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Abstract

Hamiltonian systems typically exhibit a mixed phase space in which regions of regular and chaotic
dynamics coexist. The chaotic transport is restricted due to partial barriers, since they only allow for
a small flux between different regions of phase space. In systems with a two-dimensional (2d) phase
space these partial barriers are well understood. However, in systems with a four-dimensional (4d)
phase space their dynamical origin is an open question. Thus, we study these partial barriers and the
related chaotic transport in 4d maps. For the chaotic transport, we observe a slow power-law decay of
the Poincaré recurrence statistics. This is caused by long-trapped orbits exploring stochastic layers of
resonance channels. Moreover, we analyze them and find clear signatures of partial transport barriers.
We identify normally hyperbolic invariant manifolds (NHIMs) as the relevant objects determining the
flux across these barriers. In addition, NHIMs also form the backbone for the explicit construction
of partial barriers. This allows us to determine the flux by measuring the turnstile volume. Moreover,
we conjecture the existence of a relevant partial barrier with minimal flux by generalizing a cantorus
barrier present in 2d maps. Local properties of the flux are studied and explained in terms of the
NHIM.

Zusammenfassung

Hamiltonische Systeme zeigen üblicherweise einen gemischten Phasenraum, in dem Bereiche re-
gulärer und chaotischer Dynamik vorherrschen. Der chaotische Transport wird durch partielle Bar-
rieren behindert, da diese nur einen kleinen Fluss zwischen getrennten Bereichen des Phasenraums
zulassen. Für Systeme mit einem zweidimensionalen (2d) Phasenraum sind diese bereits gut ver-
standen. Hingegen ist deren dynamischer Ursprung in Systemen mit einem vierdimensionalen (4d)
Phasenraum noch ungeklärt. In dieser Arbeit betrachten wir deshalb in 4d Abbildungen sowohl
chaotischen Transport, als auch partielle Barrieren. Für den chaotischen Transport lässt sich die
Verteilung der Poincaré-Rückkehrzeiten durch ein Potenzgesetz beschreiben. Lange Rückkehrzeiten
sind dabei auf Trajektorien zurückzuführen, die in den chaotischen Bereichen von Resonanzkanälen
verweilen. Für diese stellen wir eindeutige Signaturen von partiellen Barrieren fest. Es zeigt sich,
dass normal hyperbolische invariante Mannigfaltigkeiten (NHIM) die maßgeblichen Objekte sind,
die den Fluss über partielle Barrieren beschreiben. Anhand dieser lassen sich auch partiellen Bar-
rieren explizit konstruieren, was uns wiederum ermöglicht den Fluss mittels einer Volumenmessung
zu bestimmen. Durch die Verallgemeinerung einer Cantorusbarriere, die bereits in 2d Abbildungen
auftreten, finden wir eine relevante partielle Barriere mit kleinstem Fluss. Weiterhin betrachten wir
die lokale Abhängigkeit des Flusses, welche sich mittels der NHIM beschreiben lässt.
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1 Introduction

Hamiltonian mechanics governs the dynamics of a large class of physical systems. It is omnipresent in
mechanical applications of our daily lives [1] and, moreover, provides an effective description of small
systems subject to the law of quantum mechanics [2] up to large gravitating systems governed by
general relativity [3]. Examples and applications range from atoms and molecules [4–6] and chemical
reactions [7–11], to particle accelerators [12, 13] and the solar system [14, 15].

The state of a Hamiltonian system is represented in phase space and is evolving in time according
to the corresponding equations of motion. The resulting dynamics may be characterized as either
integrable, which restricts the motion to invariant tori, or chaotic, where the time evolution is ex-
ponentially sensitive to changes in the initial conditions [16]. Generically, however, both types of
dynamics coexist leading to a so-called mixed phase space [17]. Consequently, the phase space is
typically divided into several regions which might be dynamically connected by chaotic transport.
Barriers in phase space are invariant surfaces of codimension one, that dynamically separate different
regions. In contrast, partial barriers are not exactly invariant but allow for a small flux, i.e., the
exchange of phase-space volume via a turnstile. Most restrictive to the chaotic transport are par-
tial barriers of minimal flux [18, 19]. The level of understanding concerning their dynamical origin,
however, is closely related to the dimensionality of phase space.

The minimal example exhibiting chaotic transport are two-dimensional (2d) symplectic maps,
since they have the lowest possible number of phase-space dimensions and in general no conserved
quantities. Here, in the 2d phase space, regular tori are one-dimensional objects and thus absolute
barriers. In contrast, partial barriers, which allow for a restricted chaotic transport, arise from
invariant manifolds of hyperbolic periodic orbits or broken regular tori, so-called cantori [18–27]. The
latter turn out to have locally the smallest flux and thus are most restrictive for transport. The flux
through cantori can be approximated by the fluxes of partial barriers obtained from a sequence of
periodic orbits, which approximate said cantorus.

However, even 4d symplectic maps, i.e., the minimal extension of the aforementioned 2d case,
do not allow for a straightforward explanation of the mechanisms discussed above. The reason is
that regular tori are two-dimensional and therefore cannot separate the 4d phase space into different
regions. As a consequence, new types of transport arise such that chaotic orbits could in principle
come arbitrarily close to any point in phase space, commonly referred to as Arnold diffusion [28–31].
However, this type of transport is expected to be negligible on the considered time scale, such that
we deal with the faster chaotic transport which is restricted due to partial barriers. For the latter,
even less is known about the dynamical origin of partial transport barriers which must be three-
dimensional objects in order to be of codimension one. Obviously, broken regular 2d tori cannot
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form a partial barrier limiting transport and hence their origin is not clear.

In fact, the existence of partial barriers manifests in the restricted chaotic transport observed in
higher-dimensional Hamiltonian systems. This is most prominently demonstrated by the statistics
of Poincaré recurrence times 𝑃 (𝑡), describing the behavior of ensembles of chaotic trajectories. In
fully chaotic systems, 𝑃 (𝑡) decays exponentially [32–35], whereas in case of a mixed phase space one
observes a slow power-law decay for both lower-dimensional [23, 36–52] as well as higher-dimensional
systems [9, 53–60]. For systems with a two-dimensional phase space the origin of the power-law decay
of the Poincaré recurrence statistics 𝑃 (𝑡) is well understood: Near regular structures there is a whole
hierarchy of partial barriers associated with the boundary circle [61] and islands-around-islands [41].
These hierarchies of partial barriers are the origin of sticky chaotic trajectories in the surrounding of a
regular island and lead to a power-law behavior, see Refs. [40, 42, 43, 49, 52], and the reviews [18, 19].
In contrast, in higher-dimensional phase spaces a similar understanding is still lacking. The reason
is that much less is known about the dynamical origin of partial barriers, a circumstance which is
addressed in the two main objectives of this thesis.

The first objective of this thesis is to gain a better understanding of the underlying mechanism of
the power-law trapping in higher-dimensional systems. Specifically, we consider a 3d billiard, which
can be reduced to a 4d map. The resulting map exhibits a mixed phase space and the Poincaré
recurrence statistics shows a power-law distribution. In order to relate the trapped orbits to regular
structures, we first obtain an intuitive understanding of the organization of regular structures, which
is necessary since a direct visualization of the corresponding 4d phase space is not possible. This is
achieved by the recently introduced 3d phase-space slice [62] and the frequency space [62–65], which
allows to demonstrate the generalized island-around-island hierarchy [66], the organization in terms
of families of elliptic 1d tori [67] and the presence of resonance channels. The latter are of particular
importance for the restricted chaotic transport, since orbits stick in their stochastic layers which we
visualize in phase space. By analyzing long-trapped orbits, we find clear signatures of partial barriers
in phase space and in frequency space.

