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Abstract
We present an overview on the evolution equations one obtains in the passage from the non- 
relativistic to the relativistic framework, emphasizing the connections between the diffusive, 
optical and quantum models. A new evolution equation, the Pearcey equation, is introduced 
in the frame of this general representation. The aim of this paper is to find a relativistic 
counterpart of the heat equation.
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1. Evolution equations: an Introduction.
The term evolution equation is commonly used to denote any partial differential equation, suited to 

model the evolution of a physical process/system with respect to some inherent variable, usually referred 
to as ’’time” [1]. Therefore, evolution equations are written in the form

^P(Wd)+A[li({x},t)]=0. (1)

The dependent variable characterizes the state of the system under examination.
In the light of this definition, p can be named also state function . It depends on time t and some other 
specific variables {x}, typically referred to as ’’space” variables. Equation (1) contains only the first order 
derivative of the state function p with respect to the evolution variable t. The operator A, which appears 
in Eq. (1), can be linear or non linear and can depend explicitly on {*} and t as well as on the derivatives 
of p with respect to {%} of any integer order.
Since Eq. (1) is first-order in the time-derivative, one can construct solutions from an assigned initial 
condition at some time to, p({x},to) = jUo({*})■ If Po is known, we can construct p at any subsequent 
time t> to-

2. Evolution equations in the non relativistic framework.
The heat equation, the Schrodinger equation and the paraxial wave equation are significant examples 

of non relativistic evolution equations.
The (1 + 1)D heat equation [2]

du(x,t)
dt

d2u(x,t)
dx2

(xeR, t > 0) (2)= a

defines the time evolution of the temperature function u(x,t) of an infinitely long homogeneous rod 
characterized by a thermal diffusivity a.
Likewise, the (1 + 1 )D free-particle Schrodinger equation [3]

d^f^x.t) 7z2 dTfix./j

dt 2m dx2 
(xGk, t>0), (3)

16



A. Lattanzi et al.

where m denotes the mass of the particle and Tt the reduced Planck constant, describes the ID free-motion 
of a quantum mechanical particle characterized by the wave function i//(x,z).
Lastly, the 2D paraxial wave equation [4]

ik0
d<?(x,z) 

dz

1 <?2<p(x,z)
In dx~

(xeE, z > 0) (4)

is the equation of motion of a monochromatic scalar light field of complex amplitude <p(x,z) propagating 
in a homogeneous medium of refracting index n in the close proximity of the z-axis, the main direction 
of the field propagation. Here, ko = denotes the field wave number in vacuum corresponding to the 
frequency tag = koc.
The analogy between Eq. (3) and Eq. (4) is given by the correspondences', t and m <-> n.
Moreover, the analogy of both equations with the heat equation is given by the replacement of the evo
lution variable in the Schrodinger equation with a purely imaginary variable in the heat equation. Thus, 
apart from the specific parameters appearing in the three equations, we can claim that these equations 
are formally the same. Thus, they have the same kind of solutions [5].

In all these cases, one may consider the fundamental solution, namely the dynamical response to an 
impulsive input as the Dirac 3 function is. The fundamental solution provides a complete characterization 
of the dynamics, the specific behaviour of the solution being uniquely determined by the initial condition. 
For example, let us consider the Schrodinger equation in dimensionless form

.3^,7) ld2T(£,T)
' d^~~2 dl T(^t = O) = ‘Po^), (5)

where £ and T represent the space variables x and ct normalized to the reduced Compton wavelength. 
Exploiting the Fourier transform method, the solution of Eq. (5) is

W>0 = (6)

and the fundamental solution corresponding to = 5(^') is

1
(7)

It is easy to rewrite the solution and the fundamental solution for Eqs. (2) and (4) taking into account the 
aforementioned correspondences among the three equations.

