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Abstract

Polymers with branched structures open a multitude of possibilities to tailor polymer materials
beyond chemical and process based modifications. Polymers with a very high degree of branch-
ing are called hyperbranched polymers and can be grouped into different classes, for instance
Zimm-Stockmayer hyperbranched, fractals, or regular tree like structures named dendrimers.
Hyperbranched polymers provides a large number of functionalizeable terminal groups, that are
used for various applications, for instance in light emitting materials, adhesives, coatings, and
biomaterials.

Dendrimers and dendritic polymers are used in medical applications as drug delivery systems
or gene vectors. Beside their applications, they are interesting from a theoretical point of view due
to their well-defined, regular structure described by only a few parameters accessing a variety of
structures with quite different properties. Individual dendrimers have been widely investigated
theoretically, but so far little is known about dendrimers in more complex environments like
polymer solutions or polymer melts. The main objective is the exploration of the phase states of
these systems by coarse grained simulations and the development and validation of instructive
physical models.

One prominent finding in this thesis is that conformations of dendrimers in the vicinity
of chemically compatible polymer chains obey a special characteristic that is termed crowded
conformations. Those conformations are fundamentally different from collapsed conformations
or Gaussian conformations. With increasing volume fraction of the surrounding linear polymers,
the interactions between dendrimers changes from purely repulsive in monomeric solvent to
slightly attractive in a melt of sufficiently long polymer chains. The origin of the attractive inter-
action is investigated by large scale computer simulations and compared to different theoretical
models. At an impenetrable wall, dendrimers immersed in a linear polymer melt display a
significant attraction to the surface resulting in an accumulation of the dendrimers there. Surface
accumulation of hyperbranched polymers in the melt of chemically compatible linear polymers
has been found in extrusion experiments as well, pointing out the importance of the typically
weak entropic interactions also for industrial processes.

Grafting functional groups to hyperbranched polymers does not only add a new feature to
the polymers but also affects their overall structural properties. Dendrimers that are modified
by grafting chemically different linear chains to the terminal groups result in linear-dendritic
copolymers or simply codendrimers. With increasing volume fraction of codendrimers exposed
to selective solvent, an enormous variety of multimolecular structures is formed. In particular,
the formation of multimolecular micelles was found by computer simulations and successfully
described by a mean field model. An in-depth understanding of the formation of small or large
clusters of these molecules is important to estimate, for instance, their solubility or their translo-
cation behavior through pores or membranes, which is highly relevant for medical applications.
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Zusammenfassung

Verzweigte Strukturen in Makromolekülen eröffnen vielfältige Möglichkeiten zur gezielten topol-
ogischen Modifikation der Moleküle, neben chemischer Vielfalt und verschiedener Verarbeitung.
Hochverzweigte Polymere bilden mehrere Klassen mit individuellen Eigenschaften, darunter
Zimm-Stockmayer Polymere, fraktale Polymere und baumartig verzweigte Polymere, sogenannte
Dendrimere. Die besondere Struktur hochverzweigter Polymere stellt eine große Anzahl funk-
tionalisierbarer Endgruppen bereit, wodurch sie beispielsweise in lichtemittierenden Materialien,
Beschichtungen, Haftmitteln und Biomaterialien Anwendung finden.

Dendrimere und dendritische Moleküle werden besonders im medizinischen Bereich als Wirk-
stofftransporter und Gen-Vektoren verwendet. Neben ihren Anwendungen, ist bei Dendrimeren
die theoretische Beschreibung von besonderem Interesse. Ihre wohldefinierte, regelmäßige
Verzweigungsstruktur wird nur von wenigen Parametern bestimmt, die Strukturen mit sehr
unterschiedlichen Eigenschaften hervorbringt. Einzelne, isolierte Dendrimere wurden seit ihrer
ersten Synthese 1978 intensiv theoretisch untersucht, doch wie sich Dendrimere in komplexen
Umgebungen wie Polymerlösungen oder Polymerschmelzen verhalten, ist noch nicht hinreichend
verstanden. Die vorliegende Arbeit leistet einen Beitrag zum theoretischen Verständnis der Kon-
formationen und der Wechselwirkungen von Dendrimeren in polymerischem Lösungsmittel
und linear-dendritischen Copolymeren in selektivem Lösungsmittel. Ziel der Arbeit ist die
Erforschung der möglichen Zustände dieser Systeme mittels Computersimulationen und die
Entwicklung und Validierung instruktiver, physikalischer Modelle.

Dendrimere in polymerischem Lösungsmittel zeigen Konformationen, die als gedrängt
(crowded) bezeichnet werden und sich grundlegend von kollabierten oder Gaußschen Kon-
formationen unterscheiden. Treffen mehrere Dendrimeren in einer Schmelze von chemisch kom-
patiblen linearen Polymeren zusammen, zeigen sie eine messbare Anziehungskraft zueinander,
im Gegensatz zur rein repulsiven Wechselwirkung von Dendrimere in monomerischem gutem
Lösungsmittel. Die Ursache für die Anziehungskraft wird mit umfangreichen Computersimu-
lationen analysiert und mit etablierten Theorien sowie einer aus den Simulationserkenntnissen
entwickelten Theorie verglichen. Ist die Mischung von Dendrimeren und linearen Polymeren
in Kontakt mit einer undurchlässigen Wand, zeigen die Simulationsergebnisse eine deutliche
Anziehungskraft zwischen Dendrimeren und Wand, und es kommt zur Anreicherung der Den-
drimere an der Oberfläche. Oberflächenanreicherungen von hochverzweigten Polymeren in einer
Lösung von gleichartigen unverzweigten Polymeren wurden bereits in Extrusionsexperimenten
nachgewiesen, was die Bedeutung der relativ schwachen entropischen Wechselwirkung für
Industrieprozesse unterstreicht.

Werden lineare Ketten eines chemisch nicht kompatiblen Polymers auf die Endgruppen der
Dendrimere aufgepfropft, entstehen linear-dendritische Copolymere, kurz Codendrimere. Die
Funktionalisierung durch die Ketten verändert die Struktur des Dendrimers grundlegend. Co-
dendrimere in selektivem Lösungsmittel zeigen eine Vielfalt an multimolekularen Strukturen,
darunter auch multimolekulare Mizellen. Deren Strukturbildung wird detailliert untersucht und
theoretisch modelliert. Ein gutes Verständnis der Bildung von kleinen oder großen Clustern
dieser Moleküle ist entscheidend um beispielsweise deren Löslichkeit oder deren Transloka-
tionsverhalten durch Poren oder Membranen beurteilen zu können, was etwa für medizinische
Anwendungen relevant ist.
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Chapter 1

Introduction

1.1 Motivation

During the last decades researchers in chemistry, physics and medicine spent a lot of effort to
investigate molecular host-guest systems. Ideally these host-guest molecules can be loaded for
instance with drugs or growth factors, store their load over a long time and release it after a
well-defined external stimulus. These properties allow for the perfect drug delivery agent and can
be used in other fields, for example for wastewater disposal. The search for molecules satisfying
the properties of switchable molecular containers were the primary motivation to synthesize
regularly branched polymers called cascade molecules [1] or starburst molecules [2].

After four decades of research, these molecules - now termed dendrimers - are used for
instance as drug delivery agents, gene vectors and magnetic resonant imaging agents [3–5]. The
modification of the extraordinary high number of terminal groups and branching units allows for
even more applications. Dendrimers are frequently used in science and have a good commercial
availability, but are still very expensive. In nowadays medicine, molecules with similar, but
imperfect branching are used offering in principle the same properties than perfect dendrimers [6].

Despite the natural use of dendrimers the fundamental theoretical understanding is basically
limited to single dendrimer conformations and homogenous systems of multiple dendrimers. It
is very challenging to model and describe the interactions of dendrimers and other molecules, but
this is the key to generally understand how dendrimers and similar molecules behave in sewage
water, blood, or in living organisms. Thus, there is a need for feasible models that describe
molecular properties properly, also for more complex systems like modified dendrimers and
dendrimers in complex environments.

The aim of this thesis is to better understand complex polymeric systems containing den-
drimers. The thesis consists of three major topics.

1. The investigation of dendrimer conformations in polymeric solvents.

2. The understanding of the interactions between dendrimers dissolved in a polymer melt.

3. The development of physical models for linear-dendritic copolymers in various solvent
qualities and densities.
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The development and validation of physical models for complex polymer systems is the main
objective of this thesis.

1.2 Polymer Models

Polymers are molecules consisting of a large number of covalently bonded basic units which are
termed monomers [7, 8]. The concept goes back to the macromolecular hypothesis of Hermann
Staudinger [9]. They appear in terms of synthetic plastics like polyethylene for packings and
bio polymers like proteins and DNA. The building blocks generally consists of carbon, hydro-
gen, oxygen, and nitrogen. Depending on the chemical repeat units, the conformation, and the
microstructure, polymers are divided in a broad range of different classes like thermoplastics,
copolymers, and elastomers.

Due to a rotational degree of freedom of the covalent bonds, polymers are flexible molecules
[10]. This means that a simple chain like polymer does not appear like a straight line but will have
many kinks. Because there are countless possibilities to arrange the monomers, entropy is a major
driving force in polymeric systems. A particular arrangement of monomers in space is called a
conformation. On a large scale, polymers of the same class with different chemical monomers but
with a similar conformation display similar properties. This is termed universality and means
that for instance material properties of different polymers can be rescaled by a characteristic
parameter to a universal curve representing the general material property of a certain class
of polymers. Universal polymer models are frequently used to describe general properties of
polymers. Commonly used models for linear chains are ideal chain models like the random walk
and the freely jointed chain [7, 8], and the real chain models [7, 10] explicitly taking excluded
volume into account.

Universal polymer properties are governed by the flexibility of the chain, the interactions
between the monomers and the interaction with the surroundings. The interactions between
multiple polymers in a solution have been described by Paul Flory and Maurice Loyal Huggins
in the Flory-Huggins theory [11].

In addition to the above mentioned factors the polymer architecture is crucial for the final
properties of a material or the functionality of a molecule. The simple linear chain can be grafted to
a surface to form a brush, grafted to an other backbone to form a bottlebrush or grafted to a single
center to form a star polymer. Polymers with a lot of branching units are called hyperbranched
polymers. A well known class of randomly hyperbranched polymers are the Zimm-Stockmayer
polymers that were first theoretically described in 1949 [12] and much later an improved model
was published [13] showing different characteristics for different polymerization strategies.
Regular branching leads to fractal polymers or dendrimers. The latter class of hyperbranched
polymers is the object of investigation in this thesis and is characterized in detail in the next
section.
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1.3 Dendrimers

A very regular class of hyperbranched molecules are dendrimers. The name "dendrimer" has its
origin in the greek word δενδρoν (dendron) which means tree because of the tree like branched
structure depicted in figure 1.1.

FIGURE 1.1: Tree like structure of dendrimers.

They have not yet been found in nature so they are considered to be purely synthetic. Orig-
inally, they were designed to have molecular cavities to work in host-guest-applications [1].
Although they were sometimes called fractals [14], they are not self similar but have the structure
of a Cayley tree. Therefore, common polymer physics approaches like scaling theory are not
simply applicable. Actually, the properties of the molecules can change rather abrupt when
changing one characteristic parameter slightly.

1.3.1 Dendrimer Characteristics

A dendrimer can be fully described by its generation G, spacer length S, and the functionality of
branching FB which may be different for the central monomer FC. A linear section from the center
to an arbitrary terminal monomer is called a thread. The parameters are shown in figure 1.2.

With these characteristics, some properties can be calculated such as the total number of
monomers [7]

ND = 1 + FCS
(
(FB − 1)G − 1

FB − 2

)
, (1.1)

the mean number of threads

z =
ND

GS
, (1.2)
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FIGURE 1.2: Sketch of dendrimer with characteristic parameters.

that depends on the generation G, only, and the number of terminal groups

Nends = FC(FB − 1)G−1 . (1.3)

The large number of terminal monomers is one of the advantages of dendrimers. They provide
a foundation for modifications by adding specific functional groups to the terminal monomers.
Since the number of monomers grows exponentially with the generation while the contour
length of a thread grows linearly with the generation only, dendrimers are limited to a maximum
generation depending on the spacer length. The limiting generation was estimated by de Gennes
[15] to be Gmax ≈ 4.4+ 2.88 ln(S). In this very first model, de Gennes assumed that all spacers
are stretched outwards resulting in a very dense shell like structure. Indeed, parts of the spacers
fold back to occupy the space more homogenously avoiding high density gradients. In this case,
the maximum generation of a dendrimer can be approximated by a simple geometric argument
of a closed-packed sphere ND � 4π

3 (GS)
3 with homogenous density, yielding

2GmaxG−3
max �

4π

9
S2 (1.4)

with the solution for short spacers Gmax(S = 1) � 11.

1.3.2 Historic Overview and Synthesis

First synthesis of dendritic molecules using so called "Cascade" synthesis was reported by Fritz
Vögtle et. al. [1] with the aim to create container molecules. They applied a periodic combination
of reactions with acrylonitrile and cobalt(II) ion catalyzed reduction starting with a monoamine
or diamine. This way, they set up a cascade like molecule forming a dendron. The monoamine
reaction scheme is shown in figure 1.3. Because this approach was too time consuming and had a
very low yield it was not considered again for some years.
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FIGURE 1.3: Reaction scheme of "cascade molecule" synthesis performed by Vögtle et al.
Reprinted from [1].

The first synthesis of a complete dendrimer with a multifunctional core was reported by
Tomalia [2] after discussing the concept with de Gennes who was providing a first theoretical
work [15] supporting the idea of a "hollow core" molecule. These works were followed by a series
of papers summarized by Tomalia [14, 16].

Nowadays, there are two conventional synthesis approaches [17]. The divergend growth
approach means that starting from a multifunctional core monomers are added generation by
generation successively. In the convergent growth approach single dendrons are first synthesized
with a deactivated central monomer, often termed focal point. After activation of the focal point,
the dendrons cluster together and build up the complete dendrimer. A third, modern approach
is the so called double exponential method [18] where dendron segments are coupled sequentially
by selectively activating focal point and peripheral reaction centers. All three approaches are
sketched in figure 1.4.

Beside perfect dendrimers, dendritic polymers with imperfect structure, but basically the
same properties as perfect ones can be synthesized with so called chain walking catalysis [20].

There are a lot of applications for dendrimers in different fields of research and there exist
many different possible monomer substances for instance poly(amidoamine) and poly(propylene
imine), a huge amount of modifications, end groups, and various chemicals acting as branching
groups. For every substance there is a special synthesis, procedures and improvements, summa-
rized in several review articles, for instance the above mentioned articles about modern synthesis
[17, 19] and the possible applications [21, 22].

1.3.3 Overview of Theories and Simulations

De Gennes and Hervet [15] published the first theoretical work about dendrimers prior to the
first synthesis by Tomalia [2]. Later studies by Boris and Rubinstein [23] using a different method
resulted in a different picture about the dendrimer conformations supported by computer simula-
tions by Lescanec and Muthukumar [24]. The theoretical description of dendrimer conformations
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FIGURE 1.4: Conventional and double exponential synthesis strategies. Reprinted from [19].

was improved over the years by several methods and simulations [25–29]. A detailed discussion
about the first models on single dendrimer conformations are presented in section 2.1.

With a basic understanding of single dendrimer conformations, more complex systems were
investigated. The impact of charges [30–35] and the interactions between dendrimers [36–40]
were targeted by many theoretical works. Also adsorption of dendrimers [41, 42] and dendrimer
solutions and melts [43–45] have been studied theoretically.

Besides the theoretical works on dendrimers there is a growing number of simulations and
computational studies on macromolecules with dendritic components [46, 47] and dendritic
structures like dendritic polymer brushes [48, 49].

The investigations of this thesis contribute to the theoretical understanding of the conforma-
tions and the complex interactions in mixtures and copolymers of dendrimers and linear chains
both by analytical models and computer simulations.

1.4 Computer Simulation Methods

The simulation of soft matter systems bridges large scales in time and space illustrated in fig-
ure 1.5. At very small scales quantum mechanic calculation is applied to investigate electron
densities and their impact on atom-atom interactions. On the length scales of atoms and small
molecules Newtonian mechanics are applied to calculate moments and conformations of a couple
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FIGURE 1.5: Sketch of the length and time scales arising in soft matter and polymer simula-
tions.

of atoms. Usually the force fields are parameterized using the results of quantum mechanics to
bridge the length scales.

Large numbers of atoms and molecules typical for polymers and macro-molecular systems
are treated by using coarse grained methods. For this level of abstraction, molecular dynamic
simulations with coarse grained force fields or Monte Carlo methods are applied. These sim-
ulations still consider molecular details. The scale is commonly called the mesoscale bridging
atomistic treatment and continuos models. For polymers, the Kremer-Grest model [50, 51] is one
of the most popular models to investigate polymer dynamics and statics on the mesoscale by
solving the equations of motion. On the other hand, Monte Carlo methods are used to calculate
thermodynamic properties by sampling conformations. Popular methods are the Bond Fluctua-
tion model (BFM) [52, 53] and Bead-Spring models based on the Kremer-Grest model.

On even larger length scales continuos models are used to describe material properties, for
instance finite element calculations [54]. On the length scale of devices, engineering methods
such as empiric constitutive equations [55] are applied.

In this thesis, macromolecules are investigated using the coarse grained Bond Fluctuation
model (BFM), a Monte Carlo method.

1.4.1 Monte Carlo Simulations

The Monte Carlo method obtained its name due to the heavy use of random numbers. It is used
to solve integro-differential equations numerically. In statistical physics it is commonly used to
investigate many-particle systems [56]. The basic approach is to calculate observables of a system
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of interest for a finite number of realizations with their related statistical weight.

The probability pµ to find the system in state µ follows the Boltzmann distribution

pµ =
1
Z

e−Eµ/kBT (1.5)

where Z = ∑µ e−Eµ/kBT is the partition function, Eµ is the energy of the system in the state µ, T
denotes the temperature and kB the Boltzmann constant. Thermodynamic averages of observables
are calculated using their Boltzmann weight and the partition function for normalization

〈Q〉 = ∑M
i Qie−Ei/kBT

∑M
i e−Ei/kBT

. (1.6)

Calculating averages this way in computer simulations is termed simple sampling. This procedure
is not very efficient if there is a large amount of states with an evanescent Boltzmann weight. A
more effective technique for these kind of systems is importance sampling. Only states µ with a
similar statistical weight pµ are considered making the averaging rather simple:

〈Q〉 = 1
M

M

∑
i

Qµi . (1.7)

Here, Qµi is the observable Q calculated only for states µ from a chosen set of states with appro-
priate statistical weight.

This simple averaging requires a few prerequisites concerning the systems phase space and the
probabilities of state transitions. Importance sampling is performed by applying small changes
to a realization of the system. If the phase space of the system does not decompose into several
separated domains it is called ergodic. In that case time averages are equal to ensemble averages.
This is necessary to explore the total phase space applying just a series of small changes. If these
changes are done considering the actual systems properties only this creates a Markov chain. The
transition from a state µ to ν with a transition probability pµ→ν and state probabilities pµ and pν

satisfies detailed balance if

pµ pµ→ν = pν pν→µ (1.8)

which means the direction of the state transition must not matter.

A very efficient method to propagate a system while satisfying the above conditions is the
Metropolis algorithm [57]. A transition between two states µ and ν termed Monte Carlo move is
performed evaluating the energy difference of the states ∆E = Eν − Eµ. If the new state ν has a
lower energy than the state µ the transition is always performed. On the other hand, if ∆E > 0
the transition is performed with the probability pµ→ν = e−∆E/kBT. The implementation usually
draws a random number in the interval [0, 1) and compares with the calculated probability. If
the random number is smaller then the probability the transition is performed. This algorithm
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creates a Markov chain of states. To calculate proper averages of an observable, the different
states taken for the calculation must be uncorrelated.

A computationally efficient lattice based implementation of the Monte Carlo method utilized
for polymers is the Bond Fluctuation model.

1.4.2 Bond Fluctuation Model

The Bond Fluctuation model (BFM) [52, 53] is a Monte Carlo model for polymers invented by
Carmesin and Kremer [52] in two dimensions and later extended to three dimensions by Deutsch
and Binder [53] which is the model used in this thesis.

FIGURE 1.6: Sketch of a polymer mapped from the chemical structure (left) to the lattice of
the Bond Fluctuation model (right). Polymers are modeled as connected cubes on a simple
cubic lattice. Monte Carlo moves are performed along the principal lattice axis (yellow cube

with arrows). Reprinted with permission from Ron Dockhorn [58].

Polymers are modeled by connected cubes on a lattice where each monomer occupies 8 lattice
sites, see figure 1.6.

The cubes are connected by bond vectors from a set of allowed bond vectors. The bond vector
set is chosen to preserve the topology of the polymer and reads in the three dimensional model
[53]

~B = P±




2
0
0


 ∪ P±




2
1
0


 ∪ P±




2
1
1


 ∪ P±




2
2
1


 ∪ P±




3
0
0


 ∪ P±




3
1
0


 (1.9)

where P± is the permutation of coordinates and sign. Thus, it contains 108 bond vectors of length
2,
√

5,
√

6, 3, and
√

10.

Monte Carlo moves are performed by choosing randomly one monomer and one direction
along the principal lattice axis ∆~B = P±(1, 0, 0). The new position~rnew is checked depending on
the simulation setup. For instance the new bond vectors must be part of the bond vector set and
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there must be no multiple lattice occupation. If all checks are passed successfully the move is
accepted and performed. Otherwise the move is rejected and the system stays the same. A Monte
Carlo Sweep (mcs) is completed when on average every particle in the system has been tried to
move once.

The following checks are used for the simulations:

• bond vector check

• lattice occupation check

• boundary check

• metropolis check applying nearest neighbor interactions or an external potential

The bond vector check returns true if all new bond vectors are included in the bond vector set.
The lattice occupation check returns true if every lattice point of the new position is not occupied
by another monomer. If non-periodic boundary conditions are applied, the new coordinate in the
direction of the wall must not exceed the interval [0, boxsize− 2].

To apply the Metropolis criterion the energy of the old position and the energy of the new
position is calculated. The Metropolis algorithm is used to apply different solvent qualities and
external potentials.

A nearest neighbor interaction scheme with the interaction shell introduced by Hoffmann et
al. [59] is used to model different solvent qualities. In this nearest neighbor interaction scheme,
each occupied lattice point in the environment of the monomer, see figure 1.7, gives an energy
penalty of ε. In total, every monomer has an interaction shell of 24 lattice points. When moving
the monomer, the 12 lattice points from the back side in move direction become free (green points
in figure 1.7), the points perpendicular to the move direction stay the same (yellow points) and
the 12 front points may have new contacts (red points). Thus, for a Monte Carlo move of a single
monomer only 24 lattice positions have to be checked.

The energy difference is calculated formally by

∆E = Enn, new − Enn, old (1.10)

Enn = ε ∑
〈j〉

nj (1.11)

nj =





0 if lattice point is free/occupied by non-interacting type

1 if lattice point is occupied by interacting type
(1.12)

where 〈j〉 are the nearest neighbor lattice positions shown in figure 1.7. The absolute value of ε

defines the interaction strength and must be determined carefully for the specific simulation. It is
convenient to determine values for ε, that correspond to the solvent regimes good solvent εgood,
θ solvent εθ , and poor solvent εpoor. Without an energy penalty for nearest neighbor contacts
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FIGURE 1.7: Interaction shell of nearest neighbor interactions. The blue points show the
lattice occupation check, red points are potential new nearest neighbor contacts, green points
represent potentially removed nearest neighbor contacts and the yellow points are potential

nearest neighbor contacts for the old and the new monomer position.

(� = 0), swollen conformations are obeyed and good solvent is modeled. If the interaction
strength is high, the solvent and the dissolved molecules separate and poor solvent is modeled.
In between, the θ-solvent regime is defined as the interaction strength, where the molecules size
obeys θ scaling in the simulation. This interaction scheme was already successfully applied for
instance to calculate force extension curves of polymer chains in different solvent qualities [60]
and to investigate the translocation of copolymers through lipid bilayer membranes [61].

When applying an external field, the energy difference is calculated using the position depen-
dent potential energy. In this thesis, the harmonic spring potential Uspring is applied to the center
of mass positions�rcm of the molecules i, j, yielding

∆E = U(�rnew)−U(�rold) (1.13)

Uspring =
1
2
k(|�rcm, i −�rcm, j| − r0)2 (1.14)

�rcm =
Nmolecule

∑
l=0

�rl (1.15)

where the center of mass of molecule j is not changed, but the center of mass of molecule i is
calculated for the old position�rold and the new position of the monomer to be moved. The
length r0 denotes the equilibrium length of the harmonic spring with the spring constant k. The
external potential is used for the advanced Monte Carlo sampling method umbrella sampling [62]
to determine the potential of mean force, see section 1.4.4.
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1.4.3 Implementation: LeMonADE

LeMonADE [63] is the Lattice-based extensible Monte-Carlo Algorithm and Development
Environment developed in our Theory of Polymers group at the IPF. It provides a C++ framework
for Monte Carlo simulations with many tools specialized for the BFM. The structure of LeMon-
ADE is sketched in figure 1.8.

IngredientsType

MoleculesType FeatureHolder

Vector3D
Coordinates

Vertex
Connectivity

MonomerProperty
Monomer Attributes

Feature
Box

Feature
Bondset

Feature
ExcludedVolume

Feature
...

Moves
.
.
‘
.
.

check()

apply()

read()

write()

TaskManager

Updater Analyzer

modifyMolecules()

System Setup

Simulators

BFM file reader

const getMolecules()

calculate
RadiusOfGyration

analyze
...

BFM file writer

FIGURE 1.8: Sketch of the structure of LeMonADE.

Using the LeMonADE toolkit various Monte Carlo checks can be combined in the simulation
by adding a so called feature to the main simulation class which is called Ingredients. It provides
the container class Molecules and a functionality to add features, termed FeatureHolder. The
Molecules class stores the monomer coordinates, the connectivity information and the monomer
attributes. The FeatureHolder allows to add features that may include check and apply functions
for the simulation, additional monomer attributes, and read-write utilities for the compressed bfm
file format. Some functions of the features are called for all features listed by the FeatureHolder,
see black arrows in figure 1.8.

On the one hand, read and write utilities are defined in the features. For instance the Fea-
tureBox can write the box size and periodic boundary conditions to a BFM file header and store
this information in Ingredients when reading a BFM file. On the other hand, check and apply
functions for so called Moves are defined in the features. A move provides information about the
monomer to be moved and the direction of the move and more specific information if necessary.
The check function performs all Monte Carlo checks, see section 1.4.2, the FeatureHolder calls the
check function of every feature providing this function and returns true only if every feature check
returns true. For instance the FeatureBox check function returns true only if the new monomer
position does not violate the periodic boundary condition. If the move is allowed, the apply
function is called for all features providing this function. For instance the new monomer position
is set in Molecules and the lookup lattice of FeatureExcludedVolume is updated.
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For a smart use of the powerful Ingredients class the LeMonADE toolkit provides the TaskMan-
ager, see right hand side of figure 1.8. It handles Updater and Analyzer classes. An Updater
is granted read and write access to Ingredients, but an Analyzer is granted read access only.
Thus, an Updater may be used to set up a system by adding monomers, defining the boundary
conditions and anything else that is required by the scope of the simulation. Simulations are
carried out by Updaters handling the check and apply functions with a specific move. This
is sketched in figure 1.8 by a red line between simulation Updaters and the check and apply
functions dispatched by the FeatureHolder. Also reading utilities are handled by an Updater
to store the information of the file in Molecules and the feature containers if available. The
writing utilities are provided by an Analyzer because read only access is sufficient in this case.
All calculations of observables are implemented in Analyzers for the same reason.