The second objective of this thesis is to investigate those partial barriers in more detail. That is to
determine the flux across partial barriers in a 4d map which is based on invariant objects, generalizing
the well-established 2d case. It turns out that the fundamental objects for the generalization in the
4d phase space are so-called normally hyperbolic invariant manifolds (NHIMs) [68, 69], which are the
two-dimensional analog of the zero-dimensional periodic orbits. The flux is entirely determined by
means of these NHIMs entering a flux formula [19]. Furthermore, they act as backbone for an explicit
construction of a 3d partial barrier, which allows to verify the flux by a volume measurement of the
turnstile. We conjecture a relevant partial barrier, which is an analogy to the cantorus barrier present
in 2d maps. Additionally, the existence of a slow varying coordinate and an example of transport
suggests to resolve the flux locally. Here, one finds that the local flux depends on the explicit form
of the partial barrier. Its essential features, however, are captured by the properties of the NHIM only.
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This thesis is organized as follows: In Chap. 2 we investigate the power-law trapping in a higher-
dimensional systems. To this end we introduce a 3d billiard in Sec. 2.1 and subsequently represented
regular structures of phase space by means of 3d phase-space slices and the frequency space. The
power-law trapping is discussed in Sec. 2.2, where we analyze long-trapped orbits and find clear
signatures of partial barriers. These findings motivate to consider the turnstile transport in 4d maps,
which is subject of Chap. 3. Therefore, in Sec. 3.1 symplectic maps and the notion of partial barrier,
turnstile and flux is introduced. In Sec. 3.2 we review the determination of flux by means of periodic
orbits. Their generalization, the NHIMs, allow to determine the flux and construct partial barriers
explicitly, as discussed in Sec. 3.3. Finally, the local dependence of the flux is investigated in Sec. 3.4.
In Chap. 4, we summarize the results and give an outlook for future research.





2 Power-law trapping in 3D Billiards

In Hamiltonian systems the restricted chaotic transport between different regions of phase space is
of particular interest for applications. Most prominently, these constraints to the classical transport
manifest in a slow power-law decay in the statistics of the Poincaré recurrence times. The origin
of this slow decay is well understood for systems with a two-dimensional phase space [43, 52]. For
higher-dimensional systems, however, a similar understanding is still lacking, despite recent progress
[60]. In this chapter, we specifically consider a 3d billiard which is reduced to a 4d map and aim
for a better understanding of the origin of the power-law trapping. That is, chaotic trajectories
stick in the vicinity of regular structures. The organization of the latter in the associated 4d mixed
phase space, however, is rather intricate, since a direct visualization is not possible. To this end
we introduce different representations in Sec. 2.1, which allow to organize the 4d phase space. The
observed power-law decay of the Poincaré recurrence statistics is traced back to long-trapped orbits,
which we analyze in Sec. 2.2, where we find clear signatures of partial barriers. Note that the results
have already been published in Ref. [70]. Therefore, text and figures coincide to a large extent with
that publication. We further refer to the videos in the Supplemental Material [71].

2.1 Organization of regular structures in 3D Billiards

Billiard systems are Hamiltonian systems playing an important role in many areas of physics such as
acoustics [72], quantum-chaos [73, 74] and optical microcavities where the classical dynamics allows
for understanding and tuning directed laser emission [75–78]. They are given by the free motion
of a point particle moving along straight lines inside some interior with specular reflections at the
boundary [79–81].

In two-dimensional (2d) billiards the dynamics ranges from integrable motion, e.g., for circular,
elliptic or rectangular shape of the boundary, to fully chaotic dynamics, e.g., for the Sinai–billiard
[82], the Bunimovich stadium billiard [83], or the cardioid billiard [84–87]. The dynamics of a 2d
billiard is conveniently reduced to a 2d map using energy conservation and a Poincaré section. For
convex billiards with sufficiently smooth boundaries one obtains a mixed phase space, such as the
family of limaçon billiards [84, 88] or the mushroom billiard where the phase space is sharply divided
[89].

Three-dimensional (3d) billiards, which can be reduced to a 4d map, have in particular been
investigated for establishing fully chaotic dynamics [90–100], and studying both classical and quantum
properties of integrable, mixed and fully chaotic systems, see for example Ref. [101–116]. Recent
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applications are in the context of three-dimensional optical microcavities [117–120], where also the
role the famous Arnold diffusion is discussed [121].

In this section we introduce several methods which allow to represent and organize regular struc-
tures in a higher-dimensional phase space, as occurring for 3d billiards. As a specific example, we
define the 3d paraboloid billiard in Sec. 2.1.1 for which the dynamics is reduced to a 4d map. The
first method regards a visualization of the four-dimensional phase space in a three-dimensional plot by
means of 3d phase-space slices introduced in Sec. 2.1.2. The second method, introduced in Sec. 2.1.3,
organizes regular objects in a two-dimensional frequency space. By the interplay of both approaches
an intuitive understanding of phase space is obtained, which allows to discuss the generalized island-
around-island hierarchy in Sec. 2.1.4. Moreover, properties of resonance channels are discussed in
Sec. 2.1.5.

2.1.1 Billiard dynamics and Poincare section

In the following we briefly define billiard systems and Poincaré sections. Subsequently, we introduce
a specific example for a 3d billiard and consider the phase space of two embedded 2d billiards.

A 3d billiard system is an autonomous Hamiltonian system

𝐻 (𝑝, 𝑞) =

⎧⎨⎩𝑝2, 𝑞 ∈ Ω

∞, 𝑞 ∈ 𝜕Ω ,
(2.1)

which describes the dynamics of a freely moving point particle within a closed domain Ω ⊂ R3, i.e.,
the interior, with specular reflections at the boundary 𝜕Ω. The boundary 𝜕Ω = ∪𝑛

𝑖=1𝜕Ω𝑖 consists of a
finite number of piece-wise smooth elements 𝜕Ω𝑖. Every point 𝑞 ∈ 𝜕Ω has a unique inward pointing
unit normal vector �̂� (𝑞), except for intersections of boundary elements.

After the free propagation inside the domain the particle collides at a specific point 𝑞 ∈ 𝜕Ω with the
boundary. With respect to the normal vector �̂� (𝑞) the normal projection of the momentum vector
changes its sign, while the tangent component remains the same. Therefore the new momentum 𝑝′

after a reflection is given by

𝑝′ = 𝑝 − 2 ⟨𝑝, �̂� (𝑞)⟩ �̂� (𝑞) , (2.2)

where 𝑝 is the momentum before the reflection.
The dynamics of a 3d billiard takes place in a 6d phase space with coordinates (𝑝𝑥, 𝑝𝑦, 𝑝𝑧, 𝑥, 𝑦, 𝑧).