3. The Salpeter equation, an evolution equation in the relativistic framework.
The heat equation, the Schrodinger equation and the paraxial wave equation pertain to three different 

physical contexts. When trying to go beyond them in a relativistic framework, we may be led to equations 
involving higher-order derivatives with respect to the time variable, i.e. equations which are not of 
evolution type. Examples of this kind are provided by the Morse and Feshbach relativistic Heat equation, 
the Klein-Gordon equation and the homogeneous 3D scalar wave equation [6, 7, 8],
However, it is possible to maintain the formalism of the evolution equations in a relativistic framework 
by dealing with evolution equations with fractional differential operators, which appear in the modern 
theories of transport in heterogeneous porous media with fractional advection-diffusion or by pseudo
differential operators. An example, in this last case, is conveyed by the relativistic quantum analogue 
of the Schrodinger equation for a free particle - also well-known as the spinless Salpeter equation - 
involving the square-root of an operator containing ™:
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An accurate study of the Salpeter equation and its solutions is presented in [9, 10, 11, 12, 13] where a 
parallelism with optics is also highlighted thanks to the correspondences defined in Sect. 1.
In the field of the relativistic diffusion theory, a relativistic-like evolution equation for diffusion reads

3t (9)

It has been shown in [15] that Eq. (9) admits the solution

(10)

which corresponds to the fundamental solution

T/CltV^ + g2)

71 y/T2 + £2
(11)

where the A'i(z) denotes the McDonald function of the first order [14], The integral in Eq. (10) has 
been called McDonald transform [15], The non-relativistic counterpart of Eq. (9) (i.e. its lowest order 
approximation) is the heat equation, as the Schrodinger equation is the non-relativistic counterpart of the 
Salpeter equation.

4. The Pearcey equation and its counterparts.
Here we show the relationship between the Schrodinger equation, the heat equation and the paraxial 

wave equation in a slowly relativistic framework, that is, when the relativistic effects cannot be neglected 
completely. To do so we introduce an evolution equation resulting form the fourth-order approximation 
of the Salpeter equation. In (1+1 )D, it reads

(1-|^</>(£,t = 0) = </>0(£)- (12)

Since its fundamental solution is related to the Pearcey function [16], well known in optics, we call 
Eq. (12) the Pearcey equation.
Although compared to the Schrodinger equation, it contains one more term, the first relativistic correction 
to the kinetic energy, the solutions of the Pearcey equation recall the relativistic ones ruled by the Salpeter 
equation as shown in [9, 10, 11]. When discussing the solutions of the Pearcey equation, we have 
frequently relayed on the analogy with optics, interpreting the obtained solutions also as optical beams.

In this paper, we want to complete the triangle, introducing the relativistic counterpart of the heat 
equation in terms of the Pearcey equation. Replacing the evolution variable with a purely imaginary one, 
we can define a relativistic version of the heat equation suitable for this correspondence.

The (1 + 1 )D relativistic heat equation can be derived from Eq. (12) through the variable transforma
tion T = — it:

^</’(^t) = -(1-|^2-|^)</>(^t) ^(§jT = 0)=^0«). (13)

Following the Fourier transform procedure based on the spatial frequency K, we can write the general 
solution of Eq. (13) in dimensionless form

z?—/4+°° 4 20(^T) = ^=/ (t>0). (14)
v ./—co

Accordingly, the fundamental solution of Eq. (13), representing the response of the system to a 8 
impulse, is obtained from Eq. (14) with 0(tc) = (the Fourier transform of the Dirac 8 function). 
This results into

^,T) = f_Z f“e(-¥+¥+^w (t>o), (15)
2tt J-oo
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and its features can be highlighted by the contour plot in Fig. 1 b).

I ’ 2

Figure 1: (§, r)-contour plots of the fundamental solution of the heat equation in a); of the relativistic- 
Pearcey heat equation in b) and of the relativistic-Salpeter heat equation in c).

5. Conclusions
We have presented an overview of the evolution equations triangle appearing in the heat transfer, 

in optic and in quantum mechanics, emphasizing how evolution equations belonging to these different 
fields of Physics can be traced back to a single model equation. In the last Section we introduced the 
Pearcey equation as an approximation to the Salpeter equation, a relativistic version of the Schrodinger 
equation. Making appropriate changes on the Pearcey equation according to the well known correspon
dences between the Schrodinger equation and the heat equation, we have presented here a relativistic 
diffusion equation. The corresponding fundamental solution shows a quicker attenuation of the function 
amplitude than the non relativistic one. This attenuation will increase more and more by moving from a 
slowly relativistic (Fig. l.b)) to a properly relativistic framework (Fig. 2c)).
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