LeMonADE is also used as a basic framework for a massively parallel simulation algorithm on
graphic card devices (GPU). In order to efficiently implement the Bond Fluctuation Model on the
GPU architecture, as many monomers as possible should be attempted to move independently.
This approach is displayed in figure 1.9. In the sequential algorithm the bond-vector constraint
and the excluded volume property are respected in each move while all other monomers are fixed.
For a massively parallel implementation, two challenges have to be solved: First, bond-conflicts
may arise, if two connected monomers are moving at the same time. Second, excluded volume
conflicts may arise, if a move of a monomer is violating the simultaneous move of an other
monomer.

7

8

9

10

FIGURE 1.9: The dual lattice approach as parallelization strategy of the BFM algorithm
projected to two dimensions. Left: Move one subset (blue squares) in parallel, remaining
monomers behave inert (red squares). Bond vectors and excluded volume is checked (gray
circles). Rejected moves (bond conflicts: red line, excluded volume conflicts: shaded red)
don’t participate in further steps. Middle: Possible moves (blue shaded) occupy the targeted
position (blue circles) and the second excluded volume check on the dual lattice rules out
remaining collision conflicts (red shaded). Right: Updating system by allowed moves (green

arrow). Rejected moves stay on initial positions (red arrow).[64]
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The bond-conflict can be avoided by splitting all moveable monomers in subsetsA, B, . . . with
no direct bonds of monomers within the same subset, see left hand side of figure 1.9. The excluded
volume conflict is resolved by using a dual lattice approach. The first lattice holds the overall
information of the system and actual occupation. A second lattice is introduced which serves
as instantaneous look-up table for possible moves to rule out excluded volume conflicts during
parallel moves, sketched in the center of figure 1.9. To avoid conflicts of the nearest neighbor
interaction energy calculation, the moveable monomers are split into subsets, accordingly again,
to avoid simultaneous movement of monomers with a nonzero interaction energy. Thereby, the
nearest neighbors contributing to the energy calculation do not move keeping the environment
consistent satisfying detailed balance.

For implementing the algorithm in C/C++ on GPUs the parallel computing CUDA®-framework
(Compute Unified Device Architecture) by NVIDIA [65] is incorporated into the LeMonADE-
project. The parallelization of the application is realized by parallel execution units termed
threads [66, 67]. One thread will be associated as elementary parallel movement of a monomeric
unit checking excluded volume, bond vector constraints, and Metropolis-criterion and applying
or rejecting the invoking movement.

This parallel implementation of the BFM ensures that two connected chains may not cross
each other through connected monomers preserving the topology of the molecules. This property
is called ensured cut-avoidance. Keeping the lattice occupation consistent, this parallel implemen-
tation preserved the excluded volume of the monomers that is modelled by the eight exclusively
occupied lattice points of every monomer. Similar attempts for parallelization of the BFM and
their systematic investigations have been published by Nedelcu [68] and Jentzsch [69].

1.4.4 Observables Obtained by Simulations

The output of the simulations is a set of different BFM unit coordinates with the respective
information about the bonds, the boundary conditions, the interaction parameters and other
feature information like the parameters of the bias potential. These simulation results are analyzed
in different ways to get various information from the expensive computer simulations. Here, the
most important observables used in the following chapters are defined and shortly described.

Radius of Gyration The radius of gyration is a measure of size of a molecule representing the
mean squared distance of all monomers from the center of mass:

R2
g =〈 1

N

N

∑
i=1

(~ri −~rcm)2〉 (1.16)

Here, N is the number of monomers of the molecule (or of a part of the molecule),~ri is the position
of th ith monomer and~rcm is the center of mass position of the molecule, see equation (1.15).
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End to End Distance The end to end distance is typically measured for linear polymers with
well-defined terminal monomers at~r0 and~rN:

R2
ee =〈(~rN −~r0)

2〉 (1.17)

Similar to the radius of gyration and the end-to-end distance there are other useful measures for
the size of a molecule for instance the center-to-end distance between the central monomer of a
dendrimer and the terminal groups.

Density Distribution The averaged radial distribution of the monomers of a molecule or a
collection of monomers around the center of mass is defined by

ρ(r) =
1

4π
〈

N

∑
i=1

δ(r− |~ri −~rcm|)〉 , (1.18)

where δ is the Kronecker delta with δ(0) = 1 and δ = 0 otherwise.

Clusters of monomers Close groups of not directly connected monomers form clusters with a
certain number of monomers Nk. In a single molecule the number of clusters k is also termed the
number of cores.

Free Energy Free energy profiles are calculated between two states of the system characterized
by a control parameter. Depending on the systems setup the control parameter ξ can be for
instance the interaction parameter ε or the center-to-center distance rc2c between two molecules.

Free energy calculations require advanced sampling methods. In this thesis umbrella sam-
pling [70] combined with the weighted histogram analysis method (WHAM) [71] is applied.

Umbrella sampling [70–72] is used to calculate the potential of mean forceW(ξ) between two
molecules with the control parameter (so called reaction coordinate) ξ. It is defined by [72]

W(ξ) =W(ξ∗)− kBT ln
[ 〈ρ(ξ)〉
〈ρ(ξ∗)〉

]
(1.19)

ξ∗ and accordinglyW(ξ∗) are constants. The average distribution function 〈ρ(ξ)〉 is given by

〈ρ(ξ)〉 =
∫

d~r δ(ξ ′(~r)− ξ) exp(−U(~r)/kBT)∫
d~r exp(−U(~r)/kBT)

(1.20)

where U(~r) is the total energy of the system and ξ ′(~r) a function depending on several degrees
of freedom of the system for instance the center-to-center distance. The calculation of 〈ρ(ξ)〉
from direct simulations is not always an appropriate method because states with a high energy
barrier are supposed to occur very rarely demanding large simulation efforts. Therefore, a bias
potential w(ξ) (in particular a harmonic bias potential, see equation (1.14)) is introduced usually
varying the reaction coordinate in small finite windows i. Separate simulations for each step i are
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performed resulting in so called windowed simulations. The biased distribution function 〈ρ(ξ)〉i
is given by

〈ρ(ξ)〉i =
exp(−wi(ξ)/kBT)〈ρ(ξ)〉
〈exp(−wi(ξ)/kBT)〉 (1.21)

and the unbiased potential of mean force in the ith window reads

W(ξ)i =W(ξ∗)− kBT ln
[ 〈ρ(ξ)〉i
〈ρ(ξ∗)〉

]
− wi(ξ) + Fi (1.22)

The constant Fi can be determined by the WHAM algorithm [71, 72].
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Chapter 2

Single Dendrimer

Single dendrimers in varying solvent quality are well known from the literature. Thus, single
dendrimers are used as reference system for the more complex systems. In this chapter, single
dendrimers are investigated in terms of the size scaling, the density profiles, and the interactions
between two dendrimers, and a dendrimer with a non-adsorbing wall. In addition, the applied
simulation implementation and the consistency of the simulation parameters is verified by repro-
ducing well known results of the dendrimer size scaling and the shape of the density profiles in
varying solvent quality.

Parts of the simulations and theories in this chapter were carried out in the scope of the
bachelor thesis of Stephan Meschede [73]. I contributed in the supervision of his thesis.

2.1 Theories and Models

The first theoretical approach to describe dendrimers was published by Hervet and de Gennes
[15] using a self consistent field (SCF) approach. They balanced the elastic force acting on every
branching point and the concentration gradient force that was assumed to be a radial force on
average. The direction of force was assumed to be equal for every branching point resulting
in fully stretched spacers which turned out to be a very strong restriction of the dendrimer
conformations. The calculated density profile shows a hollow core and a dense shell being in
agreement with the idea of a carrier molecule with some free space inside.

The first computer simulations published by Lescanec and Muthukumar [24] applying a
convergent growth algorithm have shown, that backfolding leads to a reversed density profile
with a dense core. Boris and Rubinstein developed a mean field model supported by SCF
calculations suggesting the dense core picture to be vaild. The mean field model was developed
further [26, 29] and extended to θ-solvent and poor solvent [27, 34]. In summary, the mean field
free energy F of a thread can be expressed by an elastic part and an interaction part [34]

F
kBT

=

(
R2

D
GS

)
+ GS

(
v

ND

R3
D
+ w

N2
D

R6
D

)
(2.1)

where v and w are the two body and the three body interaction parameters, respectively, and
the equilibrium extension of the thread R0 is approximated by its ideal, Gaussian extension
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FIGURE 2.1: Density profile of a dendrimer from the self consistent field model of Hervet and
de Gennes [15] (full green line) compared with a typical dense core profile from computer
simulations [29, 74] and a SCF method allowing for backfolding [23] (dash-dotted blue line).

R0 = (GS)1/2. The dendrimer parameters G and S are defined in figure 1.2. Minimizing the free
energy with respected to the dendrimer size RD for the three solvent regimes good solvent v > 0,
θ-solvent v = 0, and poor solvent v < 0 yields

RD

Sa =





n1/5G2/5, if v > 0 (a = 3
5 ) (2.2a)

n1/4G1/4, if v = 0 (a = 1
2 ) (2.2b)

n1/3, if v < 0 (a = 1
3 ) (2.2c)

where n = ND/S is the number of spacers. This result was verified by Monte Carlo simulations
[27, 34]. The correct power law of the function RD(ND) with the total number of monomers in
the dendrimer ND is discussed for many different computer simulation techniques [24, 74–78].
For instance, Lescanec and Muthukumar [24] found two regimes for low molecular weights
RD ∼ N1/2

D and high molecular weights RD ∼ N1/5
D . Murat and Grest [74] define in average

over all molecular weights and for different temperatures the power law RD ∼ N1/3, which
means compact conformations. Since dendrimers are not self similar, these direct power laws
RD(ND) ∼ Nx

D are only valid in a certain range of ND. Indeed, the mean field model shows a
log-power behavior

RD(ND) = N2/5
D (ln ND)

2/5 (2.3)

in the pure ND dependence.

The results in equation (2.2) are used to determine the BFM interaction parameter ε, see
section 1.4.2, for the corresponding solvent regimes good solvent εgood, θ solvent εθ , and poor
solvent εpoor.
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2.2 Computer Simulations

2.2.1 Simulation Setup

The simulations are performed in a cubic box of size b = 64 for small generation dendrimers
G < 5 and b = 128 for large generation dendrimers G ≥ 5 with periodic boundary conditions.
The dendrimer is created by a convergent growth algorithm. To introduce different solvent
qualities, the simulation box is filled up with unconnected monomers acting as monomeric
solvent up to a total volume fraction of ϕ = (v0 · n)/b3 = 0.5 where n is the total number of
monomers and v0 = 8 is the volume of a single cubic monomer in units of occupied lattice points.
By applying nearest neighbor interactions the solvent quality is adapted.

TABLE 2.1: Simulation parameters of dendrimers in different solvent conditions and external
potentials: Single dendrimers in explicit solvent with various nearest neighbor interaction
parameters ε (sdsolv); dendrimer pairs in athermal solvent with an external harmonic
potential between the centers of mass of the dendrimer to calculate the pairwise potential of
mean force applying umbrella sampling (usPA); single dendrimers in athermal solvent in a
non-periodic box in one spacial dimension with an external harmonic potential between the
wall and the dendrimer center to calculate the potential of mean force of the dendrimer at

the wall applying umbrella sampling (usWA).

Simulation G S ε Periodicity
sdsolv 2-8 2,4,6 0.0, 0.02, 0.05, 0.1, 0.15, 0.2, 0.3, 0.8 full
usPA 3-7 1 - full
usWA 3-7 1 - not in z

There are three groups of simulations summarized in table 2.1. The first setup (sdsolv) is
about single dendrimers for investigating the main observables: radius of gyration and density
profiles of unperturbed dendrimers. The simulation parameters cover a wide range of genera-
tions, spacer lengths, and interaction parameters. The second and third setup (usPA, usWA) use
umbrella sampling to investigate the free energy along a reaction coordinate in athermal solvent
conditions. In setup two (usPA), the reaction coordinate is the center to center distance between
two dendrimers with equal generation and spacer length. In setup three (usWA), the reaction
coordinate is the center to wall distance of the dendrimer and a non periodic bare wall.

All simulations were equilibrated for a least 5 · 106 mcs and averages were computed for
equilibrated systems every 105 mcs with at least 200 conformations. The sdsolv computations
were performed at the cluster Gandalf of the Institute Theory of Polymers (ITP) at the Institute
for Polymer Research (IPF). The umbrella sampling was performed at the High Performance
Computing (HPC) Center Taurus of the TU Dresden.

2.2.2 Molecules Size and Shape

The very first task is to determine the solvent regimes for the specific simulation setup. This is
done by comparing the radius of gyration with the mean field predictions [27, 34] summarized in
equation (2.2).
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Determination of solvent regimes If there are no nearest neighbor interactions good solvent
conditions are assumed. Poor solvent conditions are assumed, when the polymer obeys collapsed
conformations. The interaction parameter should not take too high values, to avoid freezing
of the monomers or artificial conformations. From previous works [60, 61] it is known that
εpoor = 0.8 kBT is an appropriate choice. The θ-solvent interaction parameter is approximated by
rescaling the radius of gyration RD by the mean field prediction of equation (2.2b) for various
spacer lengths, generations, and interaction parameters as shown in figure 2.2. At the intersection
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1

2

θ-solvent

good
solvent

poor
solvent

ε

R
g
/
(N

G
S)

1/
4

G4 S2

G4 S4

G4 S6

G5 S2

G5 S4

G5 S6

G6 S2

G6 S4

G6 S6

FIGURE 2.2: Determination of θ interaction parameter εθ at the intersection of the radius of
gyration rescaled by the mean field prediction for θ-scaling of equation (2.2b) for various

spacers and generations depending on the interaction parameter ε.

of all these curves, the θ conditions are fulfilled. This procedure was successfully applied to
linear chains [60]. The θ interaction parameter is approximated by εθ ≈ 0.1 kBT. In summary, the
interaction parameters for the three solvent regimes are

εgood = 0.0 kBT εθ = 0.1 kBT εpoor = 0.8 kBT (2.4)

Radius of gyration scaling Using the definitions of the interaction parameters for the solvent
regimes, the mean field predictions for the dendrimer radius of gyration given by equation (2.2)
are tested. In figure 2.3 the good solvent scaling is presented together with a typical simulation
snapshot of a dendrimer with generation G = 6 and spacer length S = 4. There is a good
agreement with the mean field model shown by a complete overlap of the rescaled size for all
different dendrimer parameters. In addition, the slope of the dendrimer size with respect to the
rescaled number of monomers is very close to the expected value 0.21 ≈ 1/5.

The θ scaling for all generations and spacer lengths works as a test for the definition of the θ

interaction energy of equation (2.4). In figure 2.4 the θ-solvent scaling of the radius of gyration
according to equation (2.2b) is shown. Again, the data points collapse very well to a master
curve. Compared to the mean field predictions the expected slope matches sufficiently good. It is
slightly lower than the slope measured from the simulations 0.23 ≈ 1/4. Dendrimers change their
properties very strongly with increasing generation. In the scope of this thesis it is considered
to be sufficient to proceed with the interaction parameter εθ = 0.1 kBT matching the expected
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FIGURE 2.3: Left: Radius of gyration rescaled by the mean field prediction for good solvent
scaling of equation (2.2a). Right: typical simulation snapshot, the central monomer is colored

red, the terminal monomers yellow, and all other monomers are colored blue.

size scaling satisfactorily. The simulation snapshot of a dendrimer with the same parameters as
before (G = 6, S = 4) is also shown in figure 2.4. Compared to the good solvent conformation,
the θ conformation is more compact but not collapsed.
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FIGURE 2.4: Radius of gyration rescaled by the mean field prediction for theta solvent scaling
of equation (2.2b) with a typical simulation snapshot. Colors as in figure 2.3.

Poor solvent scaling of dendrimers with an interaction parameter εpoor = 0.8 kBT is shown in
figure 2.5. The agreement with the mean field model is again very good. The simulation snapshot
clearly shows a fully collapsed molecule close to a compact sphere.

The observations from the size scaling and the simulation snapshots already give an im-
pression about the dendrimer conformations. A more detailed analysis of the arrangement of
monomers is given by the density distributions.

2.2.3 Density Profiles

The radial density distribution of dendrimer monomers ρD is a suitable observable to analyze the
effects of the change in generation, spacer length, and solvent quality. In figure 2.6 the density
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FIGURE 2.5: Radius of gyration rescaled by the mean field prediction for poor solvent scaling
of equation (2.2c) with a typical simulation snapshot. Colors as in figure 2.3.

profiles for the three solvent regimes according to equation (2.4) are presented. The dendrimer
generation changes from 2− 8 and the spacer length is fixed to S = 2.
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FIGURE 2.6: Density distribution of single dendrimers in various solvent qualities. The
radial distance from the center of mass is rescaled by the dendrimer radius of gyration in

good solvent conditions RD0.

Generally, the change in density profiles for changing generations is essentially the same
for all solvent qualities. Small generation dendrimers show a very smooth, almost linear de-
crease of the density with increasing radial distance from the center. With increasing generation,
the density profile shows a plateau at about r/RD0 ≈ 0.5 representing a region of constant density.

By changing the solvent quality, the density profiles become more compact as expected from
the dendrimer size scaling and the simulation snapshots from the previous section 2.2.2. In good
solvent on the left hand side of figure 2.6 the density profile exhibit a minimum close to the center
for large generations, which is due to the stretching of the inner spacers by the large amount
of monomers located in the outer generations of the dendrimers. This region of the dendrimer
can be occupied by solvent molecules or in a more complex setup by guest molecules [79]. In
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θ conditions this minimum exists only for the largest generations G ≥ 7. Aside from that, the
densities are very similar to the good solvent density profiles but slightly more compact. In poor
solvent conditions the profiles are smooth steps for the large generations with a constant density
from the center to the outer shells of the molecule. This conformation is referred to as compact
conformation, despite it is not a pure step function.
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FIGURE 2.7: Density distribution of single dendrimers rescaled by the spacer self density
ρS ∼ S/R3

S.

Dendrimers with flexible spacers are known to show a spacer scaling [29]. The characteristic
length scale is defined by the spacer chain with an extension RS ∼ Sa where a is the scaling
exponent used in equation (2.2). The spacer self density is calculated by ρS ∼ S/R3

S ∼ S1−3a

and defines the characteristic density scale. In figure 2.7 the rescaled density profiles ρD/ρS for
dendrimers of generation G = 4− 6 with different spacer lengths S = 2, 4, 6 is shown. The
scaling is in good agreement within one generation. Different generations cannot be rescaled
by the spacer scaling approach because the spacers are self similar, as linear chains are. A total
rescaling of the full dendrimer with different generations and spacer lengths is not reasonable as
dendrimers overall are not self similar.

2.2.4 Interactions Between a Dendrimer Pair

The interactions between two dendrimers in athermal solvent conditions are analyzed by the
free energy difference with respect to the center of mass to center of mass distance rc2c. The free
energy along the chosen coordinate is termed potential of mean force (PMF)W(rc2c), defined
in section 1.4.4. Using the center of mass to center of mass distance rc2c of two dendrimers as
reaction coordinate, the PMF can be interpreted as the interpenetration free energy.

In figure 2.8 the PMF between two dendrimers with short spacers S = 1 is shown together
with a simulation snapshot. The PMF is found to be monotonously decreasing for all generations
with increasing center to center distance. The total free energy effortW that has to be spent to
bring the dendrimers close to each other increases strongly with the generation, shown on the
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FIGURE 2.8: Potential of mean force between two dendrimers in athermal solvent. The center
to center distance is rescaled with the single dendrimer radius of gyration. The right graph
shows the total free energy difference, the left graph shows the free energy per monomer.
On the right side of the figure a simulation snapshot of two generation G = 5 dendrimers at

rc2c/RD0 ≈ 1.3 is shown.

left plot. But, if the free energy is rescaled by the number on monomersW/ND the resulting free
energy difference per monomer is basically equal for all generations. The simulation snapshot
shows two generation 5 dendrimers in a very short center to center distance. They do not strongly
interpenetrate even for the rather high total free energies of up to 90 kBT for the generation
7 dendrimer at a center to center distance of about one radius of gyration rc2c ≈ RD0 in the
diluted state. The interpenetration of molecules is investigated in more detail in comparison with
mixtures of dendrimers and linear chains in section 3.2.

It should be noted, that the PMF is monotonously decreasing for all systems containing only
two dendrimers in athermal solvent conditions and no attractive potential well is found.

2.2.5 Interactions with a Purely Repulsive Wall

In the presence of a non adsorbing wall, the conformations of polymers change due to the spacial
constraints. The PMFW(rc2w) is investigated for a dendrimer forced to approach the wall to the
distance rc2w, to analyze the effort that has to be spent for the conformational change as compared
to the two dendrimer state state.

In figure 2.9 the PMF for dendrimers with small spacers S = 1 is presented. Similar to the
pairwise interactions, the PMF is a monotonously decreasing function with increasing distance to
the wall. Also, the free energy per monomer, depicted in the right graph of figure 2.9, is found to
be almost equal for all generations. There is only a minor tendency of a decreasing free energy
per monomer with increasing generation.

It should be noted as well, that the PMF is a monotonously decreasing function for all systems
containing only a single dendrimer in athermal solvent conditions pushed to a non adsorbing
wall. Again, no attractive potential well was observed.
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FIGURE 2.9: Potential of mean force between dendrimer and a bare wall. The center to wall
distance is rescaled with the single dendrimer radius of gyration. The right graph shows the
total free energy difference, the left graph shows the free energy per monomer. On the right
side a simulation snapshot of a generation G = 5 dendrimer pushed to the wall is shown.

Simulation data taken from Bachelor thesis of Stephan Meschede [73].

2.3 Summary

In this chapter about single dendrimers, the mean field model for dendrimers in solvent of
varying quality [27, 34] was verified successfully. The density profiles obtained by the bond fluc-
tuation model are in agreement with results from other groups. It was shown that the dendrimer
density profiles for equal generations obey spacer scaling.

The free energy analysis of the pairwise potential of mean force displayed monotonously
increasing dependency with decreasing center to center distances, thus being purely repulsive.
There is basically no dendrimer-dendrimer interpenetration and the absolute values of the poten-
tial of mean force are rather high, a few tens of kBT. The potential of mean force per monomer
W/ND is equal for all investigated generations. The dendrimer wall interaction shows the same
results: There is a purely repulsive interaction potential with absolute values of much more than
one kBT for center to wall distances closer than one radius of gyration rc2w < RD0.

These results are used as reference case for the more complex systems in the following
chapters.
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Chapter 3

Conformations of Dendrimers in Linear
Chain Solutions

In applications, dendrimers are exposed to a very complex environment. For instance, in poly-
mer processing there are mixtures of various components under high mechanical and thermal
stress. Experiments of blends containing linear and hyperbranched polyester show a significant
reduction of material stress in comparison with purely linear polymers [80]. Using dendrimers
as delivery agents in medical application [3, 5] they are immersed in a mixture of water, salt,
proteins, and lipids. To understand how other macromolecules affect dendrimers in solution, a
simplified approach is used: a mixture of chemically identical dendrimers and linear polymer
solutions is investigated. Because linear chain solutions are well understood [10] a variety of
theoretical tools can be adopted to develop physical models for the more complex system.

In this chapter theoretical descriptions of polymer systems of branched polymers in linear
polymer solutions are reviewed and used to develop new models describing the dendrimer chain
blends. The dendrimer conformations are investigated without any confinement, and in the
vicinity of an impenetrable wall. The theoretical predictions are compared with computer simula-
tions identifying the models that are best suitable to describe the conformations of dendrimers in
polymer solutions.

Parts of this chapter have been published recently [81].

3.1 Theories and Models

Dendrimers in linear polymer solutions have been investigated first by off-lattice Monte Carlo
simulations and lattice cluster simulations by Lue and Prausnitz [36] showing an effect of the
branching on the critical solution temperature. Their results suggest that dendrimers are inter-
penetrated less by linear chains compared to linear chains themselves. Hajizadeh et. al. [82]
performed nonequilibrium molecular dynamic simulations to investigate the viscosity and the
miscibility of dendrimers mixed with linear chains. Under shear, linear chains interpenetrate the
dendrimer stronger and lead to increased viscosity of the blend.
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Beside the pure dendrimer-polymer chain mixtures, theoretical work has been carried out on
mixtures of stars and polymer chains [83] and Zimm-Stockmayer hyperbranched polymers and
linear chains [84]. These approaches are discussed in detail in the following sections. The mean
field approach applied to mixtures of linear chains and star polymer as well as Zimm-Stockmayer
hyperbranched polymers is adopted to mixtures of linear chains and dendrimers. This mean
field model is compared with a scaling model termed crowded scaling. Both models provide
predictions for the conformational regimes and the crossover between them that can be compared
to computer simulations in the next section.

3.1.1 Mixtures of Star Polymers and Linear Chains

Star polymers in the solution of linear polymers of high molecular weight were theoretically
investigated by Raphael et. al. [83] both in scaling theories and mean field arguments. The
scaling argument, introducing cylindrical blobs, is not transferable to dendrimers due to the lack
of self-similarity. Thus, only the mean field model for the case of long armed stars in a solution of
long linear chains is discussed here.

In general, the free energy F of a star polymer with f arms of length NS dissolved in a linear
polymer solution with a degree of polymerization P can be written as the sum of the elastic free
energy Felastic, the translational entropy Fentrop, and the enthalpic free energy modeled by the
Flory-Huggins theory [11], yielding

F
kBT

= f
R2

R2
St
+

R3

a3
1− ϕ

P
ln (1− ϕ) + f NSχ(1− ϕ) (3.1)

where R is the actual size of the star, RSt = aN1/2
S is the Gaussian extension of a star arm, a is

the monomer size, ϕ = ϕ = a3NS f /R3 is the mean field concentration of the star polymer, and
χ is the Flory effective interaction parameter [85]. In case of low star polymer volume fractions
(ϕ� 1), very long free polymer chains N < P2 and athermal conditions (χ = 0) equation (3.1)
reduces to [83]:

F
kBT

= f
R2

a2NS
+

a3

P
( f NS)

2

R3 +
a6

P
( f NS)

3

R6 (3.2)

The remaining terms represent the elastic contribution and the two body and three body interac-
tion contributions of the free energy. As already seen in equation (3.1), the screened excluded
volume parameter a3/P and the screened three body interaction parameter a6/P are considered
to be equally screened by the free polymer chains. For low concentrations ϕ� 1 the two body
interaction term linear in ϕ dominates and a swollen conformation is expected yielding

Rgs ' aN3/5
S f 1/5P−1/5 . (3.3)
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Three body interactions may only play an important role, if ϕ ≈ ϕ2 which is only the case in high
concentrations ϕ ≈ 1 yielding a collapsed state

Rc ' aN1/3
S f 1/3 . (3.4)

Thus, for a star polymer with long arms dissolved in long polymer chains only two regimes are
expected: swollen (ϕ� 1) and collapsed (ϕ ≈ 1). The transition between the regimes is given
by Rgs = Rc yielding NS = f 1/2P3/4. Note, that the collapsed regime in the work of Raphael et.
al. [83] is assumed for ϕ ≈ 1, which does not perfectly match the condition ϕ� 1 used to expand
the logarithm in equation (3.1).