As the Hamiltonian (2.1) is time–independent, energy is conserved, i.e., 𝐻 (𝑝, 𝑞) is constant so that
the dynamics takes place on a 5d sub-manifold of constant energy. As the character of the dynamics
does not depend on the value of ‖𝑝‖, we fix the energy shell by requiring ‖𝑝‖ = 1. This can be
further reduced as the dynamics inside the billiard takes place on straight lines. Thus the boundary
provides a natural section for the so-called Poincaré section defined as

𝒫 = {(𝑝, 𝑞) ∈ Ω × 𝑆3 | 𝑞 ∈ 𝜕Ω, 𝑝 ∈ 𝑇 *
𝑞 (Ω) with ⟨𝑝, �̂�⟩ ≥ 0} (2.3)
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where 𝑇 *
𝑞 (Ω) denotes the tangent space to 𝑞. By means of this section the dynamics is reduced to

a discrete-time map on a 4d phase space. A good parametrization of the section depends on the
considered billiard.

As an explicit example we consider the 3d paraboloid billiard whose domain is defined by a down-
wards opened paraboloid 𝜕Ω1 cut by the plane 𝑧 = 0, leading to an ellipsoid surface as boundary
𝜕Ω2,

𝜕Ω1 =
{︃

𝑧 = 1 − 1
2

(︃(︂
𝑥

𝑎

)︂2
+
(︂

𝑦

𝑏

)︂2
)︃

, 𝑧 ≥ 0
}︃

𝜕Ω2 =
{︃

𝑧 = 0,
1
2

(︃(︂
𝑥

𝑎

)︂2
+
(︂

𝑦

𝑏

)︂2
)︃

≤ 1
}︃

,

(2.4)

with parameters 𝑎 = 1.04 and 𝑏 = 1.12. These parameters are chosen such that the billiard has no
rotational symmetry, 𝑎 ̸= 𝑏, and that the central periodic orbit (going along the line 𝑥 = 0, 𝑦 = 0) is
stable as 𝑎, 𝑏 > 1. Note that for 𝑎 = 𝑏 the 𝑧 component of the angular momentum is conserved. The
shape of the boundary defining the 3d paraboloid billiard is shown in Fig. 2.1. Here, only one half
of the paraboloid 𝜕Ω1 is shown for 𝑦 < 0 as gray surface and 𝜕Ω2 as green ellipse. Numerically, this
billiard allows for a particularly convenient implementation as reflection points can be computed by
solving a quadratic equation [122].

As Poincaré section (2.3) we choose only one element of the boundary 𝜕Ω2, i.e., the plane 𝑧 = 0,
so that an initial condition is uniquely specified by its location (𝑥, 𝑦) within the ellipse 𝜕Ω2 and
the momentum components (𝑝𝑥, 𝑝𝑦) since the third component follows from momentum conservation
‖𝑝‖ = 1. This reduces the 3d billiard flow with 6d phase space to a symplectic Poincaré map
(𝑝𝑥, 𝑝𝑦, 𝑥, 𝑦) ↦→

(︁
𝑝′

𝑥, 𝑝′
𝑦, 𝑥′, 𝑦′

)︁
on a 4d phase space,

𝑀 = {(𝑝𝑥, 𝑝𝑦, 𝑥, 𝑦) | (𝑥, 𝑦) ∈ 𝜕Ω2, (𝑝𝑥, 𝑝𝑦) ∈ R2 with 𝑝2
𝑥 + 𝑝2

𝑦 ≤ 1} (2.5)
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Figure 2.1: 3D paraboloid billiard (2.4) for 𝑎 = 1.04 and 𝑏 = 1.12 with boundaries 𝜕Ω2 (green
surface) and 𝜕Ω1 (gray surface) for which only the part with 𝑦 < 0 is shown. The transparent red
and blue colored surfaces correspond to the two embedded 2d billiards.
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with invariant measure d𝜇 = 1
|𝜕Ω2|𝜋 d𝑝𝑥d𝑝𝑦d𝑥d𝑦. Note that the trajectory can be reflected several

times at the curved boundary 𝜕Ω1 before returning to 𝜕Ω2. There are two different time measures,
namely the number 𝑡 of applications of the Poincaré map and the real flight time 𝜏 , which is the sum
of the geometric lengths between consecutive reflections at the billiard boundary 𝜕Ω.
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(a)

−1 0 1
−1

0

1

y

py

(b)

Figure 2.2: Phase space for the two 2d billiards embedded in the 3d paraboloid billiard, see
Fig. 2.1. Regular tori (red rings) are arranged around an elliptic fixed point (black dot) in the center
u2d

fp = (0, 0). The regular island is embedded in the chaotic region, for which one chaotic orbit is
shown (blue dots). (a) For 𝑎 = 1.04 two resonances 8:3 and 3:1 within the regular region and one
10:3 resonance at the edge of the regular island are shown. (b) For 𝑏 = 1.12 two resonances 3:1 and
10:3 within the regular region and one 14:4 resonance at the edge of the island are shown. Adapted
from Ref. [70].

Let us first discuss two special cases for the dynamics of the 3d paraboloid billiard. Corresponding
to the motion in the (𝑥, 𝑧) and the (𝑦, 𝑧)-plane there are two embedded 2d billiards shown in Fig. 2.1
as transparent red and blue colored surfaces. Their boundary is given by a parabola with parameters
𝑎 and 𝑏, respectively, and a straight line. For 2d billiards the phase space is four-dimensional and
the whole boundary 𝜕Ω usually provides a good section. The section is conveniently parametrized in
Birkhoff coordinates by the arc-length along the boundary and the projection of the (unit) momentum
vector onto the unit tangent vector in the point of reflection [123]. In the following instead of the
entire boundary we only consider the line on 𝜕Ω2 as Poincaré section for which one obtains a 2d
area-preserving map.

The central periodic orbit has perpendicular reflections at the boundaries and geometric length 2.
As 𝑎, 𝑏 > 1, the radius of curvature is larger than 1 and thus larger than half of the length of the
periodic orbit so that in both cases the central periodic orbit is stable [84]. The phase space of the
corresponding billiard maps in (𝑥, 𝑝𝑥) and (𝑦, 𝑝𝑦), respectively, is shown in Fig. 2.2.

For the billiard map the stable periodic orbit corresponds to an elliptic fixed point at the cen-
ter u2d

fp = (𝑞𝑖, 𝑝𝑖) = (0, 0), indicated as black dot in Fig. 2.2(a,b). As follows from KAM theory
[31, 124, 125] these elliptic points are surrounded by invariant regular tori, shown as red rings. Be-
tween these KAM tori of sufficiently irrational rotation frequency one has nonlinear 𝑟 : 𝑠 resonance
chains, as implied by the Poincaré-Birkhoff theorem [126, 127], leading to small embedded sub-islands.
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Note that we choose the numbers 𝑟 and 𝑠 such that 𝑟 is the number of sub-islands of a resonance.
The phase space of the billiard map in (𝑥, 𝑝𝑥), see Fig. 2.2(a), shows a prominent 6:2 and a smaller
8:3 resonance near the fixed point. Further outside a 10:3 resonance is visible. Note that the 6:2
resonance chain consists of two symmetry-related 3:1 resonance chains which only differ in the sign of
the initial momentum 𝑝𝑥. For the billiard system in (𝑦, 𝑝𝑦), see Fig. 2.2(b), there is a 3:1 resonance
near the fixed point and further outside a 10:3 and a 14:4 resonance. For both 2d billiards, the
central regular island is embedded in a chaotic sea with irregular motion (blue dots in Fig. 2.2). The
central island is enclosed by a last invariant torus called boundary circle [61]. For both 2d billiards
continuous families of marginally unstable periodic orbits exist in the chaotic part of phase space at
𝑝𝑖 = 0 [128–131]. These families will have no influence for the studies of the Poincaré recurrences.

