipation theorem given by [21 ]

(13)

In biological systems, usually, high viscous damping (large friction) exists due to the liquid environment, 
and thus the inertial term mx(l) is negligible. That is the case of overdamped GLE which is given by

Th [ Y(t-t')x<d')dt' = £,(t) x(z)=v(z). (14)
Jo
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Following the procedure in [22], by solving this equation one finds the following general formula for the 
MSD and velocity autocorrelation function, respectively

1(?(,)) =2^-'
A2?(s). ’ 

kBT d~
_52r(s)J J ’

where T = — h ■

We choose the friction kernel in the power-law form 

(15)

(16)

(17)

i.e., a Gaussian noise with power-law correlation. The normal Brownian case is recovered for // = 1/2 
when one has the form of the standard Langevin equation driven by white Gaussian noise obeying the 
regular fluctuation dissipation theorem. The memory kernel for the power-law form (17) can be rewritten 
in terms of a fractional derivative, and the resulting equation is then often referred to as the fractional 
Langevin equation [23J. Power-law memory kernels of the form (17) are typical for many viscoelastic 
systems [21].

From the Laplace transform of equation (17), and by using the general expression (6) one obtains

which reduces to the classical result (x2(r)) = 2(ki{T/[/nr]]) t for normal Brownian motion in the limit 
H = 1/2. Therefore, due to the requirement that the system is thermalised and thus the fluctuation 
dissipation theorem is fulfilled, the same noise leads to subdiffusion in this case with anomalous diffusion 
exponent a = 2 — 2H and 0 < 2 — 2H < 1. Due to the coupling (13) large noise causes large friction, and 
thus the persistence of the noise is turned into antipersistent diffusion dynamics [8, 21], Furthermore, 
the velocity autocorrelation function becomes

(vOO-fc)) = (A = -^(^-'1)027/)^ (19)

where t = t2~li. We see that for 1/2 < H < 1 the velocity autocorrelation is negative, (v2)t < 0, 
reflecting the antipersistent character of the resulting motion.

For the exponentially truncated noise autocorrelation, i.e., a truncated friction kernel

7//(T) = r(2H-i)T2/j~2e~T/T< (20)

for which the corresponding Laplace transform is given by fe(s) = (s + T, *)1 2W, after exchanging it 

into relation (15), and taking the inverse Laplace transformation, we obtain [10]

(?(,)) = (21)

in terms of the three parameter Mittag-Leffler function E$ & (z), defined by [24]

E5a.^) = £
i=0 r(ak + jB) k!

(22)

where (8\ = T(3 + k)/r(<5) is the Pochhammer symbol. When the crossover time T* tends to infinity, 
we arrive at the previously obtained result (18) for the untruncated noise. At short times r/T* 1 the
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MSD (21) reduces to the subdiffusive expression (18), whereas at long times t/r* » 1, the MSD exhibits 
normal Brownian behaviour,

z ">/ >,\ 'IksTMO) ~ —jtft'-
YhK

Here we use the relation [25]

r(5)£-or(/3-a(3+n)) nl ’

(23)

(24)

for 0 < a < 2 and z —» A similar crossover was observed in [11] where a modified three-parameter 
Mittag-Leffler form for the kernel Yf/(T) was considered. For the velocity autocorrelation function we 
find the result [10]

z..2\ sin^[2H-l]ff(2H)kBT^_2H^
n Yh ' ’

which is anticorrelated and reduces to the untruncated result (19) when t* tends to infinity. Characteristic 
crossover from subdiffusion to normal diffusion has been observed in liquid disordered and liquid ordered 
lipid bilayer membranes, where the motion of the lipids is shown to be Gaussian [6], Lipid bilayer 
membranes represent double layered leaves made up of relatively short amphiphilic polymers (lipids). 
Immersed in water at room temperature they tend to form a bilayer structure [26]. It is shown that the 
lipid molecules do not perform jump-like motion, instead they tend to move together (local clusters).

2.3. Tempered generalised diffusion equation
At the end we consider a generalization of the fractional diffusion equation which, contrary to the 

previous models of FBM and GLE, describes non-ergodic motion. Namely, we introduce the generalised 
diffusion equation with memory kernel [12],

r1 d d2
/ y(i ~t'^W(x,ff)dt' = &^W(x,D (26)

,/0 dt' dx2
obtained from the CTRW theory for Gaussian jump length PDF with variance a2 and generalised waiting 
time PDF i/rfs) = 1 /fl + . There exists an equivalent representation of Eq. (26) where a

memory kernel appears from the right hand side of the equation [13], Suitable memory kernels which 
yield non-negative solutions of the generalised diffusion equation are discussed in [14J. The general 
form of the MSD then becomes

1
s2j>(s)

(27)

which is the same as the one obtained from the GLE. However, as it was discussed in the introduction, 
both models describes totally different stochastic processes. For the case y(r) = r/t_a), cc =2 — 2H, 
0 < H < 1/2, the genaralised diffusion equation (26) becomes the time fractional diffusion equation with 
Mittag-Leffler waiting time PDF t/(t) = | (|)a 1 Ea a [^], Eap(z)=Elap (z), which crosses over 

to the power-law i//(r) ~ in the long time limit, and the MSD of subdiffusive form
X1-2H

^=2Sr<y=2HY <28)

In the case of a tempered power-law memory kernel /(/) = rf/a) one f|rK's

(x2(r)> = 2^2-2ffE11j32^(-to), (29) 

which is the same as the one obtained from the tempered GLE. The generalised diffusion equation with 
such memory kernel can be obtained from the CTRW theory in case of a tempered power-law waiting 
time PDF of form t//(t) ~ ~ qt-a) 02]. Such a model may be used to describe the transient 
diffusion of telomeres in the nucleus of mammalian cells, where the broad distribution of waiting times 
is due to the fact that the telomeres can bind to chromatin or the nuclear matrix through binding proteins 
[27]. Such transient diffusion has also been observed in plasma membranes [28].
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3. Conclusions
We provide three different approaches to the description of characteristic anomalous-to-normal diffu

sive crossover in complex systems. All three approaches are fundamentally different and describe differ
ent stochastic processes and physical scenarios. The main message of this paper is to pay attention that 
sometimes different approaches may give the same or similar results for the mean squared displacement 
for different diffusive processes. Therefore, one should further analyse different quantities (probability 
density function, velocity autocorrelation function, time averaged mean squared displacement) in order 
to conclude which model could be suitable for application.

Acknowledgement: The authors acknowledge funding from the Deutsche Forschungsgemeinschaft 
(DFG), project ME 1535/6-1 ’’Random search processes, Levy flights, and random walks on complex 
networks”.
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