3.1.2 Mixtures of Zimm-Stockmayer Hyperbranched Polymers and Linear Chains

Roby and Joanny [84] introduce a free energy F of the mixtures of hyperbranched and linear
polymers containing three contributions, similar to equation (3.1): The elastic free energy of the
hyperbranched polymer Felastic, the free energy of mixing containing the entropic contribution
Fm entrop and the enthalpic contribution Fm enthalp modeled by the Flory-Huggins theory [11]:

F
kBT

=
R2

R2
ZS

+
R3

a3
1− ϕ

P
ln (1− ϕ) + NZSχ(1− ϕ) (3.5)

where NZS is the number of monomers of the hyperbranched polymer, R is the actual size, RZS '
aN1/4

ZS Λ−1/4 the ideal size of a Zimm-Stockmayer hyperbranched polymer [12], Λ = Nbp/NZS is
the branching fraction with the number of branching points Nbp, ϕ = a3

R3 NZS the concentration of
the hyperbranched polymer. The branching fraction Λ is an important control parameter in this
model. The limit of Λ = N−1

ZS corresponds to a linear chain and the limit of Λ = 1 every monomer
is a branching point. The latter limit is unrealistic as it results in a size scaling of R ∼ N1/4

ZS that is
not reasonable for a self avoiding polymer in three dimensions. Hence, the branching fraction is
restricted to Λ < N−1/3

ZS and RZS should be regarded as an abstract radius corresponding to the
maximum entropy of the molecule without any other constraints being equivalent to the Gaussian
radius of a linear chain. Replacing the sizes R and RZS in equation (3.5) with the concentration ϕ

yields

F
kBT

=
NZS

P

(
PΛ1/2

N5/6
ZS

ϕ−2/3 +
1− ϕ

ϕ
ln (1− ϕ) + Pχ(1− ϕ)

)
(3.6)

Athermal limit In the case of athermal solvent where χ = 0 the free energy reduces to

F
kBT

=
NZS

P

(
αϕ−2/3 +

1− ϕ

ϕ
ln (1− ϕ)

)
(3.7)

The short hand notation α = PΛ1/2

N5/6
ZS

is introduced and used to distinguish two regimes: α > 1 with

a minimum of the free energy at ϕ = 1 and α < 1 with a minimum of the free energy at ϕ� 1.
The first regime is termed compact. It results in the size scaling of a sphere that does not depend
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on the branching fraction

Rc = aN1/3
ZS . (3.8)

If α < 1 the density is smaller than unity and the chains interpenetrate the hyperbranched
polymer denoted as the athermal regime. Thus, the logarithm in equation (3.6) can be expanded
and minimized yielding

F
kBT
' NZS

P

(
αϕ−2/3 − 1 +

ϕ

2
+ ...

)
(3.9)

ϕath ' a−3N−1/2
ZS P3/5Λ3/10 . (3.10)

Inserting the density ϕath in the definition of the density ϕ = a3

R3 NZS gives the size scaling in the
athermal regime

Rath ' aN1/2
ZS P−1/5Λ−1/10 . (3.11)

The equilibrium size of the hyperbranched polymer must be larger than the ideal size giving
the limits of the regimes above R = RZS. Furthermore, the size scaling of the hyperbranched

1 P P2
0

1

compact regime

athermal regime

ZS regime

linear regime
Λ = N −1ZS

Λ
=

N
5/

3
Z
S
P
−2

Λ
=
N −5/3

ZS

P 4/3

Λ
= N −1/3ZS

degree of polymerization NZS

br
an

ch
in
g
fr
ac
ti
on

Λ

FIGURE 3.1: Regimes of different size scaling of a single hyperbranched polymer in a polymer
melt without effective interactions (χ = 0) between linear chains and hyperbranched polymer

using the model of Roby and Joanny[84]

polymer crosses over to the scaling of a linear chain when Λ = N−1
ZS . The linear chain scal-

ing depends on the length of degree of polymerization of the polymer melt: if NZS < P2 linear
chains obey ideal conformations and for shorter melt chains they obey swollen conformations [10].

From the above considerations in total 5 regimes arise summed up in figure 3.1 with a joint
linear regime.
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Effective interactions Assuming χ > 0 in equation (3.6), the good solvent regime and the θ

solvent regime are introduced. The mixing term of the free energy in equation (3.6) is expanded
for α < 1 with weak effective interactions (Pχ� 1). Hence, the total free energy is given by

F
kBT
' NZS

P

(
αϕ−2/3 − 1 +

ϕ

2
(1− 2Pχ) +

ϕ2

6

)
(3.12)

The term linear in ϕ corresponds to a two body interaction allowing for the definition of the
excluded volume parameter v = 1− 2Pχ. In case of negligible two body interactions the excluded
volume parameter is zero v = 0 defining in the θ regime. The θ regime is separated from the
good solvent regime with predominant two body interactions by the condition Rθ = Rgs. The
minimization of the free energy in the θ regime yields ϕθ ≈ α3/8 and the resulting radius of
gyration is given by

Rθ ' aN7/16
ZS Λ−1/16P−1/8 . (3.13)

The minimization of the free energy in the good solvent regime yields ϕgs ≈ α3/5v−3/5 with the
radius of gyration

Rgs ' aN1/2
ZS Λ−1/10

( v
P

)1/8
. (3.14)

In total there are 6 different regimes from the above considerations summed up in a phase
diagram displayed in figure 3.2 with a joint linear regime.
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3.1.3 Dendrimers in Linear Polymer Melts: Mean Field Model

Mean field approach The approach of Roby and Joanny [84] can be applied using the size
scaling of dendrimers [34, 35] instead of Zimm-Stockmayer hyperbranched polymers. The ideal
size of a dendrimer is expressed by the ideal size of a single thread containing Nthread = GS
monomers with Gaussian extension RD0 = (GS)1/2. To describe the total elastic free energy of the
dendrimer the thread free energy is multiplied by the effective number of threads ND

GS where the
number of dendritic monomers is given by equation (1.1). The concentration of the dendrimer is
analogously defined by ϕ = a3

R3 ND. Applying a similar approach for the free energy as Roby and
Joanny [84] used in equation (3.5) for dendrimers yields

F
kBT

= Felastic + Fmix + Finteract (3.15)

=
ND

GS
R2

R2
D0

+
R3

a3
1− ϕ

P
ln (1− ϕ) + NDχ(1− ϕ) (3.16)

=
ND

P

[
αϕ−2/3 +

(1− ϕ)

ϕ
ln (1− ϕ) + Pχ(1− ϕ)

]
. (3.17)

Again, the factor α =
PN2/3

D
(GS)2 is introduced which determines the position of the minimum either at

ϕmin = 1 for α > 1 or ϕmin � 1 for α < 1.

In the case of α > 1 the free energy is minimal for ϕ = 1 and the dendrimer is expected to
display compact conformations. Hence, the radius of gyration is given by

RDc ' aN1/3
D . (3.18)

Athermal limit Assuming the linear polymer and the dendrimer to be chemically compatible,
the χ parameter is set to zero reducing the free energy to

F
kBT

=
ND

P

[
αϕ−2/3 +

(1− ϕ)

ϕ
ln (1− ϕ)

]
. (3.19)

If α < 1 the logarithm can be expanded and the free energy reads

F
kBT
≈ ND

P

[
αϕ−2/3 − 1 +

ϕ

2
+

ϕ2

6
+ . . .

]
. (3.20)

Minimizing this free energy in the athermal solvent regime where ϕ � ϕ2 the concentration
of the dendrimer is given by ϕath = α3/5 = N2/5

D (GS)−6/5P3/5. Using RDath = aN1/3
D ϕ−1/3

ath the
radius of the dendrimer in the athermal regime is

RDath ' N1/5
D (GS)2/5P−1/5 = RDgs,isolatedP−1/5 . (3.21)

In addition to the compact regime and the athermal regime there are the limiting linear chain
regimes as well. Instead of the branching fraction Λ used by Roby and Joanny[84] dendrimers
can be characterized by the packing factor Γ = ND/(GS)3, being the fraction of monomers in
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the volume of the fully stretched thread which is the linear part of the molecule. The number
of monomers ND is propotional to the number of branching points Nbp, so Γ represents the
volume fraction of branching points. The linear chain limit is given by ND = GS or Γ = N−2

D

equivalently. Linear polymers follow the ideal scaling RCid ∼ N1/2 in the solution of longer
chains and good solvent scaling RCgs ∼ N3/5 in the solution of shorter linear chains. The
maximum value of Γ for a fixed functionality of FB,C = 3 and for different generations is given
by Γmax = Γ(S = 1) = 1+3(2G−1)

G3 ≈ 2G/G3. The compact regime and the athermal regime are
divided by the condition RDc = RDath giving Γ = P−3/2.
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FIGURE 3.3: Regimes of different size scaling of a single dendrimer in a polymer melt in the
athermal limit.

The regimes are summarized in figure 3.3. In contrast to randomly branched Zimm-Stockmayer
polymers, dendrimers cannot take arbitrary values for ND but only those resulting from equa-
tion (1.1).

Effective interactions In case χ > 0 in equation (3.17) the good solvent regime and the θ

solvent regime are introduced similar to equation (3.12). Again, α > 1 corresponds to compact
conformations. If α < 1 the logarithm in equation (3.17) can be expanded yielding

F
kBT
≈ ND

P

[
αϕ−2/3 − 1 +

ϕ

2
(1− 2χP) +

ϕ2

6
+ ...

]
. (3.22)

In case of good solvent two body interactions are assumed to be dominant. Thus, the terms
with ϕ to the second order and higher orders are neglected. Minimizing this free energy yields
ϕgs = α3/5v−3/5. By using RDgs = aN1/3

D ϕ−1/3
gs the radius of gyration in the good solvent regime
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is given by

RDgs = N1/5
D (GS)2/5

( v
P

)1/5
= RDgs,isolated

( v
P

)1/5
. (3.23)

This result reproduces the mean field result of the radius of gyration scaling of an isolated
dendrimer RDgs,isolated [35] given in equation 2.2a.
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FIGURE 3.4: Regimes of different size scaling of a single dendrimer in a polymer melt with
weak effective interactions 0 < v < 1 between linear chains and dendrimer.

We consider the systems to be in the θ regime if v = 0. Thus, the term linear in ϕ in
equation (3.22) is neglected and the free energy is minimized yielding ϕθ = α3/8. Performing the
same calculation as for good solvent the radius of gyration in θ regime reads

RDθ =(NDGS)1/4P−1/8 = RDθ,isolatedP−1/8 . (3.24)

Also this result is related to the mean field result of an isolated dendrimer RDθ,isolated [35] given in
equation (2.2b).

The packing factor Γ = ND/(GS)3 is used again to find the regime boundaries. For Γ = N−2
D

linear chain behavior is observed. The maximum value of Γ is again Γmax = Γ(S = 1) =
1+3(2G−1)

G3 ≈ 2G/G3. The compact regime and the θ regime are divided by the condition RDc = RDθ

giving Γ = P−3/2. In the same manner, the θ regime and the good solvent regime are divided by
the condition RDθ = RDgs yielding Γ = P−3/2v4.
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The different regimes predicted by the mean field theory according to [84] applied to den-
drimers are summarized in figure 3.4. In summary, the adopted mean field model for dendrimers
immersed in a linear polymer melt predicts a compact regime for long linear chains with a size
scaling of RDc ∼ N1/3 that does not explicitly depend on the linear chain length. For short linear
chains the mean field theory predicts a good solvent scaling with a small correction depending on
the linear chain length in athermal solvent. In case of a nonzero χ parameter, a θ-solvent regime
may occur depending on the interaction parameter. The good solvent regime depends on the
fraction of linear chain length and the interaction parameter. The linear chain length dependence
is well known for mixtures of linear chain melts as well [10]. These regimes and the predicted
scalings are compared with simulation results in section 3.2.2 to verify or refuse this model.

3.1.4 Scaling Approach for Linear Chain Solutions in Good Solvent

The properties of homogenous linear chain solutions in good solvent conditions can be described
by scaling arguments [10], which is sketched in the following. For very low volume fractions of
linear polymers in good solvent, the molecules form separated coils of size RCgs ∼ Nν

C, where NC
is the degree of polymerization. By increasing the volume fraction the coils start overlapping at
the overlap concentration

ϕ∗
C = NC/R3Cgs ∼ N1−3ν

C ∼ N−4/5
C (3.25)

where the approximate Flory value ν = 3/5 has been used. For higher volume fractions ϕ > ϕ∗
C,

the characteristic size of the system is the mesh size or correlation length ξ which corresponds to
the mean mesh size of the solution. This mesh size is sketched in figure 3.5, together with the
different concentration regimes.

ξ ≈ RCgs ξ < RCgs
RCgs

FIGURE 3.5: Sketch of the concentration regimes and the correlation length ξ in linear chain
solutions in good solvent conditions. In the semidilute regime (ϕ > ϕ∗

C), the concentration
blobs of size ξ for one chain are sketched.

The correlation length is calculated by the following assumptions: For ϕ ≈ ϕ∗
C, the molecules

are in contact but not interpenetrating, so the correlation length is about the coil size ξ ∼ RCgs.
At higher volume fractions, the mesh size should not depend on the degree of polymerization.
Using a power law scaling approach, the size of the correlation length is given by

ξ ∼ RCgs

�
ϕ

ϕ∗
C

�x

(3.26)
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where the NC dependencies of RCgs ∼ N3/5 and ϕ∗C ∼ N−4/5 have to cancel out yielding
x = −3/4 for ϕ� ϕ∗C:

ξ(ϕ) ∼ ϕ−3/4 (3.27)

Using blobs of size ξ as the basic unit of the chains in the vicinity of other chains, the solution
can be considered as a densely packed system of blobs. The melt of blobs follows ideal chain
statistics, so a power law scaling function similar to equation (3.26) can be used for the full chain
size imposing the condition R ∼ N1/2:

R ∼ RCgs

(
ϕ

ϕ∗C

)x

(3.28)

yielding x = −1/8 for ϕ� ϕ∗C, resulting in

R ∼ N1/2ϕ−1/8 . (3.29)

The principles of this scaling theory are used in the following for polymer solutions containing
both linear chains and dendrimers.

3.1.5 Dendrimers in Linear Polymer Solutions: Matching of Concentrations

The mean field model following the concept of Roby and Joanny [84] discussed in section 3.1.3 is
only valid for dendrimers in a polymer melt where the volume fraction of dendrimers and linear
chains is unity. In the most interesting environments like in biological systems, the concentration
of large molecules is not necessarily high. Despite of the low volume fraction, large molecules
do interact with each other, termed crowding [86]. The nature of the screening by linear chain
crowding is still not clear.

A straightforward approach to consider the crowding by linear chains is to consider the
overlap concentration ϕ∗D of the dendrimer as characteristic scale for the crossover to the crowded
state. To link the scaling approach with crowding, a very dilute solution of dendrimers is
considered (ϕD ≈ 0), where parts of the solvent are linear chain molecules with a volume fraction
ϕC ≈ ϕC + ϕD = ϕ. In figure 3.6, the two resulting regimes devided by the dendrimer overlap
concentration are sketched.
Similar to equation (3.25), the overlap density of the dendrimer is given by

ϕ∗D = ND/R3
Dgs ∼ N2/5

D (GS)−6/5 ∼ z2/5(GS)−4/5 (3.30)

where the size of the isolated dendrimer in good solvent is denoted by RDgs, see equation (2.2a),
and z is the number of threads, see equation (1.2). A power law scaling function similar to
equation (3.28) is introduced

RD ∼ RDgs f (ϕ/ϕ∗D) ∼ RDgs

(
ϕ

ϕ∗D

)x

. (3.31)
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FIGURE 3.6: Sketch of the scaling approach based on concentration matching for the crowd-
ing of dendrimers in the solution of linear chains with the dilute regime (ϕ < ϕ∗

D) on the left
hand side and the crowded regime (ϕ > ϕ∗

D) on the right hand side.

In the limiting case of a solutionmuchmore diluted as compared to the dendrimer self-concentration
(ϕ � ϕ∗

D) the size of the dendrimer, RD, is equal to the size of an isolated dendrimer in good
solvent, and hence f (ϕ/ϕ∗

D) = 1. Note, that the state of the linear chains is not directly related
to ϕ∗

D. Very long chains can be already in the semidilute state while short chains can be diluted.
For concentrations exceeding the self-concentration of the dendrimer ϕ � ϕ∗

D, excluded volume
screening is assumed and in particular the Gaussian relation RD ∼ S1/2. Applying these assump-
tions to equation (3.31) yields x = −1/8. Thus, the ratio of the squared dendrimer radius R2D and
the squared isolated dendrimer radius R2Dgs is given by

R2D
R2Dgs

∼
�

ϕ

ϕ∗
D

�−1/4
(3.32)

if ϕ � ϕ∗
D. For very high linear chain volume fractions ϕ ≈ 1 the dendrimer is exposed to a melt

of linear chains and the dendrimer size is given by

RD = RDgsϕ∗
D
1/8 ∼ z1/4(GS)1/2 , (3.33)

which is equal to the θ solvent scaling of isolated dendrimers, see equation (2.2b).

It is important to note, that this scaling argument is basically a model for a homogenous,
semidilute solution of dendrimers, only. To model the crowding effect of the linear chains, the
volume fraction of the linear chains is matched with the dendrimer overlap density.

3.1.6 Dendrimers in Linear Polymer Solutions: Matching of Length Scales

An other way to match the different characteristic scales of the linear chains and the dendrimers
in a solution with dendrimers being the minority, is the matching of the correlation length ξ

of the linear chain solution, see equation (3.27), and the size of the isolated dendrimer in good
solvent RDgs, see equation (2.2a). In figure 3.7 the comparison of these length scales is depicted
for two different cases: on the left hand side the correlation length ξ of the linear chain solution is
larger than the dilute dendrimer size and on the right hand side the dendrimer is confined by the
polymer solution, termed the crowded state.
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ξ ξ

FIGURE 3.7: Sketch of the scaling approach based on length scale matching for the crowding
of dendrimers in the solution of linear chains with the dilute regime (ξ > RDgs) on the left

hand side and the crowded regime (ξ < RDgs) on the right hand side.

This ansatz suggests, that the ratio of the correlation length ξ of the semidilute polymer
solution and the size of the dendrimer are the relevant scaling variable y = ξ/RDgs. It is
important to note that for RDgs ∼ ξ the solution is not homogeneous since the dendrimer’s
self concentration ϕ∗

D is higher as the self concentration of the linear polymer solution. The
characteristic length scales match at the point where RDgs = ξ. This point is denoted as the
crowding concentration ϕ+. It is given by

ϕ+ ∼ ξ−4/3 � R−4/3
Dgs ∼ z−4/15(GS)−4/5 . (3.34)

The last relation results from substituting the prediction of the dendrimer size in good solvent
according to equation (2.2a). The radius of gyration should obey a scaling function as introduced
in equation (3.31) as well. The overlap concentration ϕ∗

D is replaced by the onset of crowding
ϕ+. Thus, the scaling for the radius of gyration under crowding is proposed to follow the scaling
function

RD ∼ RDgs f+(ϕ/ϕ+) ∼ RDgs

�
ϕ

ϕ+

�x

. (3.35)

In the dilute regime where ϕ � ϕ+ the radius of gyration should be equal to the good solvent
case in equation (2.2a) yielding x = 0. In the strongly crowded state where ϕ � ϕ+ the spacers
should fulfill Gaussian scaling reading RD ∼ S1/2. Thus, the asymptotic exponent is again
x = −1/8, yielding

R2D
R2Dgs

∼
�

ϕ

ϕ+
D

�−1/4
(3.36)

which leads to the dendrimer size scaling in the crowded state:

RD ∼ ϕ−1/8z1/6(GS)1/2 . (3.37)

In the limit of a polymer melt ϕ ≈ 1 the volume fraction dependence vanishes and the radius of
gyration depends on the generation and the spacer length only. This radius of gyration scaling is
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called the crowding scaling and reads

R+
D ∼ N1/6

D (GS)1/3 = z1/6(GS)1/2 . (3.38)

This result is similar to the well known linear chain scaling of a chain with length GS with a
topological correction factor z including all the effects of the dendrimer branching.

In summary, the scaling models applying the matching of concentrations and the matching
of length scales provides a dendrimer size scaling for basically a single dendrimer in a linear
polymer solution. The crossover from dilute to semidilute is described by the dendrimer crossover
concentration ϕ∗D and the crowding concentration ϕ+, respectively. These results are compared
with computer simulations. This theory was published recently [81].

3.2 Computer Simulations

The models from the theory section 3.1 provide predictions for the radius of gyration scaling of
single dendrimers in polymer chain solutions and for the crossover densities between different
conformational regimes in systems without any constraints. For systems with impenetrable walls
there are predictions for the density distributions and the size distributions for the linear chains
to be compared with dendrimers.

3.2.1 Simulation Setup

To investigate mixtures of dendrimers and linear polymers a large set of different simulations was
performed. In the simulations, the dendrimer generation G, the spacer length S, the linear chain
length NC, the total volume fraction ϕtotal, and the fraction of dendrimers df are varied. There are
simulation sets with a single dendrimer in a polymer solution, the first one with many different
dendrimer generations (sdipsG) and the second one with very small steps ∆ϕ in the linear chain
volume fraction (sdipsC) where the total volume fraction is basically equal to the linear chain
volume fraction as there is only a single dendrimer in the full simulation box. Beside the single
dendrimer simulations, there are simulations with a fixed total volume fraction of ϕtotal = 0.5 and
various dendrimer fractions df with full periodic boundary conditions (dipsP).The different sets
and the most important parameters are summarized in table 3.1. Large scale GPU simulations
with cubic boxes of size b = 64 for small generations G < 5 and b = 128 for the larger generations
were performed on the HPC Center taurus at the TU Dresden. These simulations are aimed to
verify or falsify the above discussed theories.

3.2.2 Dendrimer Size Scaling

Dendrimer size scaling in a dilute linear polymer solution The size of a single dendrimer in
a polymer solution depends on the dendrimer parameters generation G and spacer length S, as
well as on the linear chain parameters degree of polymerization NC and the volume fraction of
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TABLE 3.1: Simulation parameters of dendrimers in linear polymer solution with different
aspects: Single dendrimers in polymer solution for various generations (sdipsG) and large
steps ∆ϕ = 0.1 in the linear chain volume fraction with full periodic boundary conditions,
single dendrimers in polymer solution for G = 5 with small steps ∆ϕ = 0.02 in the linear
chain volume fraction (sdipsC) with full periodic boundary conditions, blends of dendrimers

and linear polymers with full periodic boundary conditions (dipsP)
.

Simulation G S NC Periodicity ϕtotal df
sdipsG 3-7 1,2,4,8 4,8,16,32,64,128 full 0.0-0.5 (∆ϕ = 0.1) single dendrimer
sdipsC 5 1,4 8,32,64 full 0.0-0.5 (∆ϕ = 0.02) single dendrimer
dipsP 5,6 1,2 16,32,64,128 full 0.5 0.05-0.95

the polymer chains ϕC = v0NC/Vbox ' ϕ. It can be assumed that dendrimers in a very dilute
polymer solution display good solvent scaling.
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FIGURE 3.8: Radius of gyration scaling using the good solvent prediction of the mean
filed theory RD/S3/5 ∼ (zG3)1/5. The simulation snapshot on the right hand side shows a
generation G = 5 dendrimer with spacer length S = 4 (in green-core to blue-end monomers)
in a solution of short linear chains NC = 4 ( in yellow) with a volume fraction of ϕ = 0.1 that
is apparently swollen, compare with figure 2.3. The snapshot parameters refer to the yellow

squares in the plot. The data is taken from the simulation set sdipsG, see table 3.1.

In figure 3.8 the good solvent scaling according to equation (2.2a) is applied to a set of
parameters that should be far below the overlap density defined in equation (3.30) and the onset
of crowding defined in equation (3.34) and one set of parameters that is far above the critical
concentrations. The blue data points denoted by “dilute” show the radius of gyration of a single
dendrimer in the simulation box with implicit athermal solvent, only. As expected, these curves
display good solvent scaling with a fit to the rescaled data by RD/S3/5 ∼ (zG3)a giving a = 0.209
that is very close to the expected theoretical value of 1/5. Adding a small amount (ϕC ≈ 0.1) of
relatively short linear chains NC � ND (yellow and cyan symbols) reduces the absolute value
of the rescaled radius of gyration slightly but the data still collapses to a master curve and the
slope of the data is close to 1/5 again. In contrast, in a system with rather long chains at melt
concentration the radius of gyration scaling fails completely as expected. This is shown by the red
data points for linear chains of length NC = 128 at a total density of ϕ = 0.5 which is considered
as a melt in the BFM.
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Dendrimer size scaling according to the mean field model In section 3.1.3 two regimes are
predicted for the dendrimer size scaling in an athermal linear polymer melt: The athermal
scaling regime with Γ < N−3/2

C that is rather long spacers dissolved in rather short chains, and
the collapsed regime with Γ > N−3/2

C that is dendrimers with short spacers dissolved in a melt of
very long linear chains, see figure 3.3.
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FIGURE 3.9: Radius of gyration, rescaling simulation results with the athermal solvent
scaling according to equation (3.21) for parameters matching the condition Γ < N−3/2

C (lhs)
and with the collapsed scaling according to equation (3.18) for parameters matching the
condition Γ > N−3/2

C (rhs). The data is taken from the simulation set sdipsG, see table 3.1.

In figure 3.9 data sets matching the athermal and the collapsed regime are compared with the
scaling predictions. It is expected that all the data points collapse to one curve that displays the
predicted slope of 1/5 and 1/3, respectively.

On the left hand side of figure 3.9 the athermal scaling does not lead to a collapse of the data
points, but the predicted slope is reproduced by a fit to the data giving 0.206 ' 1/5 as seen for
the dilute scaling as well. Actually, the only difference between the dilute scaling in figure 3.8
and the athermal scaling for melts is the NC dependence. This should result in a proper rescaling
of the dendrimer sizes for different linear chain lengths which is not the case.

On the right hand side of figure 3.9 the collapsed scaling does not lead to a collapse of the
data to a master curve and the predicted slope of 1/3 is not displayed at all. In fact, collapsed
conformations were not found for any of the investigated parameters. These results indicate
that the mean field argument for dendrimers immersed in polymer chains adopted from the
mean field argument by Roby and Joanny [84] can not be validated by the computer simulations
performed in this work.

Dendrimer Size Scaling According to Scaling Approaches Two different scaling approached
have been applied using a straightforward concentration matching in section 3.1.5 and using a
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matching of length scales of the linear chain solution and the dendrimer in section 3.1.6. Both
approach consider a good solvent scaling below the critical concentrations ϕ∗D and ϕ+

D which was
verified in figure 3.8. In particular, for short linear chains at a low total volume fraction the dilute
scaling was applied successfully. Short chains have a high overlap density, so the dilute scaling
can be applied also for higher total volume fractions [81]. In the limiting case of NC → 1, the
dendrimer in explicit solvent is reproduced.