Considering the dynamics of the 3d billiard, beyond the 2d invariant planes shown in Fig. 2.1, we
have to investigate the full 4d phase space. The central invariant object is the elliptic-elliptic fixed
point ufp = (𝑝𝑥, 𝑝𝑦, 𝑥, 𝑦) = (0, 0, 0, 0) resulting from a direct product of the fixed points u2d

fp of the
two 2d billiards. It corresponds to the periodic trajectory, which coincides with the 𝑧-axis of Fig. 2.1.
Regular motion in the 4d phase space takes place on 2d tori. In the immediate neighborhood of this
elliptic-elliptic fixed point there is a high density of regular 2d tori [132], which can be thought of
as a product of the 2d billiards. The regular 2d tori form a whole “regular region”, similar to the
regular islands in the 2d billiards, which is also embedded into a 4d chaotic region. However, note
that this regular region is not a connected region but just a collection of regular tori, permeated by
chaotic trajectories on arbitrarily fine scales, see Sec. 2.1.5 for a more detailed discussion.

2.1.2 3D Phase space slice

The direct visualization of a higher-dimensional phase space, like, e.g., a 4d phase space, is not directly
possible. Thus several techniques have been used which regard the dynamics in lower-dimensional
spaces. This can be achieved by either considering sections of phase space [133] or projecting into
two- or three-dimensional spaces [134]. For the latter also a color-projection has been used in order
to depict the projected coordinate [135, 136]. In the following, we will employ the method of 3d
phase-space slices in order to visualize the phase space of the 3d paraboloid billiard. Additionally,
for specific examples of the 3d phase-space slice the corresponding trajectory is shown in configuration
space.

The 3d phase-space slice is a 3d hyperplane in the 4d phase space [62]. Specifically, we choose in
the following

Γ𝜀 =
{︁

(𝑝𝑥, 𝑝𝑦, 𝑥, 𝑦)
⃒⃒⃒

|𝑝𝑦| ≤ 𝜀
}︁

(2.6)

with 𝜀 = 10−4. Whenever a point (𝑝𝑥, 𝑝𝑦, 𝑥, 𝑦) of an orbit lies within Γ𝜀, the remaining coordinates
(𝑝𝑥, 𝑥, 𝑦) are displayed in a 3d plot. Objects of the 4d phase space usually appear in the 3d phase-
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space slice with a dimension reduced by one. Thus, a typical 2d torus leads to a pair (or more) of 1d
lines. The (numerical) parameter 𝜀 defines the resolution of the resulting 3d phase-space slice. For
smaller 𝜀 longer trajectories have to be computed to obtain the same number of points in Γ𝜀. For
further illustrations and discussions of the 3d phase-space slice representation see Refs. [62, 66, 67,
137].

Figure 2.3 shows a 3d phase-space slice representation for the 3d paraboloid billiard. To obtain
this figure, a few representative selected initial conditions on regular tori are iterated until 5000
points fulfill the slice condition (2.6). Regular 2d tori appear as two (or more) distinct rings, see the
colored and labeled tori a – d in Fig. 2.3. Note that the reflection symmetry of the 3d billiard at
the (𝑥, 𝑧)-plane leads to a symmetry in the 3d phase-space slice with respect to (𝑥, 𝑝𝑥)-plane. The
reflection symmetry at the (𝑦, 𝑧)-plane corresponds to a symmetry in the 3d phase-space slice with
respect to the (𝑦, 𝑝𝑥)-plane.

All regular tori are embedded in a chaotic sea (not shown), similar to the 2d case in Fig. 2.2. Thus,
the chaotic sea is a 4d volume in phase space and appears as a 3d volume in the 3d phase-space
slice.

The 3d phase-space slice representation resembles in large parts the 2d phase space (𝑥, 𝑝𝑥) of
the 2d billiard shown in Fig. 2.2(a). This results from the chosen slice condition (2.6), |𝑝𝑦| ≤ 𝜀.
Alternatively, one could consider the slice condition |𝑝𝑥| ≤ 𝜀 and display the remaining coordinates
(𝑥, 𝑦, 𝑝𝑦). This would resemble in large parts the 2d phase space (𝑦, 𝑝𝑦) of the 2d billiard shown in
Fig. 2.2(b).

To obtain a better intuition of the 3d phase-space slice we relate some regular 2d tori of Fig. 2.3
to the corresponding trajectories in configuration space, see Fig. 2.4:

a The pair of red rings correspond to a regular 2d torus in the 4d phase space and in configuration
space to the trajectory shown in Fig. 2.4(a). This trajectory is close to the (𝑥, 𝑧)-plane and may be
considered as continuation of a trajectory of the 2d billiard dynamics shown in Fig. 2.2(a) with
additional dynamics in 𝑦-direction.

b For the 2d torus shown in Fig. 2.4(b) the trajectory is close to the (𝑦, 𝑧)-plane and therefore
similar to the 2d billiard dynamics shown in Fig. 2.2(b) with additional dynamics in 𝑥-direction.

c The six orange rings correspond to the trajectory of Fig. 2.4(c), which is located in the 3 : 1
island chain of Fig. 2.2(a), again with additional dynamics in 𝑦-direction. Note that this trajectory
has a symmetry related partner, which is obtained by inverting the initial momentum. In the 3d
phase-space slice this corresponds to the symmetry with respect to the reflection at the (𝑥, 𝑦)-plane.

d A type of dynamics only occurring in 3d billiards is the cyan 2d torus shown in Fig. 2.3 with
trajectory displayed in Fig. 2.4(d). Here, the coupling between both degrees of freedom can be nicely
seen in the twisting envelope of the trajectory in configuration space. Note that this 2d torus has
a symmetry-related partner obtained by inverting the initial momentum, i.e., in configuration space
one obtains the same type of trajectory passed in opposite sense. In the 3d phase-space slice the
symmetry related orbit is obtained by reflection at the (𝑥, 𝑝𝑥)-plane.

e Moreover, there are also trajectories of the type shown in Fig. 2.4(e). This is a periodic orbit
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Figure 2.3: 3d phase-space slice (2.6) with |𝑝𝑦| ≤ 𝜀 = 10−4 for the 3d paraboloid billiard (2.4)
for 𝑎 = 1.04 and 𝑏 = 1.12. Regular tori appear as 1d lines (gray). For the labeled tori ( a – e ) the
corresponding trajectories in configuration space are shown in Fig. 2.4. Adapted from Ref. [70]. For
a rotating view see Supplemental Material [71].
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Figure 2.4: Trajectories in the 3d paraboloid billiard for the tori highlighted in Fig. 2.3. a
Trajectory (red) close to ℳfp

𝑥 . b Trajectory (blue) close to ℳfp
𝑦 . c Trajectory (orange) of an

uncoupled resonance related to the billiard system with 𝑎 = 1.04. d Trajectory (cyan) of a coupled
resonance. e Periodic trajectory (pink) of a double resonance with period 35. Adapted from
Ref. [70].
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with period 35 extending in both degrees of freedom and corresponds to a double resonance (see
Sec. 2.1.3), which is not possible in a 2d billiard.