For very high volume fractions, there were two slightly different dendrimer size scalings
with the same thread scaling (GS)1/2 but different z dependencies, see equation (3.33) and equa-
tion (3.38).

100 1000 10000 100000

1

2

4

∼ x0.209

zG2

(R
D
/
b)

S−
1/

2

S1 N64 ϕ0.4 S2

S4 S8

S1 N64 ϕ0.5 S2

S4 S8

S1 N128 ϕ0.4 S2

S4 S8

S1 N128 ϕ0.5 S2

S4 S8

FIGURE 3.10: Radius of gyration scaling applying the scaling ansatz with concentration
matching RD/S1/2 ∼ (zG2)1/4, see section 3.1.5. The data is taken from the simulation set

sdipsG, see table 3.1.

In figure 3.10 the radius of gyration scaling according to the concentration matching scaling
theory in section 3.1.5 is applied to long linear chains (NC = 64, 128) and high total volume
fractions (ϕ = 0.4, 0.5). The various data sets collapse very well on a master curve, but the fitted
slope of 0.21 does not perfectly match the expected slope of 1/4.

In figure 3.11 the radius of gyration scaling according to the scaling approached with matching
of length scales in equation (3.38) is applied to the same parameters as shown in figure 3.10. The
large set of data points collapses fully to a single line that displays a slope of 0.17 ' 1/6 very
close to the theoretical prediction from the scaling approach applying the length scale matching.

Beside the dendrimer size scaling in very dense linear polymer solutions, the crossover scaling
from dilute to highly concentrated solutions was analyzed in the computer simulations. The
crossover scaling shows the squared radius of gyration of the dendrimer normalized by the dilute
radius of gyration over the volume fraction of the linear chains normalized by the respective
critical concentrations. The predictions from the scaling theories can be found in equation (3.32)
and equation (3.36).
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FIGURE 3.11: Radius of gyration scaling applying the crowded scaling ansatz R+
D/S1/2 ∼

(zG3)1/6, see section 3.1.6. The simulation snapshot shows a generation G = 5 dendrimer
with spacer length S = 4 (in green-core to blue-end monomers) in a solution of long linear
chains NC = 128 (in yellow) with a volume fraction of ϕ = 0.5. It is more compact than in
the dilute case but not fully collapsed, compare with figure 2.5. The snapshot parameters
refer to the yellow squares in the plot. The data is taken from the simulation set sdipsG, see

table 3.1.
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FIGURE 3.12: Radius of gyration crossover comparing rescaled crossover using the den-
drimer overlap density ϕ∗D and the crowding density ϕ+. The linear chain length is NC = 128

in all cases. The data is taken from the simulation set sdipsC and sdipsG, see table 3.1.

In figure 3.12 the crossover scaling R2
g/R2

g0(ϕ/ϕ∗/+) with respect to the overlap density ϕ∗D of
equation (3.30) on the left hand side and with respect to the crowding density ϕ+ of equation 3.34
on the right hand side is shown for various generations and spacer lengths at a fixed linear chain
length of NC = 128. Both figures show a plateau of the rescaled dendrimer size for volume frac-
tions much lower than the characteristic volume fraction as expected from the dilute dendrimer
size scaling shown in figure 3.8.

For the high volume fraction regime both models predict a slope of −1/4 which is the same as
for linear chains. This is just a consequence of the thread/spacer based theories using parts of the
dendrimer that can be described by linear chain theories. But, the simulation data rescaled by the
overlap density ϕ∗D collapses on different curves for different dendrimer generations. The spacer
scaling works well and the slope of−1/4 is approached, but the generation scaling does not work.
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The simulation data rescaled by the crowding density ϕ+ shows a reasonable good overlap
for all dendrimer parameters. The agreement with the simulation data is much improved as
compared to the ϕ∗D scaling.

Both, the radius of gyration scaling in high linear chain volume fractions and the crossover
scaling are in better agreement with the scaling approach applying the matching of the char-
acteristic length scales. From this, it can also be concluded, that dendrimers do not display a
pure θ state in the melt of linear chains, which is different from their behavior in pure dendrimer
solutions [44]. Thus, the scaling approach applying the matching of length scales in section 3.1.6
can be termed the crowding model for dendrimers as it was shown to describe the crowding of
dendrimers in linear chain solutions properly.

3.2.3 Radial Monomer Distributions

The validity of the crowding model for the dendrimer size scaling implies some properties
of the monomer arrangement in the dendrimer that are characterized by the radial monomer
distribution ρ(r):

• In the dilute case the shape of the monomer density should not differ too much from the
good solvent monomer distribution of an isolated dendrimer.

• The monomer distributions should display a common distribution when rescaled by the
characteristic extension of the spacers in the different regimes.

• The linear chains should interpenetrate the dendrimer at high volume fractions to avoid
the collapse.

To verify or falsify these assumptions of the dendrimers monomer distribution a small but
representative set of parameters is chosen and discussed in detail.

Monomer distribution overview In figure 3.13 the radial monomer density distributions of a
generation G = 5 dendrimer with space length S = 4 is plotted for the four characteristic limiting
cases of low total volume fraction and high total volume fraction of short and long linear chains,
respectively. As a reference, the monomer densities of the dendrimer in dilute conformation and
collapsed conformation are shown in the figure as well, compare with section 2.2.3. The monomer
distributions of the interpenetrating linear chains are shown as well.

The dilute monomer density (blue line) sets the lower limit of the monomer distributions.
Slightly above the dilute curve the low volume fraction curves (ϕ = 0.1 in yellow) are located
following the same course as the dilute curve. The short linear chains (NC = 4 in light yellow) do
not shift the monomer density to higher values, but fully interpenetrate the dendrimer. On the
other hand, the long linear chains (NC = 128 in intensive yellow) compress the dendrimer signifi-
cantly stronger than the short chains, but do not interpenetrate up to the dendrimer center. Thus,
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FIGURE 3.13: Overview of density distributions of a generation G = 5 dendrimer with
spacer length S = 4 immersed in linear chains of different length (NC = 4, 128) and different
total volume fractions (ϕ = 0.1, 0.5). The monomer densities of the dilute and the collapsed
conformations are added as references. The radial distance r is normalized by the appropriate
radius of gyration of the dendrimer RD. The data is taken from the simulations sdipsC of

table 3.1 and plain of table 2.1.

it can be concluded that the short linear chains on the one hand act similarly like a monomeric
solvent without strong disturbance of the dendrimer conformations and the long linear chains on
the other hand already interact with the dendrimer in a repulsive way because the correlation
length of the long linear chain solution is already close to the dendrimer size.

At high volume fraction (ϕ = 0.5 in red) the linear chains fully interpenetrate the dendrimer
as expected from the assumptions of the crowding model. Again, the short chains interpenetrate
stronger than the long chains. The shape of the monomer density of the dendrimer is almost linear
being reminiscent to the θ-solvent monomer distributions of an isolated dendrimer, compare with
figure 2.7. The collapsed monomer density sets the upper limit of the monomer distributions
and is considerably more compact than the monomer densities of the dendrimer immersed in a
polymer chain solution or polymer chain melt.

Rescaling by characteristic spacer extension The monomer distributions of dendrimers with
equal generation but different spacer lengths can be rescaled by the predicted spacer self density
similar to dendrimers in different solvent qualities in figure 2.7. According to the concept of
spacer scaling presented in section 2.2.3 a common distribution is expected if the radial density of
the dendrimer is rescaled by the self-density of a spacer S/R3

S = S1−3ν and if the radial distance
is rescaled by the characteristic extension of the spacer chain Sν. The corresponding scaling plots
are shown in figure 3.14 and figure 3.15.

The dilute regime with short chains and low total volume fractions is displayed in figure 3.14.
In the exterior of the molecule, all curves overlap by rescaling very well. Close to the dendrimer
center for distances smaller than 2 · bS3/5, the monomer distributions do not collapse, because
they differ qualitatively for different spacer lengths. In the inner part of the dendrimer, short
spacers display a smaller local monomer density that increases with increasing spacer lengths.
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FIGURE 3.14: Rescaled monomer distribution of generation G = 5 dendrimer in small
volume fraction ϕ = 0.1 rescaled by the spacer self density in good solvent conditions S4/5.
The radial distance is rescaled by the characteristic extension of the spacer in good solvent
Sν ∼ S3/5 and the averaged bond length b. The data is taken from the simulation set sdipsG,

see table 3.1.

The dimensionless rescaled radial distance represents the mean extension of a generation “layer”.
Consequentially, the monomer distribution drops to zero at 5 · bS3/5 for a generation G = 5
dendrimer or even at smaller distances due to back folding of spacers. Thus, the monomer
distributions do not overlap in the first two generation layers only. For the shortest spacers S = 1
this corresponds to 2 bonds and a distance smaller than a Kuhn segment.
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FIGURE 3.15: Rescaled monomer distribution of generation G = 5 dendrimer in high volume
fraction ϕ = 0.5 rescaled by the spacer self density in crowded conditions S1/2. The radial
distance is rescaled by the characteristic extension of the spacer in crowded conditions S1/2

and the averaged bond length b. The data is taken from the simulation set sdipsG, see
table 3.1.

In figure 3.15 the monomer distribution rescaled by the expectations for the crowded regime
with long chains and high total volume fractions are displayed. The rescaling works well for
distances larger than 2 · bS1/2. Again, in the inner part of the dendrimer the monomer distribu-
tion changes qualitatively for different spacers which cannot be rescaled by the characteristic
size of the spacer. The spacer length dependence of the local density in the inner part of the
dendrimer is equal to the dilute one: the larger the spacers the higher is the local density in
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the inner part of the dendrimer. This is reasonable because dendrimers with short spacers
have a higher fraction of branching points per monomer and the spacers are less flexible if the
spacers contain less monomers. Hence, short spacers lead to stretched conformations in the inte-
rior of the molecule and thus a lower local density. This effect should vanish for very long spacers.

With the short spacer effects in mind, it can be stated that the density distributions collapse to
a common distribution both for the dilute regime and the crowded regime very well.

Interpenetration of linear chains The strength of polymer chain interpenetration is qualita-
tively shown by the monomer density overlap ρD · ρC normalized by the total volume fraction ϕ.
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FIGURE 3.16: Density overlap of generation G = 5 dendrimer with spacer length S = 4 in
short chains NC = 4 and long chains NC = 128 for various total volume fractions ϕ. The

data is taken from the simulations sdipsG, see table 3.1.

In figure 3.16 the density overlap for the parameters used in figure 3.13 is shown. With
increasing total volume fraction ϕ the overlap is increased monotonously both for long chains
and for short chains. But, the density overlap for the short linear chains (N = 4 in blue) also
increases with decreasing radial distance to the dendrimer center showing the extensive inter-
penetration of the chains into the dendrimer volume. In contrast, the density overlap for long
linear chains (N = 128 in yellow) displays a maximum not being located in the dendrimer
center and a decreasing monomer overlap with decreasing radial distance close to the center.
The position of the maximum is shifted to lower values of the radial distance with increasing
total volume fraction. Thus, even if the linear chains show a repulsive excluded volume interac-
tion with the dendrimer resulting in rather compact conformations a mixing of the chains and
the dendrimer is favored in particular for high total volume fractions avoiding a phase separation.

The evaluations of the radial monomer distributions are in good agreement with the implica-
tions of the crowding model stated above. Again, the collapsed regime predicted by the mean
field theory following the model of Roby and Joanny [84] was not found. There is no miscibility
gap and no phase separation occurs between both species.
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3.3 Summary

If a polymer solution contains two different species, the classical limits of dilute and of semidilute
solution lose their absolute meaning. In the present case long linear chains can be strongly
overlapping before they influence the conformational state of the embedded dendrimer. The
central question of this chapter was to find an appropriate scaling variable which describes the
impact of linear chains on a single dendrimer and thus to predict the state of dendrimers in this
case. Generally, we found that dendrimers immersed in a solution of chemically identical linear
chains displays crowding effects with a signature similar to a θ-state if the linear chains are long
as compared to the length of a thread N � GS and at high concentration. We have shown that
Gaussian scaling of the dendrimer size with respect to the change in the spacer length, RD ∼ S1/2,
is valid in the limit of melt concentration of the linear chains. For none of the conditions studied
in this work up to the melt state of the linear chains was a collapsed state of the dendrimer
with a signature of RD ∼ S1/3 found. Using the picture of a polymer brush, this implies that
for the parameters of functionality, generation, and spacer length we investigated there is no
“dry-dendrimer” regime.

To quantify the nature of the crowding effect and to find an appropriate scaling function for
the size of the dendrimer embedded in a solution of long chains, we have tested two assumptions.
In the first case it is assumed that the dendrimer conformation is influenced by the interaction
with the matrix chains if the concentration of linear chains matches the overlap concentration,
i.e., the self-concentration of the dendrimer. The corresponding scaling variable leads to the
theoretical θ-state of the dendrimer in the limit of strong crowding according to the mean-field
theory. This, however, is not consistent with the simulation results with respect to the dendrimer’s
generation.

As an alternative approach we considered a geometrical argument given by the matching of
characteristic length scales as the signature for crowding. The corresponding scaling variable is
given by RD/ξ, i.e., the ratio of the dendrimer size and the mesh size (correlation length) of the
semidilute solution. Here, it is implicitly assumed that the linear chains are larger than the size of
the dendrimer (or a thread of the dendrimer) to form a semidilute state before the dendrimer is
impacted. This model leads to very good scaling with respect to the dendrimer generation for
our simulation results.

According to this analysis, the dendrimer in the crowded state follows ideal scaling with re-
spect to the spacer length, but a different scaling with respect to the generation: R+ ∼ z1/6(GS)1/2.
Thus, the crowded state of dendrimers in solution of long flexible chains seems not to correspond
to the θ-state as known for linear chains and weakly branched polymers.

Our analysis of the radial density distribution functions around the dendrimer’s center of
mass concurs with the picture of strong interpenetration into the dendrimer volume, in particular
for the case of longer spacers. Following the arguments by Roby and Joanny [84], a compact
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state of the dendrimer is expected for long enough linear chains due to complete screening
of all viral coefficients. Thus, the absence of the collapsed state in our simulations indicates
that the ideal mixing entropy given by the Flory-Huggins model which is used by Roby and
Joanny is apparently not valid for linear chains inside the dendrimer’s volume. On the other
hand, the screening of the second virial coefficient only, which corresponds to the random phase
approximation, seems not to be sufficient. This would lead to the mean-field θ-state which is
not displayed in our simulations either. To understand the possible failure of this concept, it
is important to note that for dendrimers the ideal chain statistics, the Gaussian state, does not
correspond to the θ-state but rather to a nonphysical state with RDid ∼ ln ND, more compact than
the collapsed state. Thus, the Gaussian state cannot be taken as the reference when considering
the corrections due to screened excluded volume effects. In fact, the ideal state where space filling
is not relevant does not exist for real dendrimers.

For comparison with the existing theoretical models for star polymers, see section 3.1.1 it is
interesting to apply the concept of geometric screening here as well. The radius of the star in
good solvent [87] is given by the scaling relation RS ∼ N3/5

S f−2/5, where NS denotes the total
number of monomers in the star. Using the same geometric argument which led to equation (3.34),
we arrive at ϕ+

S ∼ N−4/5
S f 8/15. The corresponding scaling variable for the star embedded in a

semidilute solution of linear chains is then given by yS = ϕ/ϕ+
S . We obtain for the size of the

star in the limit of strong crowding RS(ϕ) ∼ N1/2
S f−1/3 ϕ−1/8, again for the assumption that the

arms of the star display screened statistics. For the melt case, i.e. ϕ = 1, a compact state of the
star, i.e. RS ∼ N1/3

S , is reached for fc ∼ N1/2
S . We note that the last condition is well below the

packing limit of a star. An experimental test of these predictions as well as those obtained for
the dendrimers in our work could be obtained by scattering techniques using labeling of the
diluted star polymers or dendrimers respectively in a solution of long linear chains. Our findings
in this work show that crowding of the dendrimer by linear chains cannot be mapped to simple
excluded volume screening effects but can be nevertheless described very well by a geometric
scaling argument. As a result, the dendrimer displays Gaussian scaling with respect to the length
of spacer threads but poor solvent scaling with respect to the number of spacers. The crowded
state thus has a novel scaling behavior different from the classical states (collapsed or θ) predicted
by mean-field arguments.
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Chapter 4

Entropic Interactions of Dendrimers in
Polymer Chain Melts

Entropic interactions are especially interesting as they do not depend on chemical details of
the polymers, instead they occur in every system of a certain setup. In particular, in biological
systems electrostatic interactions are screened, the volume fractions of macromolecules are very
high and the molecules are crowded. Thus, entropic interactions play a significant role compared
to electrostatic interactions.

From previous investigations on dendrimers in linear polymer melts [73], there is evidence
of attractive pairwise interactions between dendrimers and attractive interactions between den-
drimers and impenetrable walls. In chapter 3 the conformational properties of blends of den-
drimers and linear chains were investigated. These systems are also promising to display
attractive interactions between dendrimers and impenetrable surfaces, if the dendrimers are
immersed in a sufficiently dense solution or a melt of sufficiently long polymer chains. This chap-
ter provides an answer to the question if soft materials with diffuse surfaces display depletion
interactions and what is the origin of these attractions. In this chapter a model for the effective
attractive interactions is developed and verified by computer simulations.

4.1 Theories and Models

In this section theoretical approaches are reviewed and developed to describe entropic attractions
with different physical origin. There are three inherently different approaches.

The so called autophobic repulsion between densely grafted polymers and free polymers
occurs due to a positive spreading coefficient between the grafted and the free polymer phase.
By replacing two grafted-free polymer interfaces by one grafted-grafted polymer interface the
system reduces the total free energy yielding an effective attraction between grafted phases.

The depletion interaction in mixtures of hard colloids of different size is explained by an
increasing free volume of the total system. An exclusion layer around the large colloids occupies
volume that is not accessible for the small colloids. When the large colloids are close to each other
these exclusion layers overlap and the total volume and thereby the translational free energy of
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the small colloids increases leading to an effective attraction between the large colloids.

A model for the depletion in mixtures of soft molecules is developed using a balance of excess
free energy and elastic repulsion. The excess free energy between linear and branched polymers
is estimated by the interplay of mixing entropy and mean field interaction and is proportional to
the volume of the dendrimer that is interpenetrated by linear chains.

4.1.1 Autophobicity

An effective repulsion between two chemically identical polymers that differ only in their archi-
tecture is called autophobicity [88]. Autophobicity was first predicted by Leibler and coworkers
[89] with a mean field free energy model resulting in a negative spreading coefficient explaining
large contact angles between a polymer melt on a chemically identical polymer brush. The
effect of destabilization of a suspension of polymer coated colloids was found by Hasegawa
and coworkers [90] for very densely grafted colloids also explainable by autophobic dewetting.
The calculations of the mean field model for the attraction between two flat polymer brushes
embedded in a polymer melt are shortly reviewed to compare with depletion interaction.

A coarse grained polymer model is assumed where the chemical compatibility between the
grafted and the free polymer is characterized by the Flory interaction parameter χ = 0. In
this scope there are only three parameters fully describing the model system: The number of
monomers of the grafted chains N and of the free polymer chains P as well as the grafting density
σ of the grafted chains. Depending on these three parameter the resulting system has a rich phase
space [91–95]. Autophobic dewetting occurs only in the dry brush regime when exposed to a
melt of long polymer chains.

The dry brush regime is characterized by a high grafting density and long polymer chains
resulting in the condition σ ≥ N/P3/2. The volume fraction of the grafted chains φ(x), x being
the distance perpendicular to the grafting surface, is unity inside the dry brush and zero outside
the brush. At the surface, there is an interpenetration layer of thickness λ where grafted chains
and free polymer mix. The system is considered to be dense and incompressible. Thus, the
volume fraction of the free polymer is (1− φ(x)). The free energy is given in units of kBT

a2 where
kB is the Boltzmann constant, T is the temperature and a2 is the unit area with respect to the
monomer size. The most important free energy contributions are the elastic deformation ∆Fel of
the grafted chains and the long chains [95, 96]

∆Fel '
1

24a

∫ ∞

0

(
(∇φ)2

φ
+

(∇(1− φ))2

(1− φ)

)
dx =

1
24a

∫ ∞

0

(
(∇φ)2

φ(1− φ)

)
dx , (4.1)

and the penetration free energy Fpen of the free polymer into the brush molecular field U(x) which
is parabolic to first order [97] where the surface contribution is estimated to be the difference
between a completely dry brush and a slightly swollen one
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∆Fpen = − 1
a3

∫ ∞

0
U(x)(φ(x)− φdry(x)) dx . (4.2)

The functional form of φ(x) can be modeled by a hyperbolic tangent profile and a step function
for the dry case [89, 95]

φ(x) =
1
2

[
1− tanh

(
x− h

λ

)]
φdry(x) =





1 if x ≤ h

0 if x > h
(4.3)

where h = aσN is the dry brush height. Using this, the total free energy is

∆F = ∆Fel + ∆Fpen '
1

12λa
+

π4σλ2

32Na4 . (4.4)

Minimizing the total free energy with respect to λ yields

λ =

(
4N

3π4σ

)1/3

a (4.5)

and the equilibrium surface free energy is

∆F ' 1
8λa
∼
( σ

N

)1/3
. (4.6)

This result shows a positive surface free energy contribution for the interpenetration of the
melt chains into the brush making it unfavorable. Thus, replacing two brush-free polymer inter-
faces by a single brush-brush interface reduces the surface free energy of the entire system. Note
that this is a pure contact free energy depending on the exposed surface of the brush but not on
the distance between two brushes F(x) = Fδ(x− xcontact).

The density profiles of the dendrimers immersed in a polymer melt are by far not matching
the almost fully collapsed form given in equation (4.3) as shown in section 3.2.2. Thus, the
autophobicity model in this formulation is not appropriate to describe attractive interactions in
the dendrimer-chain-blend.

4.1.2 Depletion in Colloidal Systems

In suspensions of comparatively large hard particles in a solution of smaller hard particles, dilute
non-adsorbing polymers or micelles at a temperature where Brownian motion is a relevant force
an attractive interaction between larger particles is observed [98–101]. From the experimental and
engineering point of view this attraction can be used for flocculation or separation processes, or it
has to be reduced to obtain stable colloidal suspensions. From the theoretical point of view the
attractive force is generally understood as an entropic force. Its origin is the gain of translational
entropy of the smaller particles or macromolecules by a gain of their free volume due to compact
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packing of the larger particles [99]. A common approach of the theoretical description of the
entropic attraction is the introduction of an effective depletion potentialWdep.

In hard colloidal systems the Derjaguin approximation can be applied where the attraction
between particles of arbitrary shapes is approximated by the attraction of planar walls [98, 101].

Asakura–Oosawa Model Probably the most famous description of large hard spherical colloids
dissolved in small hard colloids was given by Oosawa and Asakura in the middle of the last
century [99].

RC

RS

FIGURE 4.1: Sketch of depletion attraction in a suspension of spherical hard colloids different
in size. The large colloids (green) have the radius RC, the small colloids (yellow) have the
radius Rs. The overlap between the volume exclusion zones of the large colloids is supposed

to be the free volume gain of the small colloids.

In the simplest case of two large hard spheres with radius RC dissolved in monomeric solvent
with radius Rs the volume accessible by the solvent is reduced not only by the volume of the
large spheres VC = 4

3πR3C but also in a shell VE = 4
3π(R3C− R3s) around the colloids, see figure 4.1.

If two colloids are close enough both shells overlap and the effective excluded volume of the
solvent decreases, depicted by the red area in figure 4.1. The increase in the free volume of the
solvent monomers ∆V leads to an increase of the entropy of the solvent by

∆S = kBTns ln
�
V + ∆V

V

�
(4.7)

which is a large contribution in the case where the number of solvent particles is much larger
than the number of colloidal particles ns � nC. Then, the free energy difference ∆F = −T∆S is
negative leading to an effective attraction of large colloids:

∆F
kBT

≈ −πp0
6

(D− hc2c)2(D+ hc2c/2) , if 2RC < hc2c < D (4.8)
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where D = 2(RC + Rs) is the sum of the diameter, p0 is the ideal gas pressure of the solvent and
hc2c is the center to center distance between the large spheres. At the contact distance hc2c = 2RC

the free energy is finite and is termed contact energy. The colloids cannot come closer as they
experience a hard wall potential due to the impenetrably of the colloids.

Using a blob model [102], the depletion attraction between hard colloids in semidilute polymer
solutions can be referred to a mixture of small and large impenetrable colloids as well. In a
polymer solution, the correlation length of the polymer solution ξ, see section 3.1.4, corresponds
to the size of the small particles Rs and the Asakura–Oosawa model can be applied as well.

4.1.3 Depletion of Dendrimers in the Melt of Linear Chains

Soft particles immersed in a polymer solution have been investigated by simulations and can be
described by a phenomenological depletion potential [103, 104]. In the following a mean field
free energy model is introduced to describe the depletion attraction between dendrimers in a
polymer melt using the systems parameters without the need of an ad-hoc assumption but using
some simplifications covering the main points of the underlying physics.

Dendrimers do not have an impenetrable shell in the melt state and are strongly interpene-
trated by the linear chains, also shown in the simulation results in section 3.2.2. Thus, they do
not show a hard core repulsive potential and do not evolve a volume exclusion layer. Neverthe-
less, linear chains face repulsive interactions when interpenetrating the volume occupied by the
dendrimer and the dendrimer gains additional conformational entropy when there are no linear
chains interpenetrating.