The regular 2d tori in the phase space of a 4d map are organized around families of elliptic 1d
tori [66, 67]. Most prominently one has the so-called Lyapunov families [138–140] of elliptic 1d
tori which emanate from the central elliptic-elliptic fixed point ufp. For the 3d billiard these two
families ℳfp

𝑥 and ℳfp
𝑦 corresponds to the regular dynamics of the two embedded 2d billiards shown

in Fig. 2.2. These two families of elliptic 1d tori form a “skeleton” around which the regular 2d tori
are organized. For example, the orbit shown in Fig. 2.4(a) is a regular 2d torus which is close to the
Lyapunov family ℳfp

𝑥 , while the orbit in Fig. 2.4(b) is close to the Lyapunov family ℳfp
𝑦 .

In the chosen 3d phase-space slice (2.6) the family ℳfp
𝑥 is completely contained in the (𝑥, 𝑝𝑥)-plane

of Fig. 2.3. Note that only a few selected trajectories of Fig. 2.2(a) are displayed. In contrast ℳfp
𝑦

coincides with the 𝑦-axis which is easily seen by applying the slice condition (2.6) to the phase space
shown in Fig. 2.2(b). The closeness of the 2d tori shown in Fig. 2.4(a) to ℳfp

𝑥 and in Fig. 2.4(b) to
ℳfp

𝑦 is also clearly seen in the 3d phase-space slice in Fig. 2.3. Note that in general the Lyapunov
families not necessarily coincide with conjugate variables of the system, see Ref. [66].

2.1.3 Frequency space

An important complementary approach for understanding higher-dimensional dynamical systems is
the frequency space representation. The basic idea is that every regular torus is described by its
fundamental frequencies. Therefore one assumes, that at least locally, a canonical transformation to
so-called action-angle variables exists [16]. In the 4d phase space a 2d regular torus is described by
its two fundamental frequencies (𝜈𝑥, 𝜈𝑦) ∈ [0, 1)2. Displaying frequency pairs of many regular tori
then defines the 2d frequency space. Numerically, this frequency pair is obtained by using a Fourier-
transform based frequency analysis [63–65]. The mapping from phase space to frequency space allows
for explaining features observed in the 3d phase-space slice and identifying resonant motion.

For a given initial condition an orbit segment {(𝑝𝑗
𝑥, 𝑝𝑗

𝑦, 𝑥𝑗 , 𝑦𝑗)} with 𝑗 = 0, 1, ..., 𝑁seg − 1 is ob-
tained from consecutive iterates of the map. In the following 𝑁seg = 4096 is used. From this orbit
two complex signals 𝑠𝑗

𝑥 = 𝑥𝑗 − i𝑝𝑗
𝑥 and 𝑠𝑗

𝑦 = 𝑦𝑗 − i𝑝𝑗
𝑦 are constructed, and for each signal its funda-

mental frequencies 𝜈𝑥 and 𝜈𝑦 are calculated. Note that usually the computed frequencies are only
defined up to an unimodular transformation [62, 141, 142]. For the considered 3d billiard system no
transformations have to be applied to get a consistent association in frequency space.

To decide whether the motion for a given initial condition is regular or chaotic, another orbit
segment {(𝑝𝑗

𝑥, 𝑝𝑗
𝑦, 𝑥𝑗 , 𝑦𝑗)} for 𝑗 = 𝑁 + 𝑁seg, ..., 𝑁 + 2𝑁seg − 1 is computed with 𝑁 = 105 giving

fundamental frequencies (𝜈𝑥, 𝜈𝑦). As chaos indicator we use the frequency criterion

𝛿 = max (|𝜈𝑥 − 𝜈𝑥|, |𝜈𝑦 − 𝜈𝑦|) < 𝛿reg. (2.7)

This should be close to zero for a regular orbit, while for a chaotic orbit the frequencies of the first and
second segment will be very different. While 𝑁 = 0 was used in [62], using 𝑁 = 105 leads to a more
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Figure 2.5: Frequency space of the 3d paraboloid billiard (2.4) for 𝑎 = 1.04 and 𝑏 = 1.12. In
total 9.6 × 106 frequencies (𝜈𝑥, 𝜈𝑦) for the 2d tori are displayed (gray points). The rightmost tip
(𝜈fp

𝑥 , 𝜈fp
𝑦 ) = (0.41143, 0.35130) corresponds to the elliptic-elliptic fixed point ufp. Two Lyapunov

families of elliptic 1d tori ℳfp
𝑥 (red) and ℳfp

𝑦 (blue) emanate from this point. Some important
resonance lines are shown as magenta dashed lines. The insets show magnifications of the frequency
space. Colored points marked by a – e correspond to the examples shown in Fig. 2.3 and Fig. 2.4.
Adapted from Ref. [70].
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sensitive measure, in particular excluding short-time transients. As threshold 𝛿reg = 10−9 has been
determined based on a histogram of the 𝛿-values, computed for many initial conditions together with
a visual inspection of selected orbits in the 3d phase-space slice. This leads to a total of 9.6 × 106

regular tori with corresponding frequency pairs shown in Fig. 2.5. Based on a visual check using
the 3d phase-space slice, initial points for the sampling of the frequency space are chosen within an
ellipse (𝑥, 𝑦, 𝑧 = 0) with half-axes 𝑟 𝑎

√
2, 𝑟 𝑏

√
2, and radius 𝑟 = 0.8 and 𝑝2

𝑥 + 𝑝2
𝑦 ≤ 1. Choosing initial

conditions outside of this region leads to chaotic dynamics and thus the frequency criterion (2.7) is
not fulfilled. From the fraction of accepted regular tori the size of the regular region is estimated as
1.4% of the 4d phase space.

Note that even though the frequency criterion (2.7) is a very sensitive chaos-detector, it uses finite-
time information and therefore some of the accepted regular 2d tori are actually chaotic orbits. This
is of course common to any tool for chaos detection, see Ref. [143] for a recent overview.

Regular tori and Lyapunov families

The geometry of the frequency space is governed by a few organizing elements:
First, the frequencies of the central fixed point ufp can be obtained by a linear stability analysis of
the 2d billiards [144]. The frequency of the central fixed point of the embedded 2d billiard is given
by the analytic expression 𝜈 = 1

2𝜋 arccos(1 − 2
𝜎2 ). For the specific choice of the parameters 𝑎 and 𝑏 of

the 3d paraboloid billiard (2.4) one obtains (𝜈fp
𝑥 , 𝜈fp

𝑦 ) ≈ (0.41143, 0.35130). This point corresponds
to the rightmost tip in the frequency plane in Fig. 2.5.