The free energy discussed here is constructed using an attractive and a repulsive part:

∆F = Fattractive + Frepulsive = − fexc · ∆V(r) + fel · ∆r2 . (4.9)

The attractive free energy part Fattractive has its origin in the (positive) excess free energy fexc of
the linear chain melt interpenetrating the dendrimers self-volume, that is reduced by the overlap
volume −∆V of the dendrimers approaching one another. The repulsive free energy Frepulsive is
constructed by the elastic free energy Fel ∼ felR2 ∼ ND

GS
R2

(GS) , see equation (2.1). The repulsive free
energy depends on the distance between the dendrimers or the dendrimer and the wall ∆r. It is
assumed to increase (harmonically) with decreasing dendrimer center-to-center distance rc2c (or
dendrimer-wall distance rc2w) relative to the contact distance R, yielding

Frepulsive =
ND

(GS)2 (R− rc2X)
2 . (4.10)

For simplicity, it is assumed that the free energy parts of equation (4.9) are independent and
can be derived separately. They both depend on the distance rc2X and can be minimized together
with respect to rc2X, resulting in an effective repulsive or attractive interaction.
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Excess Free Energy The excess free energy fexc can be expressed by a balance of a mixing term
using the Flory-Huggins entropy of mixing Smix,FH [11] and a two body mean field interaction
free energy as used in a standard Flory argument [85]:

fexc = kBT∆Smix,FH + Finter (4.11)

= kBT [ln(ϕD) + n ln(ϕC)] + kBT vϕD ϕC V (4.12)

ϕD =
ND

ND + nNC
, ϕC =

nNC

ND + nNC
. (4.13)

Here, ϕD,C are the volume fractions of the dendrimer and the linear chains in the volume
V occupied by the dendrimer, respectively. ND,C are the numbers of monomers in a single
dendrimer or chain, respectively, n is the (average) number of linear chains in the volume V
and v is the two body interaction parameter, see equation (2.1). This expression for the excess
free energy can be written as a function of the number of linear chains in the dendrimer volume
yielding

fexc

kBT
(n) = v

nNCND

(nNC + ND)
−
[

ln
(

1 +
nNC

ND

)
+ n ln

(
1 +

ND

nNC

)]
. (4.14)

Minimizing this expression with respect to n and solving for n gives the equilibrium number of
linear chains in the dendrimer volume. The derivative with respect to n is given by

∂ fexc

∂n
= v

NCN2
D

(nNC + ND)2 −
[

ln
(

1 +
ND

nNC

)
+

NC − ND

(nNC + ND)

]
(4.15)

≈ v
NCN2

D
(nNC + ND)2 −

ND

nNC
(4.16)

=
−n2N2

CND + n(vN2
CN2

D − 2NCN2
D)− N3

D
nNC(nNC + ND)2 (4.17)

where the assumption ND / NC is applied, which means the chains should have at least as much
monomers as the dendrimer. Setting the last expression to zero yields

0 = n2 + n
ND

NC
(2− vNC) +

N2
D

N2
C

. (4.18)

Solving this equation under the assumptions that NC 6= 0 and vNC ≥ 4 result in

n± =
ND(vNC ±

√
vNC(vNC − 4)− 2)
2NC

. (4.19)

The negative sign solution can be smaller than 0 which is not meaningful in this model. Assuming
vNC +

√
vNC(vNC − 4)� 2 allows for the following representation of the equilibrium average

number of linear chains in the dendrimer volume:

n(ND, NC) ≈ vND ·
(

1
2
+

1
2

√
1− 4

vNC

)
= vNDαc(NC) , (4.20)
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where αc holds the NC dependence. It goes to unity for vNC � 4. This result is plugged in the
excess free energy of equation (4.14) and simplified under the above assumptions again yielding

fexc

kBT
(ND, NC, v) = v

vNDαcNCND

(vNDαcNC + ND)
−
[

ln
(

1 +
vNDαcNC

ND

)
+ vNDαc ln

(
1 +

ND

vNDαcNC

)]

(4.21)

≈ vND −
[

ln (1 + vαcNC) + vαcND ln
(

1 +
1

vαcNC

)]
(4.22)

≈ ND

(
v− 1

NC

)
− ln(vNC) . (4.23)

In figure 4.2 the excess free energy following equation (4.23) is plotted over the linear chain length
for different dendrimer generations.
For all generations, the excess free energy displays a slightly decreasing plateau for NC ≥ ND.
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FIGURE 4.2: Excess free energy fexc according to equation (4.23) with respect to the linear
chain length for different dendrimer generations.

From equation (4.23), it is clear that for very long chains NC � ND the logarithmic term− ln(vNC)

dominates. Thus, the excess free energy becomes negative and the free energy term Fattractive in
equation 4.9 becomes repulsive as well. In particular for small generations (see G = 4, blue curve
in figure 4.2), this already happens for linear chain lengths that are accessible for simulations.

Form the above estimation on the excess free energy we can conclude the following points:

• it increases with the dendrimer generation G, functionality F and spacer length S: fexc ∼
vND ' FS2G

• it scales like −1/NC for relatively short chains and like − ln(NC) for very long chains
reducing the excess free energy strongly for very short chains and smoothly with increasing
linear chain length NC → ∞

• for chains that are much larger than the dendrimer NC � ND the excess free energy becomes
negative making mixing of linear chains and dendrimers favorable.
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Over a broad range of values for NC there is a negligible dependence on NC due to a balance
of the logarithm and the power of −1. Thus, in a first order approximation

fexc ≈ vND (4.24)

for ND � NC is valid. The curves of figure 4.2 display an almost constant domain for ND ≈ NC <

2ND justifying equation (4.24).

Volume Dependence The difference in the interpenetration volume ∆V is estimated by a
sphere model. In case of the dendrimer wall interaction, the virtual sphere around the dendrimer
wrapping the volume V is interpenetrating the wall. The sphere cap truncated by the wall is
considered to be the volume difference, as depicted in the left hand side of figure 4.3.

∆∆ rc2wVV∆V∆

R
VVVV rc2c

R

rc2c

R
∆V∆VV∆V∆

FIGURE 4.3: Sketch of volume change ∆V for the mean field depletion model. Dendrimer-
wall interaction on the lhs and dendrimer-dendrimer interaction on the rhs. Two parameters
describe the volume change totally: the radius of a sphere wrapping the volume V occupied

by the dendrimer and the center-to-wall rc2w or center-to-center distance rc2c.

The two parameters defining the volume difference are the center-to-wall distance rc2w and
the radius of the sphere R. In terms of these parameters the volume difference reads

∆V(R, rc2w) =
π

3
�
2R3 − 3R2rc2w + r3c2w

�
(4.25)

The volume difference in case of the dendrimer-dendrimer interaction is also estimated by a
sphere cap model as shown in the right hand side of figure 4.3. Due to the intersection of two
spheres the volume of the sphere cap arises twice resulting in

∆V(R, rc2c) =
2π

3
�
2R3 − 3R2rc2c + r3c2c

�
. (4.26)

However, the volume is not unaccessible like in case of the wall but it is assumed that in the
overlap volume the linear chains interpenetrate less than in the remaining volume. Thus, the
functional dependence on the radius R and the center-to-center distance rc2c is expected to be
similar to the dendrimer-wall case, but the magnitude of the volume exclusion is reduced and so
the total excess free energy fexc · ∆V. Simultaneously, there is twice the elastic contribution of the
elastic repulsion from both dendrimers, cancelling out the increased volume difference. Under
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these considerations the depletion strength is expected to be significantly lower for the pairwise
interaction as compared to the dendrimer wall interaction.

Total depletion free energy Merging equations (4.9), (4.10), (4.23), and (4.25) gives the total
depletion free energy with respect to the dendrimer-wall distance rc2w or dendrimer-dendrimer
distance rc2c depending on the dendrimer parameters G, S and F, the linear chain length NC and
the two body interaction parameter v:

∆F(rc2X)

kBT G,S,NC,v
'
[

ND

(
v− 1

NC

)
− ln(vNC)

]
·
(
2R3 − 3R2rc2X + r3

c2X
)
+

ND

(GS)2 (R− rc2X)
2

(4.27)
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FIGURE 4.4: Total free energy difference ∆F(rc2c) with respect to the center to center distance
between two dendrimers in a polymer melt of sufficiently long chains according to equa-
tion (4.27) using fexc ' vND. First, the two body interaction parameter is set to v = 0.1 and
fexc and fel are varied according to different dendrimer generations (full lines) yielding the
expected attractive well shape of the free energy for G = 5 and two limiting cases: for G = 4
∆F turns fully repulsive and for G = 6 it turns fully attractive. By slightly adjusting v, the

curves show a typical depletion potential for all generations (dashed lines).

In figure 4.4, the free energy difference of equation (4.27) is plotted with some reasonable
parameters for different generations. With a constant two body interaction parameter v, different
generations change the shape of the free energy profile from fully repulsive (G = 4) to fully
attractive (G = 6). Adjusting v slightly yields a finite potential well for all generations. This free
energy profile can be compared with simulation results for the potential of mean force (PMF) that
are shown in section 4.2.3 and section 4.2.4.
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Using equation (4.27), the position of the potential minium can be calculated yielding

∂

∂rc2X

∆Fmin

kBT
= −π

3
fexc(−3R2 + 3r2

c2X)− 2 fel(R− rc2X) (4.28)

→ 0 = r2
c2X −

2 fel

π fexc
rc2X +

[
−R2 +

2 fel

π fexc
R
]

(4.29)

r1 = R , r2 =
2 fel

π fexc
− R ≈ 2

πv
(GS)−2 − R (4.30)

where r1 is the solution for ∆F(R) = 0 where the molecules start to interact. If R < 2 fel
π fexc

a second
extreme value exists between 0 and R which is r2. This corresponds exactly the minimum position
of the depletion potential well.

4.2 Computer Simulations

In addition to the conformational properties investigated in chapter 3 the dendrimer-chain,
dendrimer-dendrimer and dendrimer-wall interactions can be calculated from computer simu-
lations as well. Most importantly the potential of mean force (PMF) with respect to the center-
to-center and center-to-wall distance is evaluated by direct simulations and umbrella sampling.
The results are used to decide which theoretical model presented above in section 4.1 is the most
promising one to explain the origin of depletion attraction in soft matter systems.

4.2.1 Simulation Setup

Both direct sampling and umbrella sampling have been carried out for the investigation of the
PMF. The different setups and parameters are summarized in table 4.1.

Direct simulations were performed for a small set of different dendrimer generations and
spacer lengths at high total density ϕ = 0.5 with different volume fractions of dendrimers. The
cubic box size is fixed to b = 128 both with full periodic boundary conditions and with one
non-periodic wall to investigate the dendrimer-wall interactions. All direct sampling simulations
were carried out at the the HPC Center taurus of the TU Dresden.

Enhanced sampling simulations have been carried out running on CPUs to calculate the PMF
between dendrimer pairs, dendrimers and linear chains, and dendrimers and a hard wall. These
simulations apply an umbrella sampling technique utilizing the WHAM algorithm [71, 105], see
section 1.4.4. They are performed both on the IPF cluster Glaster and on the HPC Center taurus of
the TU Dresden.

4.2.2 Interactions Between Dendrimers and Linear Chains

In the previous chapter a significant influence of the linear chains on the dendrimer size and
density distribution was shown in section 3.2.2 and section 3.2.3, respectively. In this section,
the potential of mean force (PMF) between a single dendrimer and a single linear test chain
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TABLE 4.1: Simulation parameters of dendrimers in linear polymer melts to calculate the
potential of mean force: direct sampling of blends of dendrimers and linear polymers
in full periodic boundary conditions (dsP), direct sampling of blends of dendrimers and
linear polymers with non-periodic boundary/wall in z-direction (dsW), umbrella sampling
of single athermal dendrimer at wall (usWA), umbrella sampling of single dendrimer in
polymer melt at wall (usWM), umbrella sampling of athermal dendrimer pairs (usPA),
umbrella sampling of dendrimer pairs immersed in polymer melt (usPM), umbrella sampling

of single dendrimer and linear test chain in linear polymer solution (usDC)

Simulation G S NC Periodicity ϕtotal df
dsP 5,6 1,2 16,32,64,128 full 0.5 0.05 - 0.95
dsW 3-6 1,2 1,16,128 not in z 0.5 0.05 - 0.95
usWA 3-6 1,2,4 - not in z ND/b3 single dendrimer
usWM 5,6 1,2 128 not in z 0.5 single dendrimer
usPA 5,6 1,2 - full 2ND/b3 two dendrimers
usPM 3-7 1,2,4 - full 0.5 two dendrimers
usDC 5 1,4 32 full 0.2,0.4,0.5 single dendrimer

is analyzed in the vicinity of other linear chains with the same chain length for various total
volume fractions. The dilute reference state is a system containing only the dendrimer and the test
chain. Parts of the simulation data presented here were published during my doctoral studies [81].

The simulations are performed using umbrella sampling and the WHAM algorithm [71, 105]
to determine the PMF with respect to the center to center distance, see section 1.4.4. The center to
center distance is calculated between the centers of mass defined in equation (1.15). Simulations
have been carried out in a cubic simulation box with edge length b = 64 and a spring constant of
the external harmonic potential of k = 1.2 kBT, see equation (1.14).

The simulations aim at the dependence of the PMF on the dendrimer generation G, spacer
length S, linear chain length NC, and the total volume fraction ϕ.

Dilute pairs of a dendrimers and chains In figure 4.5 the PMF between a single dendrimer
and a test chain is shown. On the left hand side a dilute setup is shown containing only one
dendrimer and one chain with different chain lengths. On the right hand side a single dendrimer
in a polymer solution with different total volume fractions is presented.

The dilute setup shows a very systematic linear chain dependence for the dendrimer with
spacer length S = 4 (dashed lines on the lhs of figure 4.5). The PMF increases monotonously
with the chain length. For the very short spacer S = 1 (solid lines on the lhs of figure 4.5) the
free energy per monomer is much higher due to the small amount of monomers and the curves
for the smaller linear chains (NC = 4, . . . , 32) are rather close to each other. The same systematic
of increasing PMF with increasing chain length is only observed for very small center to center
distances. For the larges chain length NC = 64 the PMF drops by a factor of two, which is
questionable. The reason for the different behavior for different spacer lengths can be extracted
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FIGURE 4.5: Potential of mean force (PMF) with respect to the center to center distance rc2c
normalized by the radius of gyration between a single dendrimer and a test linear chain in
the dilute setup (lhs) and for different total volume fractions ϕ of linear chains with a chain
length NC = 32 (rhs). The dendrimer generation is G = 5 and two spacer lengths S = 1, 4
are compared with each other. The PMF is normalized by the number of monomers of the
dendrimer ND to distinguish the different spacer groups. The simulation parameters for

these results are shown in table 4.1 with the key usDC.

from simulation snapshots.

In figure 4.6, simulation snapshots of a generation G = 5 dendrimer with a single linear chain
of different lengths (NC = 8, 16, 32, 64) in a harmonic bias potential with k = 1.2 kBT, r0 = 2
lattice units, see equation (1.14). In the upper row, the spacer length is S = 1 and in the lower row
the spacer lengths is S = 4. The large spacer snapshots in the lower row show the same situation
for all chain lengths: The chain interpenetrates the dendrimer and both molecules reveal common
conformations. On the other hand, in case of the small spacer length in the upper row the chain
interpenetrates the dendrimer only up to chain length NC = 32. The longest chain investigated
in this simulation setup does not interpenetrate the dendrimer but adjusts its conformation to
a half ring around the dendrimer. This conformation reduces the free energy compared to an
interpenetration successfully as shown in figure 4.5. It is an artificial conformation arising from
the definition of the bias potential and is therefore a simulation artefact. Hence, the results of the
PMF of the short spacer dendrimer with long chains must be handled very carefully.

Dendrimers in polymer solution The PMF also depends significantly on the total volume
fraction of linear chains in the system displayed on the right hand side of figure 4.5. Here, the
generation G = 5 dendrimer with spacer length S = 1 and S = 4 is immersed in a polymer
solution of different volume fractions from dilute to a polymer melt (ϕ = 0.5). The linear chain
length is constant NC = 32 and short enough to avoid the simulation artifact discussed above.
The PMF decreases continuously with the volume fraction for both spacer lengths and approaches
a saturation for high densities.
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NC = 8 NC = 16 NC = 32 NC = 64

FIGURE 4.6: Simulation snapshots of umbrella sampling simulations of a single generation
G = 5 dendrimer and a single linear chain in dilute conditions with a harmonic bias potential
(see equation (1.14), k = 1.2 kBT, r0 = 2 lattice units). The linear chain length increases from
left to right. The upper row shows the short spacer dendrimer S = 1, the lower row shows
the long spacer dendrimer S = 4. The dendrimer is colored with a gradient from green

(center) to blue (end monomers), the linear chains are colored yellow.

For the case of dilute solutions, the energy required to push a single chain molecule into the
center of a dendrimer (W(rc2c ≈ 0)) is about 10 kBT for short spacers S = 1 (ND = 94) and 7 kBT
for the longer spacers S = 4 (ND = 373). This barrier is very unlikely to be overcome by thermal
fluctuations. Only in this limiting case the dendrimer can be considered as nearly impenetrable
as done in the literature [36].

Increasing the volume fraction of the surrounding chains reduces the insertion barrier for
complete overlap to a few kBT, and linear chains can interpenetrate the dendrimer up to its center
just by thermal fluctuations also shown in the monomer distributions in figure 3.13. The energy
required to interpenetrate large parts of the dendrimer’s volume is even lower for the dense state
ϕ = 0.5. For example, in the range 0.5 < rc2c/(RD + RC) < 1 the barrier is lower than 1 kBT.

Dendrimers in polymer melt The umbrella sampling method is suffering from the above dis-
cussed simulation artefact induced by an external potential. Direct simulations providing pair
correlation functions can be used to calculate the PMF as well. Direct simulations need to be run
for very long times to sample rare events like small center to center distances. This is only possible
for small insertion barriers and therefore was performed for the melt state with a total volume
fraction of ϕ = 0.5. These simulations are performed not with a single dendrimer but with a
dendrimer monomer fraction of df ' 0.05 to enhance the sampling efficiency. The simulation
parameters are summed up in table 4.1 with the key dsP.
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FIGURE 4.7: Potential of mean force (PMF) with respect to the center to center distance
normalized by the radius of gyration between dendrimers and a linear chain melt for
different dendrimer parameters (lhs) and for different linear chain lengths (rhs). The total
volume fraction is ϕ = 0.5 and the fractions of dendrimer monomers is df = 0.05. The results
are taken from direct simulations (dsP in table 4.1). For comparison, the umbrella sampling
result of G = 5, S = 1 (from usDC in table 4.1) and the chain-chain PMF for NC = 32 are

added to the plot (lhs).

In figure 4.7 the PMF between dendrimers and linear chains is shown for dendrimers dis-
solved in a melt of linear polymer chains. On the left hand side different generations and spacer
lengths are compared. On the right hand side the impact of the chain length and the spacer length
is shown.

In general, the PMF increases with the dendrimer generation as shown on the left hand side
of figure 4.7. Compared to dendrimer-chain interactions, the PMF between two linear chains
(NC 32c− c) is almost negligible. The maximum value of the chain-chain interaction is less than
1 kBT. The results of the umbrella sampling are exactly the same for center to center distances
larger than rc2c > 0.2RD + RC. For shorter distances the direct sampling does not sample enough
of the rare events for high barriers of more than 3kBT. Also the fluctuations are very strong for
the direct sampling PMF for short center to center distances, because of the low number of total
counts. Thus, to discuss the effects occurring for short center to center distances or full overlap,
respectively, the umbrella sampling results are considered, only.

The spacer length dependence of the PMF changes with the linear chain length in a melt
of linear polymers (ϕ = 0.5) as shown on the right hand side of figure 4.7. For rather short
linear chains (NC ≤ 32), the PMF decreases with increasing spacer length whereas for rather long
linear chains (NC ≥ 64) the PMF increases with increasing spacer length. This is in line with the
derivation of the excess free energy between dendrimers and linear chains in section 4.1.3, where
the excess free energy grows with the spacer length fexc ∼ ND ∼ S for sufficiently long linear
chains, see equation (4.24). In a melt of linear polymers, the chain length dependence of the PMF
with respect to the center to center distance is the opposite of the dilute situation. Short chains
(NC = 16, 32) display a maximum in the PMF of more than 2 kBT. The free energy barrier for
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the longest linear chains investigated (NC = 128) is about 1 kBT. Hence, very long linear chains
can easily interpenetrate the dendrimer simply by thermal fluctuations if the volume fraction of
the chains is high enough, being in agreement with the results of chapter 3. This is reasonable
because in the melt the local environment of a monomer should be almost homogeneous until
there are significant density gradients such as close to the center of the dendrimers. For large
linear chains the additional conformational restrictions due to the inhomogeneous density in
the dendrimers center is just a small deviation compared to the environment where other linear
chains are confining the conformations as well. At the same time accessing the dendrimers
volume as well increases the translational free energy of the linear chain. These considerations are
the same as used for the calculation of the access free energy in section 4.1.3. In the limit of long
chains, the excess free energy also decreases slowly with the chain length, see equation (4.23).

Entropic force A more detailed analysis of the linear chain interpenetration by evaluating the
entropic force acting between the molecules. The PMF is related to the entropic force acting
between the molecules that opens an other way to characterize the internal penetration behavior
of the linear chains into the dendrimer. The entropic force f is defined by

f = −∂W(rc2c)

∂rc2c
. (4.31)

When reducing the center to center distance between dendrimer and the linear test chain,
the PMF shows an inflection point. This corresponds to non monotonous behavior of the corre-
sponding force with a maximum value outside of the dendrimer’s center. The force minimum
is supposed to appear for short center to center distance. Thus, the evaluation is performed for
umbrella sampling data only.
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volume fractions ϕ of linear chains with a chain length NC = 32. The dendrimer generation
is G = 5 and the two spacer lengths S = 1 (lhs) and S = 4 (rhs) are compared with each

other. The results were taken from umbrella sampling simulations (usDC in table 4.1).
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In figure 4.8 the entropic force of the generation G = 5 dendrimers immersed in linear chains
of length NC = 32 with different total volume fractions is shown for short spacers S = 1 on the
left hand side and long spacers S = 4 on the right hand side. The entropic force decreases with
increasing total volume fraction ϕ. The maximum value of the force is much smaller for longer
spacers (about a factor of 3 between S = 1 and S = 4). The predicted minimum of the force
occurs for both spacer lengths and is located at very small distances between the dendrimer and
the chain center of mass at about rc2c, min ≈ 0.1 (RD + RC).

From figure 4.8 we conclude that a linear chain that interpenetrates the dendrimer can be
forced by a sufficiently high osmotic pressure of the surrounding polymer solution to favor the
center of the dendrimer rather than the shell of the dendrimer. This tendency is stronger for den-
drimers with long spacers having lower self-densities and a lower force peak to overcome. Such a
behavior is typical for effective potentials in polymer systems. The insertion of nanoparticles in a
planar polymer brush is a typical example [106]. The reason is that small objects can be absorbed
in soft environments with a finite free energy effort related to the change in conformational
entropy of the total system. Once inserted, the homogeneity of the system leads to zero force. This
is perfectly true for extended 3D systems such as networks and gels. For brushes and dendrimers
the density profile is not homogeneous leading to a finite force behind the insertion threshold.

In summary, a fully repulsive interaction between linear chains and dendrimers was found.
The PMF decreases with increasing volume fraction of linear chains and with increasing spacer
length of the dendrimer. On the other hand, it increases with increasing spacer length. The
linear chain length dependence of the PMF is different in a dilute pair of dendrimer and linear
chains and a dendrimer dissolved in a polymer melt. In the dilute case, the PMF increases with
increasing chain length where in the melt case the PMF decreases with increasing chain length.
There is no plateau in the PMF with respect to the center of mass to center of mass distance
between dendrimer and chains, but two inflection points for small and intermediate distances
yielding a local minimum of the entropic force for very short distances (0.1(RD + RC)) in addition
to a local maximum at intermediate distances (0.4(RD + RC)). The absolute values of the PMF of
the dendrimer-chain interaction is significantly larger than the one for the chain-chain interactions.
This finding supports the mean field model in section 4.1.3 where a positive excess free energy
between dendrimers and chains in a melt of polymer chains is assumed.

4.2.3 Pairwise Dendrimer Interaction

The previous results displayed a relevant impact of the linear chains on the dendrimer con-
formation. The simplest situation of a dendrimer in an athermal solvent facing a linear chain
revealed a rather repulsive interaction that can be naturally explained by a reduction of the
conformational space of both the linear chain and the dendrimer when they are close together.
The situation becomes more interesting when the dendrimer is immersed in a melt of linear
chains. The chain-dendrimer interactions differ from the chain-chain interaction introducing an
inhomogenity in the system. From a thermodynamic point of view the question arises whether
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or not the mixture of dendrimers and chains is stable or if there is a phase separation.

The evaluation of the interactions between dendrimers in different environments provides
information about the miscibility of the chemically identical dendrimers in the linear polymer
melt beyond the binary question of mixing or separation. To get insights into the interactions,
again umbrella sampling simulations and direct simulations have been performed to calculate
the potential of mean force (PMF) with respect to the center to center distance between the
dendrimers. The center of the molecules is defined by the center of mass, see equation (1.15),
equal to the convention in the previous section 4.2.2. The simulation parameters are shown
in table 4.1 with keys usPA and usPM for umbrella sampling and key dsP and dsW for direct
sampling.

The performed simulations show the dependence of the PMF on the dendrimer generation G
and spacer length S, the linear chain length NC. The simulations have been carried out in melt
conditions with a constant total volume fraction (ϕ = 0.5). The dependence of the PMF on the
monomer fraction of the different species dendrimers df and linear chains 1− df is investigated
as well.

Pairwise dendrimer interactions in a linear polymer melt In figure 4.9 and figure 4.10 the
PMF with respect to the normalized center to center distance between dendrimer pairs is shown
at a total volume fraction of ϕ = 0.5 and a dendrimer monomer fraction of df = 0.05. Thus, the
dendrimers are the minority component of the system.
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FIGURE 4.9: Potential of mean force (PMF) with respect to the center to center distance
normalized by the radius of gyration between dendrimer pairs immersed in a linear polymer
melt for different dendrimer generations. The total volume fraction is ϕ = 0.5 and the
fractions of dendrimer monomers is df = 0.05. The results are taken from direct simulations
(both dsP and dsW in table 4.1). For comparison, the umbrella sampling uS result of G = 6,
S = 1 (from usPM in table 4.1) and PMF between two dendrimers (G = 6, S = 1, from usPA

in table 4.1) in dilute conditions are added to the plot.

In figure 4.9 the generation G is varied and the linear chain length is kept constant at NC = 128.
For comparison, the PMF of a dendrimer pair in dilute conditions (dashed line) and a result of an
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umbrella sampling simulation (dotted line) is added to the plot.
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FIGURE 4.10: Potential of mean force (PMF) with respect to the center to center distance
normalized by the radius of gyration RD between dendrimer pairs immersed in a linear
polymer melt for different linear chain lengths and dendrimer spacer lengths. The total
volume fraction is ϕ = 0.5 and the fractions of dendrimer monomers is df = 0.05. The results

are taken from direct simulations (both dsP and dsW in table 4.1).

In figure 4.10 the chain length NC is varied under a constant dendrimer generation G = 5
for spacer lengths S = 1 (full lines) and S = 2 (stroked lines), and the same density parameters.
The general trend of the PMF is the same for all parameters: When the dendrimers approach
each other they start to interact at a distance of about 3 · RD. In the melt of linear chains, the PMF
gets negative indicating an attractive interaction between the dendrimers. Depending on the
parameters this attraction is almost zero (NC = 16, S = 2) or a few tenths of kBT for NC = 128.
This weak attractive well can be overcome by thermal fluctuations and the dendrimers are well
miscible in the linear polymer melt. When the dendrimers come closer, the PMF becomes positive
and shows a strong repulsion for small center to center distances. In the dilute case, the PMF starts
to increase directly at the interaction distance showing the purely repulsive behavior discussed in
section 2.2.4.

With increasing generation, see figure 4.9, the minimum of the PMF is deeper and it is
shifted towards higher center to center distances. The onset of the repulsive interaction is also
shifted towards larger dendrimer distances and the PMF increases more abrupt with increasing
generation. With increasing spacer length, see figure 4.10, the depth of the potential well is
decreasing and the slope of the repulsive interaction for small distances decreases. The minimum
of the PMF becomes slightly deeper for increasing linear chain length.

Pairwise interaction for different dendrimer fractions In the previous discussion, the den-
drimer was the minority species in the simulation box. When the dendrimer fraction is increased,
a packing of dendrimers occurs that changes the potential of mean force.