Second, the two sharp edges (red and blue) emanating from the fixed point correspond to the
Lyapunov families of 1d tori ℳfp

𝑥 and ℳfp
𝑦 . For such 1d tori only the longitudinal frequency 𝜈L,

corresponding to 𝜈𝑥 for ℳfp
𝑥 and 𝜈𝑦 for ℳfp

𝑦 , can be determined directly. The other frequency 𝜈N,
called normal or librating frequency, can be computed by contracting a surrounding 2d torus [66] or
using a Fourier expansion method [140, 145]. Going away from the fixed point along the 1d families,
i.e., either along ℳfp

𝑥 or ℳfp
𝑦 , corresponds in Fig. 2.2 to move from the central fixed point u2d

fp towards
the boundary of the regular island. For the particular geometry of the 3d paraboloid billiard the
Lyapunov families ℳfp

𝑥 and ℳfp
𝑦 coincide with the dynamics of the 2d billiards shown in Fig. 2.2.

These lower-dimensional dynamical objects provide the skeleton of the regular dynamics, both in
frequency space and in phase space, around which the regular motion on 2d tori is organized. In
the vicinity of the fixed point ufp the frequency pairs of regular 2d tori have a high density and
quite densely fill the region between the Lyapunov families, see also the upper inset in Fig. 2.5. With
increasing distance from the fixed point, e.g., below 𝜈𝑥 ≈ 0.35, regular 2d tori only persist close to the
families of 1d tori, see the lower inset in Fig. 2.5. Another important observation are the numerous
gaps, i.e., regions not covered by regular tori, which are arranged around straight lines. The origin
of these will be discussed in the following section.
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Resonance lines

The frequency space is covered by so-called resonance lines, on which the frequencies fulfill the
resonance condition

𝑚𝑥𝜈𝑥 + 𝑚𝑦𝜈𝑦 = 𝑛 (2.8)

for 𝑚𝑥, 𝑚𝑦, 𝑛 ∈ Z without a common divisor and at least 𝑚𝑥 or 𝑚𝑦 different from zero. In the
following a resonance condition is denoted as 𝑚𝑥 : 𝑚𝑦 : 𝑛 and the order of a resonance is given by
|𝑚𝑥| + |𝑚𝑦|. The resonance lines form a dense resonance web in frequency space. Some selected
resonance lines are shown in Fig. 2.5.

For a given frequency pair (𝜈𝑥, 𝜈𝑦) the number of independent resonance conditions, the so-called
rank, determines the type of motion occurring in 4d maps [146, 147] (also see [66] for an illustration):

∙ If the frequency pair fulfills no resonance condition, it is of rank-0 and the motion on the corre-
sponding 2d torus is quasi-periodic, filling it densely. Such frequencies for example correspond
to KAM tori of sufficiently incommensurate frequencies. Examples are the red ( a ) and blue
( b ) marked points, which correspond to the tori in 3d phase-space slice shown in Fig. 2.3 and
the trajectories in Fig. 2.4(a) and Fig. 2.4(b).

∙ If only one resonance condition is fulfilled (rank-1 case), the resonance is either (a) uncoupled,
i.e., 𝑚𝑥 :0 :𝑛 or 0 : 𝑚𝑦 : 𝑛, or (b) coupled, i.e., 𝑚𝑥 :𝑚𝑦 :𝑛 with both 𝑚𝑥 and 𝑚𝑦 non-zero. The
motion is quasi-periodic on a 1d invariant set, which either consists of one component in the
case of coupled resonances, or of 𝑚𝑥 (or 𝑚𝑦) dynamically connected components in the case of
uncoupled resonances. Note that in this rank-1 case one has (at least) one pair of elliptic and
hyperbolic 1d tori [67].

An example of an uncoupled resonance is the frequency pair (𝜈𝑥, 𝜈𝑦) = (0.3333, 0.2989) marked
in orange and located on the 3:0 :1 resonance line, corresponding to the orange torus of Fig. 2.3
and the trajectory in Fig. 2.4(c).

An example of a coupled resonance is the cyan frequency pair (𝜈𝑥, 𝜈𝑦) = (0.345, 0.31) located
on the 2:1 :1 resonance line, corresponding to the equally colored torus in Fig. 2.3 and the
trajectory in Fig. 2.4(d).

The difference between uncoupled and coupled resonances can also be seen by 3d projections
encoding the value of the projected coordinate by color scale [135, 136], see Fig. 5 in Ref. [66]
for a detailed illustration.

∙ If two independent resonance conditions are fulfilled (rank-2 case) one has a double resonance.
The frequency pair lies at the intersection of two resonance lines and leads to (at least) four
periodic orbits with different possibilities for their stability.

As an example, we consider the frequency pair (𝜈𝑥, 𝜈𝑦) = (𝑛1/𝑚1, 𝑛2/𝑚2) = (11/35, 2/7) in Fig. 2.5,
which is the intersection of the 5:5 :3 and 5:−2:1 resonance line. The period is given by
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lcm(𝑚1, 𝑚2) = 35. The corresponding elliptic-elliptic trajectory is shown in configuration space
in Fig. 2.4(e).

Resonances also lead to gaps within the areas covered by regular 2d tori, see e.g., the white regions
in Fig. 2.5. Of particular strong influence are resonances of low order as they typically lead to the
largest gaps. When resonance lines intersect the families of 1d tori, this also leads to gaps within these
families. So strictly speaking, they form one-parameter Cantor families of 1d tori [138, 148]. If either
|𝑚𝑥| ≤ 2 (for ℳfp

𝑥 ) or |𝑚𝑦| ≤ 2 (for ℳfp
𝑦 ) this leads to gaps or strong bends in the corresponding

families of 1d tori [67]. For example, due to the 3:0 :1 resonance there is a large gap in ℳfp
𝑥 and due

to the 0:10:3 resonance a smaller one in ℳfp
𝑦 . Note that in the case of the considered 3d paraboloid

billiard the frequencies of the families of 1d tori cross near these gaps, see Fig. 2.5.

2.1.4 Hierarchy

For systems with two degrees of freedom the phase space shows a hierarchy of islands-around-islands
on ever finer scale, which are organized around elliptic periodic orbits [41]. In higher-dimensional
systems the organization of phase space is based on higher-dimensional elliptic objects. For example
for a 4d map, families of elliptic 1d tori form the skeleton of surrounding regular 2d tori, as discussed
above. Thus the generalization of the island-around-island hierarchy can be fully described in terms
of the families of elliptic 1d tori [66]: There are two possible origins of such families, which either (𝛼)
emanate from an elliptic-elliptic periodic point or (𝛽) result from a family of broken 2d tori fulfilling
a rank-1 resonance condition. For the first case one further distinguishes: (𝛼1) the fixed point is
either the central elliptic-elliptic fixed point ufp or it corresponds to an elliptic-elliptic periodic point
resulting from a broken 2d torus which fulfills a rank-2 resonance. (𝛼2) The families of 1d tori emerge
from an elliptic-elliptic periodic point resulting from a broken elliptic 1d torus when its longitudinal
frequency 𝜈L = 𝑛

𝑚 fulfills an rank-1 resonance. This corresponds to an intersection of a resonance
line with a one-parameter family of elliptic 1d tori.

As this hierarchy of elliptic 1d tori is reflected in the surrounding 2d tori, Figs. 2.3–2.5 provide an
illustration of the hierarchy:

∙ (𝛼1): a and b are examples for orbits close to ℳfp
𝑥 and ℳfp

𝑦 , respectively, which emanate from
the central elliptic-elliptic fixed point ufp. An example of a double resonance is the elliptic-
elliptic periodic point shown in e . From this periodic orbit also two Lyapunov families of
elliptic 1d tori emerge.

∙ (𝛼2): c is an example in the surrounding of the period-3 island, where one elliptic 1d torus of
ℳfp

𝑥 with longitudinal frequency 𝜈L = 1
3 fulfills the 3:0 :1 resonance (rank-1), which gives rise

to a period-3 periodic orbit with attached Lyapunov families.

∙ (𝛽): An example of a two-parameter family of 2d tori fulfilling a rank-1 resonance condition is
the 2:1 :1 resonance, for which d shows one surrounding 2d torus.
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Analyzing the dynamics of this hierarchy in frequency space requires an adjusted frequency analysis
as the frequencies collapse to either (𝛼) a point or (𝛽) a resonance line [66].

2.1.5 Resonance channels and Arnold diffusion

Points on a resonance line (2.8) correspond in phase space either to elliptic 1d tori or the surrounding
2d tori. Thus the one-parameter family of elliptic 1d tori forms the “skeleton” of the so-called
resonance channel. The regular part of the resonance channel consists of the elliptic 1d tori and
their surrounding 2d tori. The chaotic part of the resonance channel consists of the corresponding
hyperbolic 1d tori and the chaotic motion in the stochastic layer, which is associated with the
homoclinic tangle of the stable and unstable manifolds of the hyperbolic 1d tori. For a detailed
discussion of the geometry of resonance channels in phase space and the relation to bifurcations of
families of elliptic 1d tori see Ref. [67].

In these stochastic layers chaotic transport along the resonance channels is possible, which is
commonly referred to as Arnold diffusion [28–31]. As resonance lines cover the whole frequency
space densely, all stochastic regions of phase space are connected. Their network within the region
of regular tori is referred to as Arnold web.

Perturbing an integrable system, Nekhoroshev theory shows that in the near-integrable regime the
speed of Arnold diffusion is exponentially small [149, 150], which makes its numerical detection very
difficult. This regime is called Nekhoroshev regime. For stronger perturbations regular tori become
sparse and neighboring stochastic layers begin to overlap with much faster transport, in particular
across channels. This regime is called Chirikov regime [151, 152].

The considered 3d paraboloid billard does not qualify as near-integrable. Still the dynamics within
a given resonance channel shows both the behavior of the Nekhoroshev and the Chirikov regime
depending on the location along the channel, see e.g., the lower inset of Fig. 2.5: Near the intersection
of the resonance line with ℳfp

𝑥 or ℳfp
𝑦 , the stochastic layer is embedded in surrounding regular 2d

tori and the chaotic dynamics along the channel should be governed by the slow Arnold diffusion,
i.e., this part of the resonance channel belongs to the Nekhoroshev regime. Further along the channel
the neighboring regular tori become more sparse and one gets into the Chirikov regime in which
the stochastic layers of neighboring resonances overlap. Thus transport across resonance channels
becomes possible and is more likely further along the channel. In addition other crossing resonance
channels may also be explored by a trajectory started within a stochastic layer.

With this general background in mind it is also possible to represent chaotic trajectories in frequency
space and interpret the results: Of course, for chaotic trajectories in a stochastic layer no frequencies
exist in the infinite time limit, however it is possible to associate “finite-time” frequencies. For example
chaotic trajectories approaching a regular torus also acquire similar frequencies. And for trajectories
in a stochastic layer their finite-time frequencies will cover a small region in the surrounding of the
corresponding resonance line in frequency space. This will be illustrated and discussed in detail in
Sec. 2.2.3.
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2.2 Trapping in 3D Billiards

In this chapter we investigate the power-law trapping of chaotic trajectories in the 3d billiard. To
this end we define the Poincaré recurrence statistics in Sec. 2.2.1 and subsequently determine the
distributions for the 3d paraboloid billiard and a 2d billiard, respectively. For the latter, we illustrate
the well-known origin of the observed power-law decay in Sec. 2.2.2 by analyzing two long-trapped
orbits. Finally, in Sec. 2.2.3 we analyze a long-trapped orbit of the 3d paraboloid billiard in phase
and frequency space, where we find clear signatures of partial barriers.

2.2.1 Poincaré recurrence statistics

In systems with a mixed phase space the transport between different regions can be strongly slowed
down by so-called stickiness of chaotic trajectories taking place in the surrounding of regular regions.
A convenient approach to characterize stickiness is based on the Poincaré recurrence theorem. It
states that for a measure-preserving map with invariant probability measure 𝜇 almost all orbits
started in a region Λ of phase space will return to that region at some later time [153]. Based on
the recurrence times 𝑡rec(𝑥) of orbits with initial conditions 𝑥 ∈ Λ, one obtains the recurrence time
distribution

𝜌(𝑡) = 𝜇 (𝑥 ∈ Λ | 𝑡rec(𝑥) = 𝑡)
𝜇(Λ) . (2.9)

The average recurrence time follows from Kac’s lemma [154–156] as

⟨𝑡rec⟩ := 1
𝜇(Λ)

∫︁
Λ

𝑡rec(𝑥) d𝜇 = 𝜇(𝑀acc)
𝜇(Λ) , (2.10)

where 𝑀acc is the accessible region for orbits starting in region Λ.
Instead of considering the distribution of recurrence times, it is numerically more convenient to use

the Poincaré recurrence statistics, which is the complementary cumulative Poincaré recurrence time
distribution,

𝑃 (𝑡) =
∞∑︁

𝑘=𝑡

𝜌(𝑘), (2.11)

i.e., the distribution of the recurrence times larger than 𝑡. Initially one has 𝑃 (0) = 1 and by definition
𝑃 (𝑡) is monotonically decreasing. Numerically, the Poincaré recurrence statistics is determined by

𝑃 (𝑡) = 𝑁 (𝑡)
𝑁(0) , (2.12)

where 𝑁(0) is the number of trajectories initially started in Λ and 𝑁 (𝑡) is the number of trajectories
which have not yet returned to Λ until time 𝑡.

The nature of the decay of 𝑃 (𝑡) depends on the dynamical properties of the systems. Fully chaotic
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systems show an exponential decay [32–35], whereas generic systems with a mixed phase space typi-
cally exhibit a power-law decay [23, 24, 36–40, 42–52, 157, 158]. Note that considering the Poincaré
recurrence statistics with respect to Λ can also be seen as an escape experiment from an open billiard
so that the decay of 𝑃 (𝑡) agrees with the decay of the survival probability with trajectories injected
in the opening Λ [159–162].

To numerically study the Poincaré recurrence statistics the region Λ in phase space should fulfill
two prerequisites in order to obtain good statistics: First Λ should be placed in the chaotic sea far
away from the regular region to ensure that trajectories are started outside of the expected sticky
region. Second, the volume of Λ should be chosen sufficiently large to ensure that non-trapped orbits
return quickly enough to avoid unnecessary computations.