In figure 4.11 the potential of mean force with respect to the center to center distance between
dendrimer pairs is shown for various dendrimer fractions and short linear chains (NC = 16,
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FIGURE 4.11: Potential of mean force (PMF) with respect to the center to center distance
normalized by the radius of gyration between dendrimer pairs immersed in a melt of linear
polymers with chain lengths NC = 16 (full lines) and NC = 128 (stroked lines) for different

dendrimer fractions df. The results are taken from direct simulations (dsP in table 4.1).

full lines) and long linear chains (NC = 128, stroked lines). For small dendrimer fractions of
df = 0.05 (blue curves) there are no long range interactions and the PMF goes to zero for center
to center distances higher than three times the radius of gyration rc2c > 3RD. In case of small
dendrimer fractions, the depth of the attractive well of the PMF increases significantly with
increasing linear chain length. With increasing dendrimer fraction, it becomes more favorable
for the dendrimers to adjust their pairwise distances in long range patterns to avoid a strong
overlap of single pairs. In case of high dendrimer fractions, there is basically no dependence
of the PMF on the linear chain length. The oscillating form of the PMF for df = 0.95 shows a
distances dependent attraction and repulsion resulting in a liquid like longe range order that is
well known for dense soft particle systems [107, 108]. These longe range correlations are better
visible in the radial distribution function (RDF) and are more pronounced for higher generations.
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FIGURE 4.12: Radial distribution function (RDF) with respect to the center to center distance
normalized by the radius of gyration between dendrimer pairs immersed in a melt of linear
polymers with chain length NC = 128 for different dendrimer fractions df. The results are

taken from direct simulations (dsP in table 4.1).

In figure 4.12 the RDF of a generation G = 6 dendrimer with spacer length S = 1 immersed
in a melt of linear chains with chain length NC = 128 is shown for different dendrimer fractions.
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All curves start at zero indicating no full overlap of dendrimers. There is a maximum for all
curves close to 2RD that yields the depletion well in the potential of mean force. For the low
dendrimer fraction, the maximum is followed by a continuous decrease to unity. For high den-
drimer volume fractions there is long range ordering due to packing effects between the soft
spherical dendrimers. The magnitude of the maxima and minima of the RDF increases with
increasing dendrimer fraction and the positions of the local extreme values is slightly shifted to
smaller values of the center to center distance. The shape of the RDF can be compared with other
well known systems. It goes from an uncorrelated, weakly attractive gas like shape for small
dendrimer fractions to a liquid like shape [109] for high dendrimer volume fractions.

The poor statistics of the RDF for dendrimer fraction df = 0.05 results from the low number of
dendrimers and thus a low number of contributing counts in the RDF. By reducing the dendrimer
number of monomers ND the statistics can be improved. But, this would add an additional
restriction to the parameter space which is already limited by the total number of particles in the
system and its box size. Because of the exponential growth of the number of dendritic monomers
with the generation, generation G = 6 is already the largest accessible generation.

The dendrimers dissolved in a polymer melt investigated in this simulation study show a
small but significant depletion attraction that increases with increasing dendrimer generation
and decreasing spacer length. The attraction increases only very weakly with the linear chain
length if the polymer chains are sufficiently long. When the dendrimer fraction in the system
increases the depletion effect is superimposed by a packing effect. The dendrimers then act like
soft spheres that show a gas like RDF for low volume fractions and a liquid like RDF for high
volume fractions.

Comparison to mean field theory In section 4.1.3 a mean field model for the interaction free
energy of dendrimers in a polymer melt was developed. This model only takes into account
the dendrimer-chain interactions but not a packing contribution. Thus, it is compared to the
simulations with low dendrimer fraction df = 0.05, only.

First, a simplified form of the free energy function in equation (4.27) is fitted to the potential
of mean force calculated from simulations. Inserting equation (4.25) into equation (4.9) and using
the center to center distance rc2c and the radius R of the dendrimer yields

∆F = fexc, fit ·
(
2R3 − 3R2rc2c + r3

c2c
)
+ fel, fit(R− rc2c)

2 (4.32)

where the fit parameters fexc, fit and fel, fit are introduced. The radius R is approximated by
R = 3RD which is the onset of the depletion well for all investigated parameters. The changes of
the fit parameters with the system parameters are used to compare with the predictions from the
mean field model.
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FIGURE 4.13: Potential of mean force (PMF) from simulations (dsP in table 4.1) and from
theory using equation (4.32) with respect to the center to center distance normalized by the
radius of gyration between dendrimer pairs immersed in a melt of linear polymers with
chain length NC = 128 for different generations G and spacer lengths S. The dendrimer

fraction is df = 0.05.

In figure 4.13 the potential of mean force with respect to the center to center distance be-
tween dendrimer pairs is shown for dendrimers with different generation and spacer lengths
together with the fitted free energy using equation (4.32). The fit is performed within the range of
1.3RD < r < 3RD. For the long spacers S = 2 the free energy function is following the calculated
potential of mean force. For the short spacers S = 1 the potential well is deeper and the minimum
position of the free energy is shifted to higher values of rc2c. The reason for the deviation is the
steep slope of the PMF of spacer length S = 1 dendrimers for small center to center distances.
For short dendrimer-dendrimer distances, the PMF increases faster than the repulsive harmonic
potential because the short spacers comprise a high density of branching points and thus the
dendrimer has a high self density compared to longer spacer dendrimers. The high density in
the dendrimer volume yields a strong repulsion that is not reproduced by a harmonic potential.
Already with spacer length S = 2 the assumption of a harmonic repulsion between dendrimers is
acceptable without using the radius R as a fit parameter as well.

In figure 4.14, the fitted excess free energy fexc, fit determined from the simulations shown in
figure 4.13 using equation (4.32) is plotted against the linear chain length NC. The fit results do
not strongly depend on the linear chains length and approach a constant with increasing chain
length. Thus, the simplification of the excess free energy in equation (4.24) without any chain
length dependence seems to be reasonable. The expression for the excess free energy fexc from
the mean field model in equation (4.23) is only valid for very long chains with NC & ND which is
only the case for the smallest dendrimer (G = 5, S = 1) and the largest chain length NC = 128.
The solid line in figure 4.14 shows the fit of the excess free energy fexc, fit to equation (4.23) for this
case yielding an almost constant excess free energy for sufficiently long linear chains.

In a first approximation, it is assumed that the excess free energy is already at its chain
length independent value for NC = 128. Thereby, the simplified form of the excess free energy
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FIGURE 4.14: Fitted excess free energy fexc, fit using equation (4.32) and simulations of a
minority of dendrimers in a linear polymer melt taken from dsP in table 4.1 with generation
G = 5, 6, spacer length S = 1, 2 and dendrimer fraction 0.05, see also figure 4.13. In addition,
the mean field prediction of the excess free energy in equation (4.23) was fitted to the smallest

dendrimers (G = 5, S = 1) using v as fit parameter.

fexc ≈ vND is used to discuss the change of the fit values with the dendrimer parameters. With
increasing spacer length, a linearly increasing excess free energy is expected because ND ∼ S,
see equation (1.1). In fact, the fitted excess free energy decreases with the spacer length. With in-
creasing generation, an exponentially increasing excess free energy is expected because ND ∼ 2G.
From equation (1.1) a doubling of fexc, fit is expected when the generation increases by one. In
figure 4.14 fexc, fit increases with the generation and the ratios between the values of the different
generations are fexc, fit(G6, S1)/ fexc, fit(G5, S1) = 1.99 and fexc, fit(G6, S2)/ fexc, fit(G5, S2) = 2.22
which is close to the expected ratio from equation (1.1) and equation (4.23).

The elastic repulsion fel is highly correlated with the excess free energy following

fel, fit

π fexc, fitR
≈ 0.82 >

1
2

, (4.33)

satisfying the condition of the existence of a minimum in the model free energy, see equation (4.30).
In case fel and fexc would not satisfy this relationship, the shape of the model free energy would
show a purely repulsive potential. In the case, where the ratio would be smaller than zero the
potential is purely attractive. For a constant value of R = 3 · RD, an almost constant ratio k/ fexc

implies that the potential minimum is basically at the same position with respect to RD. For the
small data set available and presented in figure 4.14 this is valid, but it is not necessarily general.
By varying R the minimum position of the potential can be changed while keeping the shape of
the potential.

The discussion of the fit parameters provides some possible interpretations of the simulation
data and yields qualitative insights to the dependencies of the dendrimer interactions. But, de-
spite the physically meaningful derivation of the excess free energy fexc and the elastic repulsion
fel the exact dependence on the dendrimer generation and spacer length, and the linear chain
length is not correctly predicted.
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From the Flory mean field free energy model for linear chains [11] it is well known that the
free energy is not predicted correctly. Thus, a perfect agreement of the mean field free energy
model cannot be expected here as well. Furthermore, due to the very expensive computations
the available simulation data is not sufficient to cover the whole parameter space and to discuss
the parameters where the mean field theory is probably valid, in particular the case of very long
chains NC � ND.

In summary, the mean field depletion model developed in section 4.1.3 is in qualitative agree-
ment with the simulation results. Most importantly, the center to center distance dependence
was verified successfully which is a strong indication that the attractive interaction between den-
drimers in a polymer melt is a volume interaction driven by the occupation of space by different
molecules. Thus, the presented mean field model is a promising approach to describe depletion
interactions in systems with strongly interpenetrating components. This volume based approach
is transferable to other branching architectures likes randomly hyperbranched polymers.

The main conclusions from the above discussion are:

• The mean field depletion model correctly describes the shape of the attractive interaction
potential of the pairwise dendrimer interaction for dendrimers immersed in a linear polymer
melt of sufficiently long polymer chains.

• The excess free energy depends only weakly on the linear chain length, in particular for
sufficiently long chains which is in qualitative agreement with the predictions for the excess
free energy.

• The model fails to predict the correct generation and spacer length dependence of the excess
free energy fexc and the repulsive interaction parameter fel.

4.2.4 Interactions Between Dendrimers and Solid Walls

The simulation results of the two previous sections and the theoretical considerations of the
excess free energy mean field model in section 4.1.3 suggest a weak tendency of demixing of
dendrimers and linear polymer chains. For the pairwise interactions investigated in section 4.2.3
the free energy gain per molecule was shown to be only a few tenth of a kBT. Thus, in the
bulk no demixing is expected to occur. An impenetrable wall introduces an additional interface
dendrimers and linear chains can compete for.

Dendrimer-wall interaction for different dendrimer parameters In figure 4.15 the potential
of mean force (PMF) for different generations and spacer lengths is shown. The PMF of the
linear chains of length NC = 128 is added for comparison and the results of umbrella sampling
simulations are added as well to check the validity of the different methods. The dendrimers are
the minority in these systems with a dendrimer fraction of df = 0.05. The linear chain length
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FIGURE 4.15: Potential of mean force (PMF) with respect to the center to the wall distance
rc2w normalized by the z component of the radius of gyration RDz of dendrimers immersed
in a melt of linear polymers with chain length NC = 128. On the left hand side the spacer
length is S = 1 and on the right hand side the spacer length is S = 2. The results are taken
from direct simulations, see dsW in table 4.1. For comparison, the umbrella sampling results
(uS) from usW in table 4.1) and the PMF between the linear chains and the wall (NC128

where rc2w is normalized by RCz) are added to the plot.

NC = 128 is equal for all simulations.

There is a remarkable attractive potential well for all dendrimer parameters with a minimum
value of about 1 kBT per molecule. The potential minimum is significantly larger for dendrimers
of all parameters than for the linear chain that also displays an attractive PMF. Since direct
sampling is applied, this means that the linear chains prefer a center to wall distance of about
1 RCz. Increasing the dendrimer generation increases the potential depth and increasing the
spacer lengths decreases the potential depth. Because dendrimers become more compact with
increasing generation and decreasing spacer length [35], it can be concluded that the strength of
the attractive interaction increases with increasing compactness of the dendrimer. The results of
the direct simulations (dsW in table 4.1) are fully reproduced by umbrella sampling simulations
(usW in table 4.1).

It is noteworthy, that the strength of the attractive potential between the dendrimers and the
wall is sufficient (Wmin ≤ −1 kBT per molecule) to cause an accumulation of dendrimers at the
wall. But, it is not sufficient to separate the dendrimers and the linear polymers as shown by the
monomer distributions in figure 4.16.

In figure 4.16, the mean monomer density distribution with respect to the distance to the
nonperiodic wall in z direction of all monomers for the dendrimers (full lines) and the linear
chains (dashed lines) are shown for a large dendrimer (G = 6) and a small dendrimer (G = 3) with
spacer length S = 2. The monomer density distribution shows that the dendrimers accumulate
strongly close to the wall for both generations. The accumulation of dendrimers at the surface is
leads to a significant reduction of dendrimers in the bulk (z > 30 lattice sites). Also the linear
chain monomers display a small peak in the monomer density very close to the wall, which is
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FIGURE 4.16: Mean monomer density distribution ρ(z) normalized by the number of
monomers per molecule N and the bulk density ρ0 with respect to the wall in z direc-
tion for dendrimers (full lines) and linear chains (dashed lines) for two different dendrimer
generations. Same colors refer to the same system. The dendrimer fraction is df = 0.05
and the dendrimer spacer length is S = 2 in all systems, taken from simulation set dsW in

table 4.1.

in agreement with the small potential well in the potential of mean force for the linear chains,
see figure 4.15. Apparently, even the large generation dendrimers are embedded in linear chain
monomers indicating no spatial separation or droplet/layer formation of dendrimers expelling
the linear chains from a certain volume. Furthermore, no clusters of dendrimers were found,
applying the cluster algorithm, see section 1.4.4.

Dendrimer-wall interaction for different dendrimer fractions When the dendrimer fraction
in the system exceeds the minority value of df = 0.05 packing effects as observed for the pairwise
interactions are expected for the dendrimer-wall interactions as well.
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FIGURE 4.17: Potential of mean force (PMF) of the dendrimer-wall interaction of a generation
G = 5 dendrimer with spacer length S = 1 dissolved in a melt of linear chains with NC = 128

from direct simulations (dsW in table 4.1) for different dendrimer fractions df.

In figure 4.17 the potential of mean force (PMF) of the dendrimer-wall interaction for different
dendrimer fractions is shown for a generation G = 5 dendrimer with spacer lengths S = 1.
With increasing dendrimer fraction, a long range periodic interaction occurs inducing layers of
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molecules at the wall, well known as depletion effect. For df = 0.55 there are two observable
minima in the PMF corresponding to two layers of dendrimers developing at the wall. In case
of very high dendrimer fractions df = 0.95 close to a dendrimer melt, the correlations of the
dendrimer positions in z-direction become even stronger and layers of dendrimers are observable
over the full box size.

The most interesting effect in the investigated systems is the entropic attractive interaction
between the wall and a highly branched polymer in the melt of a linear polymer. In mixtures of
highly branched and linear polyethylene [80] where the hyperbranched polymer is just an additive
with at most 5% weight fraction a surface accumulation of the hyperbranched polymer was
observed. With the simulation results presented in this section, an entropic surface accumulation
was shown as well and the mean field model presented in section 4.1.3 is a reasonable explanation
for the observed effects. For increasing dendrimer fractions, a packing effect is observed and
the potential of mean force displays periodic attractive and repulsive sections corresponding
to dendrimer layers. Thus, further investigations of the entropic attraction independent of the
packing effect focus on systems with a low dendrimer fraction.

Comparison to mean field theory The mean field theory of section 4.1.3 can be applied to
the dendrimer-wall interactions as well. For the same reasons as discussed in section 4.2.3,
the theory can be compared to simulations with a very low dendrimer fraction (df = 0.05),
only. The PMF from simulations is fitted with equation (4.32). Because the onset of the nonzero
PMF is spread over a wide range compared to the pairwise interactions, see figure 4.13, the ra-
dius R of the dendrimer is used as a fit parameter here, taking values between 2.4 RDz and 2.8 RDz.
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FIGURE 4.18: Comparison of the PMF calculated by direct simulations (dsW in table 4.1)
and the mean field model of section 4.1.3 using equation (4.32).

In figure 4.18 the PMF of the dendrimer-wall interactionW(rc2w) is plotted with the fitted
mean field free energy difference ∆F(rc2w) fexc, fel,R for different generations and spacer lengths
S = 1 (lhs) and S = 2 (rhs). The mean field model reproduces the PMF from the simulations quite
well for the valid center to wall distances rc2w < R and moderate distances from the wall rc2c � 0.
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The mean field model is based on a harmonic repulsion which fails at an impenetrable wall where
the PMF diverges to +∞ for rc2w → 0. The potential depth increases with the generation and
the minimum position is shifted with increasing generation to higher values of rc2w. Due to the
limitation to short spacers (S = 1, 2), the only certain conclusion for the spacer length dependence
drawn from the data in figure 4.18 is that the potential depth decreases with the spacer length.

The fit parameters for equation (4.32) are again correlated as shown for the pairwise interac-
tions in equation (4.33) with a varying radius R yielding an almost constant ratio

fel, fit

π fexc, fitR
≈ 0.78 >

1
2

(4.34)

satisfying the condition for the existence of the minimum according to equation (4.30) as well.
Because of the varying R values, the minimum position of the free energy is now changing accord-
ing to the simulation results reproducing this characteristic quantity very well. Equation (4.30)
predicts smaller values of the minimum position r2(G) ∼ (const · G−2 − R) for increasing den-
drimer generation which is not observed.

Thus, the conclusions on the comparison of the mean field model of section 4.1.3 with the
dendrimer wall interactions calculated from computer simulations is similar to the results for the
pairwise interactions:

• Dendrimers added to a melt of sufficiently long linear polymer chains display an entropic
attraction on an impenetrable surface strong enough to induce surface accumulation.

• The mean field depletion model correctly describes the shape of the attractive interaction
potential of the dendrimer wall interaction for dendrimers immersed in a linear polymer
melt of sufficiently long polymer chains.

• The model fails to predict the correct generation and spacer length dependence of the
excess free energy fexc and the repulsive interaction parameter fel being the prefactors of
the volume exclusion term and the harmonic repulsion term, respectively, of the model free
energy.
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4.3 Summary

In this chapter, the interactions between dendrimers and linear chains, pairwise dendrimer
interactions and the interactions between dendrimers and impenetrable walls in the vicinity of a
linear polymer solution have been investigated by computer simulations. A mean field model
for pairwise dendrimer interactions of dendrimers in a linear polymer melt was developed and
compared to the simulation results. The aim of these investigations was to understand attractive
interactions between very soft particles, which cannot be explained by the classical hard colloid
depletion theory [99] or the autophobic attraction of surfaces with densely grafted polymer
brushes [88, 89]

The interactions between dendrimers and linear chains in the dilute case are purely repulsive,
similar to the pairwise dendrimer interaction in the dilute case, see section 2.2.4. With increasing
spacer length, the potential barrier for the interpenetration of the linear chain into the dendrimer,
quantified by the potential of mean force, decreases significantly. With decreasing linear chain
length, the potential barrier decreases as well to the limiting case of monomeric solvent, having
basically no interpenetration barrier.

In case of a (single) dendrimer in a linear polymer solution, the potential of mean force
between the dendrimer and the linear chains decreases with increasing volume fraction of the
linear chains approaching a melt interaction potential that does not change with the volume
fraction any further. Compared to the chain-chain interaction, the dendrimer-chain interactions
are much more repulsive. Looking at the distance dependence of the dendrimer-chain interac-
tions, an interesting effect was observed: The potential of mean force does not have its maximum
value at the center of the dendrimer at full overlap. It follows, if dendrimers and linear chains
are approaching closer than a certain distance (about 0.4 (RD + RC)) the force pulling out the
chain from the dendrimers interior is reduced significantly, but still pointing outside. This non
monotonous force-distance profile was observed for all volume fractions of the linear chains.
Furthermore, around the contact distance (r ≈ RD + RC) the dendrimer-chain interactions turn
slightly attractive for high linear chain volume fractions. But, the absolute value of this attraction
is extremely small (−0.1kBT >Wmin / −0.01 kBT).

Dendrimers in a melt of linear polymers show a weak entropic pairwise attraction that is
much stronger than the observed attractive interactions between polymer chains and between
dendrimers and polymer chains (Wmin, dendr-dendr ≈ 10 · Wmin, dendr-chain). However, the absolute
values of the attractive interactions are still less than one kBT per molecule. Thus, thermal fluctu-
ations are stronger than the attractive interactions and no stable agglomeration of dendrimers
arises. The potential of mean force between dendrimer pairs dissolved in a linear polymer melt
was compared to the mean field interaction potential constructed in section 4.1.3. The potential
shape of the pairwise dendrimer interactions can be reproduced qualitatively by the mean field
model, but the fit results do not perfectly follow the predicted dendrimer parameter dependencies.
The essential assumption of the mean field model is that the linear chains loose entropy when they
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interpenetrate the dendrimer with its higher self density. Thus, the system reduces the volume
overlap between dendrimers and the linear chains resulting in the weak attractive pairwise
interactions. In the limiting case of a strongly increasing dendrimer self density (short spacers
and maximum generation see section 1.3.1), a hard sphere limit is approached, the linear chains
cannot access the dendrimer volume any further. In this case, the scaling theory on polymer
induced entropic depletion attraction [102] can be applied.

In the vicinity of an impenetrable wall, dendrimers dissolved in a melt of linear polymer
chains display an entropic attraction to the surface that is of the order of one kBT. In the simu-
lations, surface accumulation of dendrimers were observed. The monomer distributions with
respect to the center-to-wall distances of the dendrimers and the linear chains show that the
dendrimers and the linear chains are strongly interpenetrating and no separation of dendrimers
and linear chains arises close to the wall.

In summary, the simulations of dendrimers (with a low volume fraction) in a melt of chemi-
cally compatible linear polymers show that a surface accumulation of dendrimers is a serious
effect that should be considered in the interpretation of experiments [80].

The investigated system consisting of dendrimers and linear chains is a model system for
different kinds of highly branched polymers blended with a chemically compatible linear polymer
melt. Because entropic interactions are present in all chemical realizations of polymers, the
observed attractive interactions are supposed to occur in all mixtures of branched polymers.
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Chapter 5

Linear-Dendritic Copolymers

Recent synthetic dendritic polymers, which are available and promising for drug delivery pro-
cesses, in particular poly(amidoamine) (PAMAM) dendrimers and poly(propylene imine) (PPI).
Unfortunately, these substances are cytotoxic and not bio-compatible in their pure state [110].
One possible way to overcome this problem is to graft polyethylene glycol (PEG) [111] to the
terminal monomers of the dendritic unit, forming a linear-dendritic copolymer.

FIGURE 5.1: Sketch of PEGylated PAMAM dendrimer. Reprinted from [112]

Beside the PEG modification it is also possible to graft other molecules to the dendrimer end
groups [112–114] for instance to control the solubility for medical purposes, opening a wide range
of applications.

The grafting of PEG is termed PEGylation [111] providing the motivation for the systems that
are investigated in this chapter: On every terminal monomer of the dendrimers a linear chain is
grafted. To account for different solvent interactions of dendrimer and linear chains, repulsive
nearest neighbor interactions are introduced between the dendritic and the grafted chain units,
and the solvent that is selective to only one of the parts of the codendrimer.

Coarse grained computer simulations on PAMAM dendrimers with PEG grafted on the
terminal monomers have been carried out by Lee and Larson [115] identifying structural changes
in terms of dense core and a dense shell conformations of the copolymer depending on the
molecular weight of the PEG. This approach is generalized by using a non specific setup with
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a generic dendrimer and a generic linear chain in the present simulations and models. These
molecules are called linear-dendritic copolymers.

A mean field model on single linear-dendritic copolymers was developed in my Master thesis
[116] and verified by computer simulations utilizing the bond fluctuation model. During my
doctoral research study this work was considerably extended and finally published [64].

The parameter space preparing solutions of linear-dendritic copolymers is huge. There
are 5 parameters that have a substantial impact on conformations and system properties: The
dendrimer parameter generation G and spacer length S, the chain length of the grafted linear
chains Nc, the interaction parameter ε controlling the solubility of the dendritic core and the
grafted linear chains, and the number density of the codendrimers in the system ϕcod. These
systems are attracting attention because they provide facilities for switchable polymer systems
and self assembly. They are promising candidates showing complex micro-phase separation.

5.1 Theories and Models

5.1.1 Multi-Core Micelles in Single Dendritic-Linear Copolymers

For single linear-dendritic copolymers a mean field model based on star shaped polymer micelles
was developed previously within our group [64]. The model predicts the occurrence of single-core
unimolecular micelles and multi-core unimolecular micelles for codendrimers with a solvent
sensitive dendritic core and a grafted linear chain corona, see figure 5.2. The number of cores
kc depends on the dendrimer parameters, on the length of the grafted linear chains Nc, and on
the interaction strength between solvent and dendritic core ε that is proportional to the inverse
temperature ε ∼ 1/T.

The results are summarized in the phase diagram in figure 5.2. The equilibrium number of
cores kc, 0 is a function of the generation G, the spacer length S, the linear chain length Nc and the
interaction parameter ε:

kc, 0 ∼ 2Gε−9/11N18/11
c S−2 (5.1)

The origin of the multi-core formation is the balance of the surface free energy of the dendritic
core and the conformational entropy of the grafted linear chain. A critical generation G∗ was
introduced separating the single-core regime and the multi-core regime at kc, 0 > 1. The theory
was validated by computer simulations. In the simulations, the onset of a core formation was
found to be at an interaction energy of ε = 0.3 kBT and multicore structures up to kc = 5 have
been found. These results give cues for for drug delivery mechanisms of dendritic copolymers
beyond the often discussed hollow core idea [79]. The details of this study can be found in [64].
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FIGURE 5.2: Phase diagram of linear-dendritic copolymers with solvent sensitive dendritic
core and highly soluble linear chains grafted to the terminal monomers of the dendrimer
showing the equilibrium number of dendritic cores kc, 0 = k0 forming micelles with respect
to the dendrimer generation G and the inverse temperature 1/T ∼ �. Reprinted from [64].

5.1.2 Multi-Molecular Micelles in Dilute Solutions of Dendritic-Linear Copolymers

In a system containing more than one linear-dendritic copolymers in selective solvent it is possible
to reduce the total surface area of the dendritic core by forming micelles of multiple copolymers.
In figure 5.3 simulation snapshots from the computer simulations discussed in section 5.2.1 show
two single-molecular codendrimer micelles that reversibly form a two-molecular micelle.

The total free energy depends on the conformational changes of the molecules and the change
in translational entropy of the system. The conformational free energy ∆Fm changes when form-
ing multi-molecular micelles with m molecules from single-molecular micelles, or more generally
when changing the number of molecules in a single micelle. It depends on the internal parameters
of the molecules (G, S, Nc) and the interaction strength �. On the other hand, the translational
entropy Sm can be estimated by an ideal gas model of codendrimer molecules where the number
of gas molecules changes with the number of molecules bound to discrete micelles, and thus
depends on the volume fraction ϕ of the micelles. The process of forming micelles with different
amounts of codendrimer molecules can be modelled by an interconversion between states of
single molecular micelles A1 and multi-molecular micelles A2, A3, . . . .

Modelling multi-molecular micelle formation as a chemical reaction In general, interconver-
sion processes or chemical reactions are defined by the starting material X = A, B, . . . and the
reaction products X� = A�, B�, . . . and the conversion rates kx-x’ that are generally nonzero in
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. � .

FIGURE 5.3: Simulation snapshots showing the reversible formation of a two-molecular
codendrimer micelle from two single-molecular micelles. The central monomers are colored
red, the grafted chains are colored yellow and the dendritic core is colored by a gradient from
blue (center) to green (outermost monomers). The snapshots are taken from the following

system parameters: G = 5, S = 2, Nc = 2, ϕm = 0.013

forward and backward direction. An interconversion or reaction is described by the reaction
equation in a general notation

αA + βB + . . .� α′A′ + β′B′ + . . . (5.2)

with the stoichiometric coefficients α, β, ... . If the total amount of starting material and reaction
products does not change during the reaction by addition or removal of material, the reaction
approaches an equilibrium state. In equilibrium, the products of the conversion rates and the
activities or active concentrations [X] of the respective state are constant for all reaction partners

kx-x’[X] = kx’-x[X′] (5.3)

and the reaction equilibrium is characterized by the equilibrium constant K. The law of mass
action [117] states that in general the equilibrium constant K of an interconversion process is
given by

K =
[A′]α

′ · [B′]β′ · . . .
[A]α · [B]β · . . .

. (5.4)

For chemical reactions typically performed at constant pressure, the equilibrium constant depends
on the Gibbs free energy difference. In the computer simulations performed for linear-dendritic
codendrimers, constant volume V and constant temperature T is assumed and the Helmholtz
free energy difference ∆F must be considered where ∆F = ∆U − T∆S. Here, ∆U is the change in
the internal energy and ∆S is the difference in entropy. The free energy difference is related to the
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reaction equilibrium constant as

∆F = −kBT ln (K) . (5.5)

Note, these considerations assume that there is a sufficient amount or a reservoir of all reaction
components. In case of the simulations performed here, there is a finite number of molecules
limiting the reaction to the available amount of starting material and a maximum concentration
of reaction product.

Molecular assembly of single-molecular and two-molecular micelles The general case of an
equilibrium interconversion process between populations of micelles with an arbitrary amount
of codendrimer molecules can be hardly described by the full reaction equation and the exact
equilibrium constant. Thus, a particular conversion process also found in the computer simu-
lations presented in section 5.2.2 is discussed here. In the simple case of two single molecules
forming a two-molecular micelle the reaction equation is given by

2A1
k1−2−−⇀↽−−
k2−1

A2 . (5.6)

where kx-x’ are the conversion rates from a state with x molecules per micelle to a state with x′

molecules per micelle. Applying this reaction successively, arbitrary large numbers of molecules
can be considered.

In the present model, all codendrimer molecules are basically allowed to react with each
other, thus the active concentrations [Ax] are equal to the volume fractions ϕx. The equilibrium
state is defined by k1-2 ϕ1 = k2-1 ϕ2 and characterized by the equilibrium constant K1,2. Using
equations (5.4) and (5.6), the equilibrium constant K1,2 reads

K1,2 =
ϕ2

ϕ2
1

. (5.7)

The model system contains coarse grained single-molecular and two-molecular micelles in a
box of fixed total volume, at a fixed temperature, and a constant number of molecules m all equally
able to be in the single-molecular state or the two-molecular state. The equilibrium constant in
this system depends on the conformational free energy change ∆Fm, on the translational degree
of freedom quantified by the translational entropy ∆Sm, and on the total number of molecules m
being the finite amount of starting material. Following equation (5.5) the equilibrium constant
K1,2 defined in equation (5.7) is also given by

K1,2 = exp
(
− ∆F

kBT

)
= exp

(
−∆Fconf − T∆Strans

kBT

)
. (5.8)

The two contributions to the total free energy are discussed in detail in the following. The balance
of these contributions determines the equilibrium number of molecules in separated micelles in
the system, which can be assigned to a particular equilibrium reaction.
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Mean field free energy of multi-molecular linear-dendritic copolymers The idea of the mean
field model is to form a single multimolecular micelle containing k molecules from initially k
single molecular micelles, depicted in figure 5.4. The free energy difference ∆F(k) is minimized
with respect to the number of molecules k in the final multimolecular structure yielding an
equilibrium micelle size �k� in the system. The equilibrium value depends on the dendrimer
parameters generation G and spacer length S, on the length of the grafted linear chains Nc, on
the total volume fraction of the codendrimers ϕ and the interaction strength between solvent,
dendritic monomers and grafted chain monomers �.

AS

AS

a

AS'

a'

FIGURE 5.4: Sketch of conformational free energy change and translational entropy change
during the formation of multimolecular codendrimer micelles. The conformational free
energy change is modeled by a star shaped polymer micelle model where the surface of the
dendritic core AS � 4πR2core and the effective grafting density of the grafted chains changes
during the structure formation process. The entropy difference ∆S is modeled with a lattice
gas changing the lattice occupation while keeping the total volume fraction ϕ constant.

The relevant free energy contributions to formmultimolecular structures with a micellar shape
in dilute/semidilute solutions of linear dendritic copolymers are the conformational free energy
of the micelle Fconf and the translational entropy Strans. A multimolecular structure formation is
expected only, if the conformational free energy change is negative and sufficiently large, because
the translational entropy is decreased by merging independent molecules to unified structures.
The total free energy difference, according to equation 5.8, reads

∆F(k) = ∆Fconf(k)− T∆Strans(k) . (5.9)

The conformational free energy can be expressed in terms of a star shaped polymer micelle
based on the Daoud-Cotton model of star polymers [87, 118] that has been already used to
investigate single linear-dendritic copolymers [64]. Due to the repulsive interaction between the
dendritic monomers and the solvent/linear chains a surface tension between these monomers
occurs that is quantified by the surface free energy Fs, modeled by a spherical shape of the
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dendritic core of the micelle

Fs = 4πγR2
core , (5.10)

where γ is the surface tension that can be related to the interaction strength between dendrimer
and solvent/grafted chains, and Rcore is the radius of the dendritic core of the micelle. This free
energy part is balanced with the free energy of the grafted chains, modeled by a brush free energy
Fb reading [118]

Fb = kBTN3/2
ends ln

(
R

Rcore

)
, (5.11)

where R is the total radius of the micelle and Nends is the number of terminal groups of the
dendrimer, see equation (1.3), being equal to the number of grafted chains. The core radius is
expressed by the volume of the dendritic monomers with a self volume vD

Rcore =

(
3NDvD

4π

)1/3

, (5.12)

where ND is the number of dendritic monomers, see equation (1.1). The total radius of the micelle
is determined by integrating the number of monomers in the thermal blobs building up a single
grafted chain and setting this equal to the number of monomers of the chain [118], yielding

R
Rcore

=

(
1 +

N1/3
endsNc

R5/3
core

)3/5

(5.13)

where the mean field approximation of the Flory parameter v = 3/5 for the size of an excluded
volume chain R ∼ Nv

c was used. Using equations (5.9), (5.12), and (5.13) results in the conforma-
tional free energy

Fconf

kBT
= c1Nends ln

[
c2N1/3

endsNcN−5/9
D + 1

]
+ c3γN2/3

D (5.14)

where c1, c2, and c3 are numerical constants containing all prefactors. The logarithm in equa-
tion 5.14 can be expanded using the large core approximation R/R0 ≈ 1 which is the case for
short grafted chains and/or large dendritic cores reading

Fconf

kBT
≈ c1c2N11/6

ends NcN−5/9
D + c3γN2/3

D (5.15)

To account for multimolecular structures, the number of dendritic monomers and the number of
grafted chains are multiplied with the number of molecules k: ND → k ND and Nends → k Nends.
To calculate the difference in free energy between a single-molecular state and a multimolecular
state, we assume a system with a total number of k molecules with an initial free energy k · F(1)
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and a final free energy F(k) resulting in

∆Fconf(k) = F(k)− kF(1) (5.16)

≈ c1c2N11/6
ends NcN−5/9

D (k23/18 − k) + c3γN2/3
D (k2/3 − k) (5.17)

= Fb(k23/18 − k) + Fs(k2/3 − k) . (5.18)

Here, the single molecular brush free energy Fb and the single molecular surface free energy Fs

are introduced. From equation (5.17), we find that Fb increases with increasing grafted chain
length Nc and increasing effective grafting density, depending both on the number of terminal
monomers of the dendrimer and the total number of dendritic monomers. The surface free
energy increases with increasing interaction strength and with increasing size of the dendritic
core, depending on the number of dendritic monomers.

The translational entropy is modeled with a lattice gas model. The entropy is defined by the
number of available states Ω of a system

S = kB ln Ω . (5.19)

For a lattice gas with multiple lattice point occupation, the number of available states is given by

Ω =
MN

N!
(5.20)

where N is the number of occupied lattice points, see also figure 5.4, and M is the total number of
available lattice points. The volume fraction ϕ is given by

ϕ =
N
M

=
aN
V

(5.21)

where a is the size of a lattice site and V is the volume of the system. Using equations (5.19) and
(5.20), and applying the Stirling’s approximation yields

S
kB

= N(1− ln ϕ) . (5.22)

In the process of structure formation, the change in translational entropy is basically determined
by the number of possible arrangements of the centers of mass of the single molecules. In case
the molecules form single-molecular micelles, there is no confinement, but if multiple molecules
merge to a multimolecular structure, the centers of mass are very narrow. This is modeled by a
single lattice point occupation of each independent micelle containing one or multiple molecules.
To keep the volume fraction ϕ constant during the structure formation process, the size of a lattice
site must change slightly when multimolecular structures are formed or dissolved. Denoting N as
the initial lattice occupation and N′ as the final lattice occupation, ϕ = aN/M and ϕ′ = a′N′/M′

are the corresponding volume fractions. These volume fractions should be equal as the total
number of monomers, and the total volume of the system are not changing. Thus, to satisfy
ϕ = ϕ′ we assume a 6= a′ and M 6= M′, which is sketched in figure 5.4. Using this assumption,
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the difference between an initial state with k independent molecules and a single multimolecular
micelle is given by

∆Strans(k)
kB

= (1− ln ϕ)− k(1− ln ϕ) = (1− k)S(1) . (5.23)

The same applies to a lattice gas with exclusive lattice point occupation where Sso(1) = − ln ϕ−
(1/ϕ− 1) ln(1− ϕ) which is close to above shown case allowing for multiple lattice point occupa-
tion Smo(1) = 1− ln ϕ for ϕ� 1. For both models, the entropy decreases with increasing k. This
is reasonable, as many small molecules have much more options to occupy a free volume than
one large single molecule. Thus, the entropic contribution favors small numbers of molecules in
the multimolecular micelles.

Combining equations (5.14) and (5.23) yields a total free energy difference

∆F(k)
kBT

= Fb(k23/18 − k) + Fs(k2/3 − k)− (1− k)S(1) (5.24)

that is minimized with respect to k to estimate the mean equilibrium number of molecules 〈k〉 in
a single codendrimer micelle. There is no analytical solution for 〈k〉, but the result of the partial
derivative of ∆F(k) with respect to k can be written as a function of k

0 = f (k) = k5/18 + Csbrk−1/3 − 3
2

Csbr −
18
23

+
18
23

S(1)
Cfb

(5.25)

where Csbr ∼ Fs/Fb is the ratio between the free energy of the brush term and the surface term of
the conformational free energy for k = 1. Cfb ∼ Fb is the brush free energy term with numerical
prefactors. Both parameters do not depend on k.

There exist either no solution, one solution or two solutions depending on Csbr, Cfb and S(1)
that depends on ϕ, only. We consider only single molecular states, if there is no solution or the
solutions are smaller than one. Multimolecular states should appear if the (larger) root is larger
than one.

The solution of f (k) using the entropy of the excluded volume lattice gas Sso(1) is shown
in figure 5.5. The numerical parameters are chosen to give reasonable results for grafted chain
lengths that are used in the simulations in section 5.2.2 on the left hand side and for utilized
spacer lengths on the right hand side. The mean number of molecules in one micelle k decreases
like a power law with increasing grafted chain length (lhs of figure 5.5) if all other parameters are
kept constant. This is reasonable, as the effective grafting density of the grafted chains increases
with increasing number of molecules in a multimolecular structure. The longer the grafted
chains, the more unfavorable is a dense grafting, leading to single-molecular structures. The
volume fraction dependence is marginal, but with increasing volume fraction, the mean number
of molecules increases for a fixed grafted chain length slightly. With increasing spacer length, the
number of molecules per micelle increases like a power law for constant dendrimer generation,
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FIGURE 5.5: Numerical solution of equation (5.25) representing the mean number of
molecules in multimolecular micelles 〈k〉 with respect to the grafted chain length Nc and the

dendrimer spacer length S for different codendrimer volume fractions ϕ.

grafted chain length and interaction strength (rhs of figure 5.5). Increasing the spacer length
increases the effective surface of the dendritic core and thereby reduces the effective grafting
density and it becomes more favorable to reduce the dendrimer-solvent interface by the formation
of multimolecular micelles.
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FIGURE 5.6: Numerical solution of equation (5.25) representing the mean number of
molecules in multimolecular micelles 〈k〉 with respect to the dendrimer generation G and

the codendrimer volume fraction ϕ.

In figure 5.6, the mean number of molecules according to equation 5.25 are shown with respect
to the dendrimer generation on the left hand side and with respect to the volume fraction of the
codendrimers on the right hand side. With increasing generation, the number of molecules in
a micelle decreases exponentially (lhs of figure 5.6). Even though the surface of the dendritic
core is increased with increasing generation, the exponentially increasing number of grafted
chains leads to an exponential decrease of the number of molecules per micelle. Again, the
volume fraction dependence is rather weak and higher codendrimer volume fractions result in
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slightly larger micelles for the same generation. On the right hand side of figure 5.6, the volume
fraction dependence of the mean number of molecules in a micelle is shown for different grafted
chain lengths. With increasing volume fraction, the number of molecules in a micelle increases
logarithmically, explaining the comparatively weak volume fraction dependence of 〈k〉 compared
to the other parameters.

From figure 5.5 and figure 5.6, we find that in particular for the grafted chain length, the den-
drimer generation and spacer length, a certain threshold of these parameters must be exceeded or
falling below to observe multimolecular structures, due to the high sensitivity of the free energy
on these parameters.

The major conclusion of the mean field model on the formation of multimolecular micelles of
linear dendritic copolymers in selective solvent are:

• Multimolecular structures are likely to appear in these systems.

• Multimolecular structures can only be observed for rather short grafted chain length, small
generations and long spacers where a threshold (Nc,max, Gmax, Smin) must be hold.

• If multimolecular structures occur, the mean number of molecules in these structures
depends weakly (logarithmically) on the volume fraction.

The numerical solution of equation (5.25) can be approximated by

〈k〉 ∼ Cx
sbr ∼

(
ε1/2S11/9

Nc 211/18 G

)x

, (5.26)

where x is an exponent that depends on ϕ and Cfb and cannot be determined exactly. For the
parameters applied in figure 5.5 and figure 5.6, we found x ≥ 3 which is used as a rule of thumb
for comparison with simulations.

5.2 Computer Simulation

5.2.1 Simulation Setup

The simulations on dilute solutions of linear-dendritic codendrimers are performed with periodic
boundary conditions in a cubic box with an edge length of b = 128 lattice units. The dendritic
core is created by the convergent growth algorithm and linear chains are grown on every terminal
monomer. In figure 5.7 a sketch of the simulated molecules with the definition of the parameters,
and the interaction scheme between grafted chains, dendritic monomers and solvent is shown.

The simulation box is filled with monomers acting as explicit solvent up to a total volume
fraction of ϕ = (v0 · n)/b3 = 0.5 where n is the total number of monomers and v0 = 8 (lattice
points) is the volume of a single cubic monomer in the applied implementation of the bond
fluctuation model (BFM). Selective solvent is obtained by nearest neighbor interactions where the
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FIGURE 5.7: Sketch of simulated codendrimer molecules and the applied selective solvent
interactions both for the micelle interaction scheme (codDSM) and the helmet interaction

scheme (codDSH), see table 5.1.

interaction energy � is given per nearest neighbor lattice point, shown in detail in the simulation
method section in figure 1.7. The solvent selectivity was applied successively for the values
� = 0.3 kBT; 0.5 kBT; 0.8 kBT to avoid artificial structures from fast quenching. Every step was
equilibrated at least 5 · 107 mcs. Conformations were saved every 1− 5 · 105 mcs, at least 2 · 103
conformations were taken into account to calculate observables.

For different simulation setups, the parameters of the dendritic core, the linear chains, and
the solvent are varied according to the experiences from the single codendrimers. For single
codendrimers [64], it is known that linear-dendritic codendrimers with repulsive interactions
between solvent and dendritic monomers assemble to micelles and codendrimers with repul-
sive interactions between solvent and grafted linear chain monomers assemble to helmet like
structures where the dendritic monomers shield the grafted chains collapsing to a globule. Both
interaction schemes are investigated further on.

In addition, some melts of the codendrimers are simulated in large cubic boxes with edge
length b = 256 containing 1 044 072 BFM units. The nearest neighbor interactions with � = 0.8 kBT
are applied between dendritic monomers and the monomers of the grafted chains. These very
expensive simulations have been run for 1.2 · 108 mcs and 400 conformations have been used to
calculate averages. The simulation parameters for all systems with linear-dendritic codendrimers
are summarized in table 5.1.

Simulations on dilute codendrimer solutions with a solvent sensitive dendritic core forming
micelles (codDSM) contain dendrimer generation slightly below and above the critical generation
G∗, see section 5.1.1. The interaction parameters range from the onset of the micelle formation up
to poor solvent conditions. The linear chain length is varied in detail from an extended spacer to
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TABLE 5.1: Simulation parameters of linear-dendritic codendrimers: dilute codendrimer
solutions with repulsive interactions between solvent and dendritic monomers (codendrimer
dilute solution micelles codDSM), dilute codendrimer solutions with repulsive interactions
between solvent and grafted chain monomers (codendrimer dilute solution helmets codDSH),
melts of linear-dendritic codendrimers (codendrimer melts codM) with repulsive interactions

between dendritic monomers and grafted chain monomers.

Simulation G S Nc m ε box
codDSM 4,5,6 1,2,4,8 2-18 6,12,27 0.3, 0.5, 0.8 1283

codDSH 5,6 1,2 2-18 6,12 0.3, 0.5, 0.8 1283

codM 5 2, 4 10 1572 (S2), 1224 (S4) 0.8 2563

a chain length exceeding the thread length G · S for the dendritic cores with S ≤ 2. Simulations
on dilute codendrimer solutions with solvent sensitive linear chains known to form helmet
like structures (codDSH) are set up with a subset of the parameters of the micelle formation
simulations. Only a small set of codendrimer melts (codM) is simulated to give a preliminary
impression of these systems.

The computations are performed exclusively on the High Performance Computation (HPC)
Center Taurus of the TU Dresden utilizing GPU devices running a parallel version of the BFM
algorithm, see section 1.4.3.

5.2.2 Multi-Molecular Structures

From the theoretical considerations in section 5.1.2 the formation of structures with multiple
molecules is expected. In the mean field model, interactions are applied between dendritic part
and solvent only, inducing the formation of micelles. In the simulations, interactions are applied
between grafted chains and solvent, also yielding multi-molecular structures.

FIGURE 5.8: Simulation snapshots for a small selection of occurring structures from left
to right: Dendritic monomers are exposed to selective solvent interactions forming single-
molecular micelles (G = 5, S = 2, Nc = 8, ε = 0.8), and a mixture of single-molecular
micelles and multi-molecular micelles (G = 4, S = 4, Nc = 6, ε = 0.8). Grafted chain
monomers are exposed to selective solvent interactions forming a few multi-molecular
structures for low interaction strength (G = 5, S = 2, Nc = 8, ε = 0.3) and one single
multi-molecular structure for high interaction strength (G = 5, S = 2, Nc = 8, ε = 0.8). All
shown systems contain m = 12 molecules. The grafted chains are colored yellow, dendritic
monomers display a color gradient from blue (center) to green (terminal monomers). The

snapshots are taken from the simulation sets codDSM and codDSH.



94 Chapter 5. Linear-Dendritic Copolymers

To give an overview, in figure 5.8 a few simulation snapshots of structures that are formed
by linear-dendritic copolymers in selective solvent are presented. The two systems on the right
hand side are forming codendrimer micelles due to nearest neighbor interactions acting between
dendritic monomers and solvent (simulation set codDSM). The snapshot on the left hand side
shows single-molecular micelles only, the snapshot on the right hand side shows a mixture of
single-molecular micelles and two-molecular micelles being the situation discussed in detail in
the theory section 5.1.2 referring to equation (5.6).

The two snapshots on the right hand side show the structures formed by repulsive nearest
neighbor interactions acting between the grafted chains and the solvent monomers (simulation set
codDSH). The snapshot on the left hand side shows a few separated multi-molecular structures,
and the snapshot on the right hand side shows a single multi-molecular structure with the shape
of a droplet.

5.2.3 Formation of Multi-Molecular Micelles

In this section, the simulation setup comparable to the theoretical model developed in section 5.1.2
is considered being dilute systems with a significant interaction between solvent/grafted chains
and dendritic part of the codendrimer to ensure the formation of “crew-cut” or star-shaped
micelles (codDSM). To compare the simulations with the predictions of the theory, a cluster
algorithm is applied to calculate the mean number of molecules in the multi-molecular structures,
and the time development of this number. Every cluster is considered to belong to one particular
micelle, termed separated micelle in the following. This definition includes structures that are in the
process of micelle formation, without having the spherical shape that is considered in the mean
field model in section 5.1.2. The analysis of clusters is extended by the evaluation of the center
to center distance distribution providing access to the potential of mean force acting between
codendrimer molecules.

Mean number of molecules in one micelle When many codendrimer molecules with the
ability to form multi-molecular micelles are in a simulation box, there may be several micelles con-
taining different amounts of molecules as outlined by the general interconversion process defined
by equation (5.2). To identify the systems containing different populations of multi-molecular
micelles, the averaged number of molecules forming a micelle 〈k〉 is calculated. Systems with
purely single-molecular states or systems containing only one large micelle are easily detected
this way. The mean number of molecules 〈k〉 in one micelle can be compared to the theoretical
predictions, in particular the dependence of 〈k〉 on G, S, and Nc given by equation (5.26) and
shown in figure 5.5 and figure 5.6.

In the mean field model, it was assumed that the total system contains exactly the number of
molecules that forms one micelle. In the simulations, where the number molecules per micelle
〈k〉 is not known in advance, the actual number of molecules m in the box is determined by the
simulation parameters, in particular by the volume fraction ϕ of the codendrimers. It is assumed,
that the same equilibrium number of molecules in one micelle 〈k〉 is found in the simulations,
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even if m > 〈k〉. But, it should be noted, that the systems might tend to form micelles, that contain
less molecules than the optimal 〈k〉 if m mod 〈k〉 6= 0.
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FIGURE 5.9: Mean equilibrium number of molecules 〈k〉 in separated micelles with respect
to the grafted chain length Nc for various generations G and spacer lengths S of the dendritic

core.

In figure 5.9 the mean number of monomers in separated micelles 〈k〉 is plotted over the
length of the grafted chains Nc for different generations and spacer lengths, a fixed interaction
strength ε = 0.8 kBT per nearest neighbor lattice unit, and a fixed number of molecules m = 12.
For generation G = 6 only single-molecular states were found (〈k〉 = 1 ∀ S, m, Nc). For smaller
generations G = 3, 4, 5 and short grafted chains Nc ≤ 12 multi-molecular states occur. The
volume fraction dependence is not considered explicitly, because the absolute changes in ϕ due
to different parameters G, S, Nc at constant m are marginal (0.01 ≤ ϕ ≤ 0.07) and the volume
fraction dependence is expected to be less relevant than the structural changes, see figure 5.6.

With increasing grafted chain length Nc the mean number of molecules in a single micelle
decreases for all parameters shown in figure 5.9. For the largest grafted chains (Nc ≥ 16), only
single molecular structures have been found in the simulations for all systems. In terms of a
threshold value, we can write Nc, max = 16 within the limits of the parameters applied here. The
number of molecules in a micelle decreases rather fast with increasing grafted chain length as
expected from equation (5.26) stating 〈k〉 ∼ N−x

c . Fitting the simulation results with 〈k〉 = aNx
c

matches the simulation data very well and gives exponents between −1.0 ≥ x ≥ −1.9 for all
simulations displaying multimolecular structures. The absolute value of the fitted exponents are
significantly smaller than expected from theory (x ≤ −3) which is probably caused by a limited
number of molecules due to a limited system size accessible in simulations (m < 〈k〉 for small
Nc). But, the predicted decrease of the number of molecules in a micelle with increasing grafted
chain length following a power law could be verified successfully.

With increasing dendrimer generation G the mean number of molecules in a single micelle
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decreases for a fixed spacer length and grafted chain length. Already for generation G = 6 there
are solely single-molecular structures being in line with the theoretical prediction. Thus, this
generation can be considered as a threshold generation (Gmax = 6) to observe multimolecular
micelles within the limits of other parameters used here (S ≤ 8, 2 ≤ Nc ≤ 18). From equa-
tion (5.26) it is expected that the number of molecules in a micelle decreases exponentially with
the generation because of the exponential decay 〈k〉 ∼ 2−11/6 x G. Fitting the results of 〈k〉 for
spacer lengths S = 2, 4 and grafted chain lengths Nc = 2, 4 with the fit function 〈k〉 = a2x G

yields values for x between −0.34 and −1.4 which are again below the approximated mean field
value of about −11/6 · 3 = −5.5. Still, the predicted exponential decay of 〈k〉 with increasing
generation was found with an adjusted parameter x.

With increasing spacer length S the mean number of molecules in a single micelle increases
for all systems shown in figure 5.9. Codendrimers with short spacers S = 1 tend to form mostly
single-molecular structures. So, again a threshold is indicated being Smin = 2. For the coden-
drimers with generation G = 5, spacer length S = 8 and grafted chain length Nc = 2, the resulting
number of molecules 〈k〉 = 12 = m is breaking out of the sequence of the other generations. Due
to the large extension of the dendritic core for these parameters compared to the box size, it is
possible that this result is a finite size effect. Thus, this value should be handled with care and
is not used for the following fit procedure. From equation (5.26) it is expected that the number
of molecules in a micelle increases with the spacer length with a power law 〈k〉 ∼ S11/9 x. For
generation G = 5 codendrimers with short grafted chains a power law fit 〈k〉 = aSx is applied,
yielding x = 1.5 being smaller than the theoretical prediction 11/9 · 3 ≈ 3.6 > x. However, the
basic conclusion of an increasing number of codendrimer molecules in stable multi-molecular
micelles with increasing spacer length is confirmed by the simulations.

In summary, the simulation results of the mean number of molecules in multimolecular
linear-dendritic copolymers are well described by the mean field model developed in section 5.1.2.
Equation 5.26 gives a good prediction of the number of molecules in a micelle when adjusting
x ≈ 1, being smaller than the approximated numerical solution yielding x ≥ 3.

Time evolution of micelle sizes The averaged number of molecules in separate micelles 〈k〉
already screens a lot of information about the systems that are present in the time evolution of
k. Most importantly, the time evolution contains the information whether or not the number of
micelles freely fluctuates as assumed or if the populations are trapped in their initial states.

The time series of the cluster sizes is shown by the normalized frequency H(k) of a particular
cluster size with respect to the simulation time in Monte Carlo sweeps (mcs). The sum of the
relative frequencies of all cluster sizes is unity for each time step ∑k H(k) = 1. For many systems,
very stable populations of clusters occur, especially for the single molecular structures with
parameters beyond the threshold parameters for multimolecular micelles. For systems with
fluctuating cluster sizes, a reversible interconversion process model as discussed in section 5.1.2
can be used to calculate the free energy difference between states of different cluster sizes. Most
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interesting are systems with reversible fluctuations between single molecular structures and two-
molecular structures, where the full reaction equation is known and the free energy difference
between these two states can be calculated by equation (5.8).
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FIGURE 5.10: Normalized frequency H(k) of micelles containing k codendrimer molecules
depending on the simulation time in Monte Carlo sweeps mcs. On the left hand side a system
with generation G = 4, spacer length S = 2 and grafted chain length Nc = 4 is shown. On
the right hand side a system with generation G = 5, spacer length S = 2 and grafted chain
length Nc = 2 is shown. Both systems contain m = 12 molecules resulting in codendrimer
volume fractions of ϕG5 = 0.013 and ϕG4 = 0.009. The interaction energy is equally set to

0.8 kBT.

In figure 5.10 the time series of the normalized frequencies of the numbers of molecules in
separated clusters is shown for codendrimers with generation G = 4, spacer length S = 2 and
grafted chain length Nc = 4 (lhs) and for codendrimers with generation G = 5, spacer length
S = 2 and grafted chain length Nc = 2 (rhs). Both systems show fluctuations in the cluster sizes
over time. The generation G = 4 system develops populations of clusters that are quite stable
over time, where the generation G = 5 system displays strong fluctuations. Most of the clusters
in the shown systems have size one or two, except some rare events with clusters of size three
or four. Thus, the interconversion model defined in equation (5.6) can be applied considering
clusters of size one (state 1) and two (state 2) only.

The assumptions of the interconversion model are matched best by the generation G = 5
model which is analyzed in detail. The equilibrium constant K is given by equation (5.7). The
mean volume fractions ϕ1,2 are determined in the simulations by averaging the frequencies
〈H(1)〉, 〈H(2)〉 and multiplying the results with the total codendrimer volume fraction ϕ yielding

K1,2 =
〈H(2)〉
〈H(1)〉2 ϕ

=
0.517

0.4822 · 0.013
≈ 172 (5.27)
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in units of a3 where a is the lattice constant which is set to unity. The free energy related to the
equilibrium constant, see equation (5.5), is given by

∆F1,2 = −kBT ln(K) = −5.1kBT . (5.28)

This free energy difference between the single-molecular state 1 and the two-molecular state
2 is negative, so starting from a full single molecular state, the formation of two-molecular
micelles runs spontaneously. The free energy difference must be distinguished from the reaction
barrier which is also expected to occur, because the dendritic cores of freely diffusing micelles are
shielded by the corona of grafted chains. This barrier can be quantified using the potential of
mean forceW(rc2c) between the centers of the micelles.

Potential of mean force between codendrimer molecules Using the center to center distribu-
tion between single molecules P(rc2c), the potential of mean force can be calculated by

W(rc2c) = −kBT ln [P(rc2c)] (5.29)

as already used for the investigation of dendrimer-dendrimer, dendrimer-chain and dendrimer-
wall interactions in chapter 4. The potential of mean force between codendrimers can be used
to estimate the total free energy difference as well as the free energy barrier between single-
molecular and multi-molecular states, if there are enough samples containing all relevant states
with a meaningful statistical quality. It should be noted, that the potential of mean force depends
on the reaction coordinate, in this case on the center to center distance. To compare the potential
of mean force with the reaction free energy difference of equation (5.28), a certain distance range
is identified with a certain state. In particular, the single-molecular state is identified with the
potential of mean force for large center to center distances rc2c > 3Rmicelle and the two molecular
state is identified with short center to center distances rc2c ≈ 0.5Rmicelle being the minimum of
the potential of mean force in the investigated cases.

In figure 5.11 the potential of mean force with respect to the codendrimer molecules center
to center distance is shown. The distance is normalized by the total radius of gyration of a
codendrimer molecule. There are three characteristic shapes: An interconversion process with
strong fluctuations (G = 5, S = 2, Nc = 2), a pure single-molecular state (G = 5, S = 2, Nc = 6),
and an interconversion with negligible fluctuations (G = 4, S = 2, Nc = 4). In addition, the
reaction free energy difference ∆F1,2 is shown for the first case (G = 5, S = 2, Nc = 2), calculated
in equation (5.28)

In case of a strongly fluctuating interconversion process (G = 5, S = 2, Nc = 2 in figure 5.11),
there is a potential barrier between the bound (two-molecular micelle) state and the unbound
(single-molecular micelle) state that can be passed over by thermal fluctuations. In the particular
case shown in figure 5.11, the maximum of the potential barrier isWmax = 3.2 kBT per molecule.
The minimum of the potential of mean force in the bound state isWmin = −3.4 kBT per molecule.
This minimum is identified with the reaction free energy calculated in equation (5.28) for this
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FIGURE 5.11: Potential of mean force with respect to the center to center distance normalized
by the radius of gyration of the full codendrimer molecule for three different characteristic
situations: Interconversion process with strong fluctuations for G = 5, S = 2, Nc = 2, single
codendrimer state with unbreachable potential barrier for G = 5, S = 2, Nc = 6, and stable
multi-molecular state with negligible fluctuations for G = 4, S = 4, Nc = 6. The reaction
free energy difference ∆F1,2 calculated in equation (5.28) for the first data set (G = 5, S = 2,

Nc = 2) is also shown.

system where the result ∆F1,2 ≈ −5.1kBT is lower than the simulation result with a relative
deviation (∆F1,2 −Wmin)/∆F1,2 = 0.3. This deviation might be caused by simulations with finite
size and finite time. The potential barrier, caused by the effective repulsion of the grafted chain
corona, is not considered by the calculation of the equilibrium reaction free energy, but has
a significant impact on the simulations. Also the calculation of the equilibrium constant K1,2

contains simplifications like two well-defined states in contrast to the more complex, distance
dependent potential of mean force obtained in the simulations.

In the single micelle state (G = 5, S = 2, Nc = 6), there are no center to center distances
smaller than 2 Rmicelle. The potential barrier is sampled up toWmax ≥ 5 kBT per molecule by
thermal fluctuations and is expected to increase even further. This barrier is too high to be passed
over simply by thermal fluctuations, at least during the finite simulation time. In that case, from
simulations without external bias potential the reaction free energy cannot be estimated. Umbrella
sampling could be used to investigate this in more detail. Thus, from the present simulations it is
not possible to determine if the total reaction free energy is negative (multi-molecular micelle
states are favorable in principle) or positive (multi-molecular micelle states are unfavorable).

In case the potential barrier is nearly impenetrable, interconversion events are very rare but
can be observed resulting in an interconversion process with only a few changes in the cluster
sizes (G = 4, S = 2, Nc = 4). The maximum of the potential barrier is Wmax = 3.5 kBT and
the potential of mean force displays a broad wall between the low energy multi-molecular state
and the unbound state. The minimum of the potential of mean force isWmin = −3.4 kBT per
molecule. Similar to equation (5.27) and (5.28), the reaction free energy difference determined by
the interconversion model is ∆F1,2 = −kBT ln (0.516)/(0.4822 · 0.009) = −5.5 kBT which is again
lower than the minimum of the PMF. It can be clearly stated that multi-molecular micelles are
favorable for these system parameters.
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In summary, the potential of mean force and the cluster analysis of the linear-dendritic
codendrimers support the mean field model developed in section 5.1.2 and give insights to
the complex interplay of conformational free energy change, translational entropy change and
potential barrier between the dendritic cores of the micelles emerging from the grafted chains.

5.2.4 Structure Formation with Helmet like Codendrimers

Codendrimers with solvent selective grafted chains and athermaly soluble dendritic core form
helmet like structures when there are single molecules [116]. With increasing volume fraction of
the codendrimer, it is also expected to find multi-molecular structures. There are no theoretically
well understood systems that are comparable to this setup. Hence, the discussion is limited to
simulation results and conclusions drawn from observables that appear to be interesting.

G = 6, S = 2, Nc = 6, m = 4 G = 5, S = 1, Nc = 18, m = 12 G = 5, S = 2, Nc = 2, m = 6

FIGURE 5.12: Simulation snapshots of codendrimers with solvent selective grafted chains
and athermaly soluble dendritic core. On the left hand side 4 codendrimers with parameters
G = 6, S = 2, Nc = 6 are shown. In the middle 12 codendrimers with G = 5, S = 1, Nc = 18
are shown. On the right hand side 6 codendrimers with G = 5, S = 2, Nc = 2 are shown.
The grafted chains are colored yellow, dendritic monomers display a color gradient from
blue (center) to green (terminal monomers). The snapshots are taken from the simulation set

codDSH.

In figure 5.12 three snapshots of different systems of codendrimers with solvent selec-
tive grafted chains are shown. In all simulations, the nearest neighbor interaction was set
to ε = 0.8 kBT. It is noted, that all snapshots display the formation of one large droplet which
was observed for all codendrimers with this interaction scheme after sufficiently long simulation
time. There is no complete shielding of the grafted chain monomers by the dendritic monomers
that could result in a potential barrier, at least for the investigated systems. On the left hand
side, a small number of high generation codendrimers with medium length grafted chains is
shown (G = 6, S = 2, Nc = 6, m = 4). Due to the large generation the number of grafted chains
is very high and cannot be covered fully by the dendrimers, but they distribute evenly on the
surface of a basically tetrahedral globule of collapsed linear chains resulting from the number
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of molecules being m = 4. In the middle, a large number of smaller generation codendrimers
with very short spacers and very long grafted chains is shown (G = 5, S = 1, Nc = 18, m = 12).
Again, the grafted chains cannot be covered fully. Due to the large number of long grafted chains
a spherical droplet is formed and particularly covered by the dendritic cores. The cores are
oblate and distributed quite evenly on the surface of the grafted chain globule. On the right
hand side, generation G = 5 codendrimers with longer spacers and very short linear chains are
shown (G = 5, S = 2, Nc = 2, m = 6). Here, the linear chains cannot form one single globule
but they form many small groups of grafted chains which keeps the molecules together quite
efficiently. The dendrimers do not need to rearrange their conformations as strong as compared
to the two other systems so their loss in translational entropy is compensated by the reduced
solvent/dendritic monomer contacts of the grafted chains.

G = 6, S = 1, Nc = 8, m = 12 G = 6, S = 2, Nc = 8, m = 12

FIGURE 5.13: Simulation snapshots of codendrimers with solvent selective grafted chains
and athermal dendritic core showing some simulation artifacts. On the left hand side, two
separated codendrimer clusters are shown that are not separated for physical reasons but
because of the extremely slow diffusion of these large objects preventing them from merging
so far, even after 1010 mcs (G = 6, S = 2, Nc = 8, m = 12). On the right hand side, a
columnar structure ranging from one side of the box to the other is shown(G = 6, S = 1,
Nc = 8, m = 12). It arises from finite size and periodic boundary conditions. The nearest
neighbor interaction energy is set to ε = 0.8 kBT in both cases. The grafted chains are colored
yellow, dendritic monomers display a color gradient from blue (center) to green (terminal

monomers). The snapshots are taken from the simulation set codDSH.

Most snapshots show just on single cluster of molecules. One exception is shown on the
left hand side of figure 5.13. These exceptions are most likely caused by the slow diffusion of
large clusters of codendrimer molecules resulting in subsystems that should merge if they come
close to each other after a very long simulation time. The dendritic core does not fully cover the
collapsed grafted chains, so there is no shielding effect potentially separating the clusters. The
finite system size also yields columnar structures passing the periodic boundaries that are on
the one hand artificial, on the other hand also very interesting and stable structures, see right
hand side of figure 5.13. It should be noted, that because of the large sizes of the molecules and
multi-molecular structures and the resulting challenges in the computations, all results have to
be checked carefully to avoid wrong conclusions.
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In summary, with sufficiently strong solvent selectivity, the grafted chains form a large number
of differently shaped globules ranging from highly symmetric tetrahedral and spherical structures
to structures without distinct symmetry that are hard to characterize. Basically for all systems, the
stable state is a single multi-molecular structure containing all molecules in the simulation box.

Droplet Formation To confirm the formation of one single droplet in mostly all systems, the
mean number of molecules in one cluster is determined with the same algorithm used to deter-
mine the number of molecules in a multi-molecular micelle.
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FIGURE 5.14: Mean number of molecules in a single droplet for systems with m = 12
codendrimer molecules. Interaction energies ε are given in units of kBT per occupied lattice

site.

In figure 5.14 the mean number of molecules in one droplet is shown for various generations
G, spacer lengths S and nearest neighbor interaction energies ε. With one exception, all sys-
tems containing m = 12 molecules have on average also exactly m molecules in a single cluster.
The exception was already shown and discussed in figure 5.13. So, it can be concluded that all
(but one) systems shown here contain only one single droplet or a single aggregation of molecules.

The resulting structure inside the aggregation does not only depend on the dendrimer pa-
rameters and the grafted chain length, but also strongly depends on the number of molecules
in the system that determines the available symmetries. In experimental setups the number of
molecules can hardly be fixed and the arising structures are difficult to characterize due to their
small overall sizes and the lack of a long range order. But, increasing the volume fraction of the
codendrimers up to the melt state should yield an interesting microphase separation, possibly
with long range order that might be very interesting for applications.

5.2.5 Microphase Separation in the Melt

The description and modelling of the complex microphase separation is a very broad topic itself,
so here just a brief overview on some preliminary results is given.
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FIGURE 5.15: Melt of codendrimers with generation G = 5, spacer length S = 4 and grafted
chain length Nc = 10 with a nearest neighbor interaction energy of ε = 0.8 kBT showing a
bi-continuous phase. The grafted chains are colored yellow, dendritic monomers display a
color gradient from blue (center) to green (terminal monomers). The snapshot is taken from

the simulation set codM.

In figure 5.15 a simulation snapshot of a very dense system with total volume fraction ϕ = 0.5
of generation G = 5 codendrimers with spacer length S = 4, grafted chain length Nc = 10, and a
nearest neighbor interaction energy of ε = 0.8 kBT is shown. The grafted chains and the dendritic
cores form a periodic nano-structure that is not located or glassy, but soft and continuously
rearranging with a distinct long range order.

To visualize the phases more precisely, an averaged density profile of 15 frames with 106 mcs
between consecutive ones was created. The program for this procedure was developed in our
group by Dr. Ron Dockhorn (IPF). The density profiles were visualized with ParaView 5.8.

In figure 5.16 the density profiles for the dendritic monomers of codendrimer melts with
the same generation (G = 5) and same length of grafted chains (Nc = 10), but different spacer
length (S = 2 and S = 4) are shown. On the left hand side, in the codendrimer melt with spacer
length S = 2 the dendritic cores are shielded by the grafted chains from each other, developing
homogenously distributed spheres. The spheres are fully embedded in the continuous phase of
the grafted chains and show an imperfect lattice arrangement on a body centered cubic lattice.

On the right hand side of figure 5.16 only the dendritic density profile of the codendrimer
melt with spacer length S = 4 is shown. Here, both the dendrimer and the grafted chains develop
a continuous phase. The ratio between dendritic monomers and grafted chain monomers is much
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G = 5, S = 2, Nc = 10 G = 5, S = 4, Nc = 10

FIGURE 5.16: Visualization (iso-volume representation) of the averaged density profiles of the
dendritic monomers of a melt of codendrimers with repulsive nearest neighbor interactions
between dendritic cores and grafted chains ε = 0.8 kBT. The average is taken over 15 frames.
Blue color refers to high density, yellow refers to low density. On the left hand side (G = 5,
S = 2, Nc = 10) the dendritic cores arrange in spheres embedded quite homogenously in
the continuous phase of the grafted chains (not shown here). On the right hand side (G = 5,
S = 4, Nc = 10) both the dendritic cores and the grafted chains develop a continuous phase
that is intertwined with the other one. The analysis of the density profiles was performed by

Dr. Ron Dockhorn (IPF) and is reprinted with kind permission.

higher ( fdg = ND/(NendsNc), fdg(S2) = 0.39 < 0.78 = fdg(S4)) and closer to unity, making it
favorable to share the space evenly in a bi-continuous phase.

Together with some preliminary results for other parameters (generation 3 and 7) there were
four phases detected by analyzing the density profiles: disordered phase, spherical phase, bi-
continuous phase and a cylindrical phase. A lamellar phase, usually dominant for linear di-block
copolymers, was not jet found. In particular bi-continuous phases are interesting for applications
[119] and hard to achieve with conventional linear copolymers as they only appear in a very small
part of the phase space [120]. These phases seem to be very stable for the codendrimer melts with
a ratio between dendritic monomers and grafted chains close to unity. It is expected that also
other molecular structures containing a hyper-branched core decorated with linear chains acting
as a copolymer should reveal these kind of bi-continuous phases in the melt being cheaper to
manufacture than perfect codendrimers.

Note that for reasonable results the simulation boxes need to be very large containing more
than one million BFM units which is computationally very expensive and challenging. Still,
finite size effects are very likely to induce or to prevent spatial long range order artificially. Also
the relaxation times are probably much longer than the available simulation times so far. This
requires careful system setups that are hard to verify. Nevertheless, these systems provide a very
interesting variety of micro-phases that are not all available or not stable in melts of common
linear copolymers making them a promising hint for experimentalist.
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5.3 Summary

Linear-dendritic codendrimers have a huge number of parameters resulting in a very complex
phase space in terms of different structures that can be accessed with these systems. The solvent
selectivity is dividing the systems into two subclasses: spherical micelles with the ability to form
multi-molecular structures on the one hand, and droplets with a complex internal structure on
the other hand.

Multi-molecular micelles are modelled by a mean field model where the conformational
free energy change is balanced with the change in translational entropy. The conclusions from
the approximated numerical solution on the dependencies of the mean number of molecules
in a multi-molecular micelle were confirmed by computer simulations for the explored system
parameters. The simulations also show, that there is a significant barrier for the formation of
multi-molecular micelles due to the shielding of the dendritic cores by the grafted chains resulting
in potential barriers� 5 kBT for codendrimers with long grafted chains. Reversible fusion and
splitting of multi-molecular micelles was found for small generation codendrimers with short
grafted chains. This interconversion process was related to a chemical reaction model predicting
the free energy difference between single-molecular states and two-molecular states. The free
energy difference was compared to the potential of mean force displaying a minimum for small
center to center distance that was identified with the two-molecular state. The theoretical model
was in good agreement with the simulation results.

In dilute codendrimer solutions with repulsive nearest neighbor interactions between grafted
chains and solvent, droplets were formed usually containing all molecules in the simulated
systems of finite size. The droplets displayed a plurality of different internal structures from
simple spherical shapes of the collapsed grafted chain globule to tetrahedral, and more generally
polygonal structures. Also columnar structures were found due to the finite size of the system
and periodic boundary conditions.

Melts of codendrimers are promising to develop interesting micro-phase structures beyond
the structures formed by common linear block copolymers. The investigated examples have
shown a spherical phase of the dendritic cores, most likely on an imperfect bcc lattice, and a
intertwined bi-continuous phase of dendritic monomers and grafted chains.
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Chapter 6

Summary and Outlook

The main objective of this thesis was the exploration of the phase states of complex polymer
systems by coarse grained simulations and the development and validation of instructive physi-
cal models for these systems. In particular, dendrimers in linear polymer solutions and linear
polymer melts as well as amphiphilic codendrimers with linear chains grafted to the terminal
groups have been analyzed in terms of conformations, interactions, and structure formation. The
systems have been simulated using coarse grained Monte Carlo simulations applying the bond
fluctuation model (BFM). Despite the complexity of these systems, conformational properties,
interaction potentials and structure formation processes could be described successfully with
mean field free energy models and scaling approaches.

As reference system serves the well understood dendrimer in selective monomeric solvent.
Using the BFM, the established mean field model [27, 34] describing the dendrimer size depend-
ing on the generation, spacer length, and solvent quality was verified. Thus, the BFM is a valid
simulation method to analyse static and dynamic properties for highly branched structures. As a
reference for interactions between dendrimer pairs, and single dendrimers and an impenetrable
wall, the potential of mean forceW was investigated in athermal solvent using umbrella sampling.
Both, the pairwise interactions and the interactions between dendrimers and an impenetrable
wall were found to be purely repulsive. For the investigated generations and constant spacer
length, the potentials of mean force per monomer W/ND with respect to the center to center
distance normalized by the radius of gyration collapse on a single master curve.

Dendrimers in linear polymer solutions are investigated with chemically compatible chains
in the bulk phase. Based on a mean field model for (Zimm-Stockmayer) hyperbranched polymers
in an athermal melt of compatible linear chains [84], a mean field model for (single) dendrimers
in a linear chain melt was developed. Depending on the packing factor Γ = ND/(GS)3, athermal
conformations or collapsed conformations are predicted. In the computer simulations, no col-
lapsed conformations were found for any of the investigated parameters. Also, a scaling theory
assuming the polymer solution to act like a mesh for the dendrimer to fit in or to get squeezed was
developed. This theory predicts athermal conformations, if the athermal dendrimer size is below
the correlation length of the linear chain solution and crowded conformations if the dendrimer
size is above the correlation length. The crowding scaling approach, see figure 6.1, yields a much
better description of the dendrimer conformations with excellent agreement between theory and
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FIGURE 6.1: Summary of conformations of dendrimers in linear polymer solutions. On the
left hand side, the swollen dendrimer following good solvent scaling is shown that is valid if
the correlation length of the linear chain solution is larger than the dendrimer size typically
the case for short chains or very dilute systems. On the right hand side, the crowded scaling
is shown that is valid for solutions with correlation lengths smaller than the dendrimer size

typically the case for long linear chains with rather high volume fractions. [81].

simulations. Investigating the radial monomer distributions of the dendrimers and the linear
chains around the center of the dendrimer, a strong interpenetration of the linear chains into the
interior of the dendrimer was found. The dendrimer distributions are significantly less compact
than the distributions of a collapsed dendrimer in poor solvent. The crowding model is in perfect
agreement with these observations.

Going along with the conformational changes, the pairwise interactions between den-
drimers also change significantly when they are dissolved in a compatible linear polymer melt of
sufficiently long chains. The purely repulsive interaction in athermal solvent turns into a weak
attractive interaction in the vicinity of the polymer chains. To better understand the interactions
between dendrimers and linear chains, the potential of mean force between a dendrimer and the
linear chains was analyzed, showing a repulsive potential that is reduced with increasing volume
fraction and linear chain length to maximal potential barriers of about 1 kBT per molecule. This is
in agreement with the interpenetration behavior that was found in the radial monomer distri-
butions. There is a very weak attractive part of the potential of mean force between dendrimers
and chains at contact distance of the order of −0.01 kBT per molecule. The pairwise dendrimer
interactions display a weak attractive well in the potential of mean force at contact distance
that is much stronger than the dendrimer-chain attraction, but still less than one kBT. A notable
attractive interaction between dendrimers in a linear polymer melt and an impenetrable wall of
more than one kBT per molecule for high generation dendrimers was found, resulting in a surface
accumulation of these dendrimers. To model this attraction, a mean field free energy model based
on the excess free energy between dendrimers and linear chains was constructed and compared
to the potential of mean force, see figure 6.2. The free energy shape could be reproduced by the
model free energy quit well for long spacer lengths. This model is a different approach than the
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already established models describing effective attractive interactions in soft matter, in particular
ordinary depletion in hard colloidal systems and autophobicity in systems with densely grafted
polymers exposed to a polymer melt. Both models do not really match the interaction potentials
and interpenetration characteristics found for dendrimers in a linear polymer melt, so the excess
free energy model provides a reasonable qualitative explanation for the observed interactions.
An experimental study on the rheology of extruded blends of almost linear and highly branched
polyethylene [80] also indicates a surface accumulation of hyperbranched polymer at the surface
of the samples, reducing the apparent shear stress and improving the extrudate surface morphol-
ogy. This shows that the rather weak entropic interactions have an important impact on polymer
systems that are relevant in industrial processes.

ΔΔ rVVΔVΔ

R

FIGURE 6.2: Summary of the interactions between dendrimers and a non-adsorbing wall
for dendrimers dissolved in a linear polymer melt. On the left hand side, a representative
simulation snapshot is shown of generation G = 5 dendrimers with spacer lengths S = 2
(green) immersed in a polymer melt of linear chains with chain length N = 128 (yellow)
close to the impenetrable wall. In the center, the conformation of a dendrimer close ot the
wall is sketched. On the right hand side, the potential of mean force for different generations
is shown (full lines) together with the predictions of the free energy model (dashed lines).

When linear chains are grafted to the terminal groups of the dendrimers or other hyper-
branchedmolecules in general, they can be used to control the properties of the resulting molecule
to match several demands of industrial and medical applications. Using linear chains with differ-
ent solvent interactions as compared to the dendritic core results in amphiphilic linear dendritic
copolymers. Dilute solutions of these codendrimers have been exposed to selective solvent
in computer simulations resulting in the formation of a variety of single-molecular and multi-
molecular structures.

In case of the dendritic core being exposed to poor solvent conditions and the grafted chains
in athermal solvent, the formation of multi-molecular micelles was observed, see figure 6.3. In
certain conditions this structure formation can be described as an interconversion process that is
driven by the change of the conformational free energy of the codendrimers when forming struc-
tures containing a different amount of molecules and the translational entropy of the molecules.
This process is described by a mean field model which is in fair agreement with the simulation
results. The findings on the multimolecular structure formation with linear-dendritic copolymers
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provide important insights on total structure sizes and solubility preferences of these molecules
being very important in medical applications where for instance drug carriers or gene vectors are
supposed to pass small pores or even membranes.

FIGURE 6.3: Summary of the linear dendritic copolymers forming multi-molecular micelles.
On the left hand side, the mean number of molecules per micelle 〈km〉 determined by simula-
tions is shown together with the equation of the theoretical prediction for 〈k〉(ε, G, S, Nc). The
simulation snapshot in the center shows a system (G 5, S 2, Nc 2) containing single-molecular
and multi-molecular micelles. On the right hand side, the potential of mean force between the
centers of the codendrimer molecules is shown for a case with fluctuating micelles (G 5, S 2,
Nc 2, see snapshot) and with single-molecular states only (Nc = 6). In case of fluctuations,
the potential barrier between bound and non-bound state is finite (blue) and the total free
energy change between these states ∆F can be compared with a chemical reaction model
where the active concentrations ϕi determine the free energy difference (green). In the purely
single-molecular system, the potential of mean force displays a barrier that could not be

passed (yellow).

For inverted solvent selectivity with an athermal dendritic core and grafted chains exposed
to poor solvent conditions, the formation of clusters of codendrimers was found. The internal
structure of these clusters depends strongly on the system parameters and ranges from struc-
tureless clusters with small grafted chain droplets to very symmetric grafted chain droplets with
indications of polygonal structures or almost perfect spheres. As an outlook, a few preliminary
results on melts of codendrimers are shown, displaying a micro-phase separation with interest-
ing convoluted bi-continuous phases that are rarely found in ordinary linear copolymer systems.
These systems could be further investigated to understand the dependencies between system
parameters and occurring structures to make them more attractive for experimentalists.

Beside the insights into the physics of mixtures of linear and branched polymers and a special
class of hyperbranched copolymers, a lot of technical and programming work has been done
in the scope of this thesis. The open source simulation and visualization library LeMonADE
[63] is a powerful and unique tool for polymer simulations applying a Monte Carlo algorithm
on CPU and GPU. The further development and the support for other researchers can increase
the number of users and forward scientific progress in computational polymer physics making
LeMonADE a popular tool for Monte Carlo simulations like LAMMPS for molecular dynamic
simulations.
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