For the 4d Poincaré map of the 3d billiard we chose

Λ =
{︂

(𝑝𝑥, 𝑝𝑦, 𝑥, 𝑦) : 1
2

(︃(︂
𝑥

𝑎

)︂2
+
(︂

𝑦

𝑏

)︂2
)︃

> 𝑟2, (𝑥, 𝑦) ∈ 𝜕Ω2, and 𝑝2
𝑥 + 𝑝2

𝑦 ≤ 1
}︂

. (2.13)

A point (𝑝𝑥, 𝑝𝑦, 𝑥, 𝑦) ∈ Λ defines the initial condition (𝑝𝑥, 𝑝𝑦, 𝑝𝑧, 𝑥, 𝑦, 𝑧) with 𝑧 = 0 and 𝑝𝑧 > 0
via ||𝑝|| = 1. In configuration space the region Λ corresponds to an elliptical ring in the 𝑧 = 0
plane, defining the opening in 𝜕Ω2, marked in yellow in the inset of Fig. 2.6. This allows for starting
trajectories into the billiard under all different angles. After visual inspection of the regular structures
with the help of the 3d phase-space slice we choose 𝑟 = 0.8 for Λ, which covers 36% of the 4d phase
space of the Poincaré map.

For the determination of the Poincaré recurrence statistics 𝑁(0) = 1013 random initial conditions
are chosen uniformly in Λ. For each of them the real flight time and the number of iterations of the
Poincaré map are determined until the trajectory returns to Λ.

In Fig. 2.6, the Poincaré recurrence statistics for real flight times and the number of mappings is
shown. Initially, one has approximately an exponential decay for small times up to 𝑡 . 200. This
corresponds to chaotic trajectories, which are not trapped near any of the regular structures and thus
return to Λ very quickly. For larger times 𝑃 (𝑡) exhibits an overall power-law decay 𝑃 (𝑡) ∼ 𝑡−𝛾 with
exponent 𝛾 ≈ 1.2. The only exception of the straight power-law is a small step for 𝑡 ∈ [106, 107] which
could be a manifestation of some more restrictive partial barriers. Note that one could also consider
other geometries of the opening, i.e., other regions Λ, which only affects the initial exponential decay
but not the exponent of the power-law decay [163]. The Poincaré recurrence statistics of the number
of mappings 𝑡 and real flight time 𝜏 are shifted by approximately a factor of ∼ 1.94 which is close to
the geometric length 𝜏 = 2 of the stable periodic orbit in the center of the billiard.

An interesting application of Kac’s lemma is to estimate the size 𝜇(𝑀reg) of the regular region
𝑀reg, as it was done in [156] for the 2d Hénon map. Using the average recurrence time ⟨𝑡rec⟩ one
gets from (2.10)

𝜇(𝑀reg) = 1 − 𝜇(𝑀acc) = 1 − ⟨𝑡rec⟩𝜇(Λ). (2.14)



20 2.2 Trapping in 3D Billiards

10−12

10−9

10−6

10−3

100

100 102 104 106 108 1010t

P (t)

∼ t−1.2

Figure 2.6: Poincaré recurrence statistics 𝑃 (𝑡) (2.12) in the 3d paraboloid billiard (2.4), for real
flight time (red dashed line) and number of mappings (blue line). The dotted line indicates a power-
law decay ∼ 𝑡−𝛾 with 𝛾 = 1.2. Upper inset: 3d paraboloid billiard shown with part of boundary
removed for visual reasons. Inside a sticky trajectory (blue line) is shown which starts and returns
to region Λ (2.13) (yellow ring). Lower inset: trapped orbit (blue dots) and regular phase space
structures (gray) in a 3d phase-space slice representation. Adapted from Ref. [70].

With ⟨𝑡rec⟩ = 2.696 and 𝜇(Λ) = 0.36 we obtain 𝜇(𝑀reg) = 0.029, which gives an estimate of 2.9%
for the size of the regular region in the 4d phase space. This is approximately twice as large as
the regular fraction determined using the frequency criterion, see 2.1.3. Note that using (2.14) is
expected to provide an upper bound to the size of the regular region, as orbits started in Λ explore
the chaotic region and thus approach the regular region from the outside. Moreover, there might be
chaotic regions which are not accessed at all on the considered time-scales, while initial points in such
regions could already be detected as chaotic by the frequency criterion (2.7). Moreover, the threshold
𝛿reg for the frequency criterion has been chosen quite small and relaxing this to 𝛿reg = 10−7 gives
comparable results for the size of the regular region. The overall slow decay in the Poincaré recur-
rence statistics is due to orbits with large recurrence times 𝑡rec. Therefore, we want to analyze such
long-trapped orbits within the phase space and frequency space introduced in Sec. 2.1.2 and Sec. 2.1.3.

First, however, we analyze long-trapped orbits in the 2d billiard. In this case and more generally
for systems with a two-dimensional phase space, the origin for the power-law trapping is well known
to be the hierarchy of partial transport barriers [18, 19, 43]. Thus, by analyzing long-trapped orbits
of the 2d billiard, we aim for a better comparison with the analysis in the 3d billiard.

To this end, we first consider the Poincaré recurrence statistics for 2d billiards and then analyze
long-trapped orbits thereof. As an example, we consider the 2d billiard system shown in Fig. 2.1
as transparent red surface, for which the corresponding phase space is shown in Fig. 2.2(a). The
region Λ is indicated as yellow colored area in the lower inset of Fig. 2.7. Both insets show a short
trapped orbit in a portrait of phase-space and configuration space, starting in and returning to Λ.
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Figure 2.7: Poincaré recurrence statistics 𝑃 (𝑡) (2.12) for the 2d billiard with 𝑎 = 1.04 for 1013

trajectories started in region Λ for the number of mappings (blue line) and real flight time (red
dashed line). The dotted line indicates a power-law decay ∼ 𝑡−𝛾 with 𝛾 = 1.5. Upper inset:
opened 2d billiard with parabola as boundary and a short sticky trajectory with 𝑡rec = 131. Lower
inset: Poincaré section (𝑥, 𝑝𝑥) with regular tori (red curves), opening Λ (yellow rectangle), and
corresponding trapped orbit (blue dots). Adapted from Ref. [70].

The Poincaré recurrence statistics (2.12) shows an overall power-law decay with exponent 𝛾 ≈ 1.5,
as indicated by the dotted line in Fig. 2.7. The slower decay around 𝑡 ≈ 107 is presumably caused
by some more restrictive partial barriers.

2.2.2 Long-trapped orbits in the 2D Billiard

The origin of the power-law decay in the two-dimensional phase space are partial barriers associated
with the level and class hierarchy [40, 42, 43, 49, 52]. In the following we consider two long-trapped
orbits for both types of hierarchies and analyze them in phase space as well as in the frequency-time
representation.

Although only the regular torus in the 2d phase space is characterized by its fundamental frequency
it is also possible to analyze long-trapped orbits by a frequency-time representation [60, 63, 64,
164, 165]. As for short time intervals the trapped orbit resembles the dynamics of nearby regular
structures, numerically a frequency can be assigned. Thus, the long-trapped orbit is divided into
segments of length 𝑁seg = 4096. For each segment the complex signal 𝑥 − i𝑝𝑥 is constructed and the
frequency analysis, see Sec. 2.1.3, is performed. This leads to a sequence of consecutive frequencies
𝜈(𝑡𝑖) with 𝑡𝑖 = 𝑖𝑁seg, 𝑖 ∈ N.

Figure 2.8 shows a long-trapped orbit with 𝑡rec ≃ 1.52 × 107 and time encoded by color (from
blue at 𝑡 = 0, starting in Λ, to orange at 𝑡 = 𝑡rec, returning to Λ, see colorbar) in phase space
(a)-(c) and in the frequency-time representation 𝜈(𝑡) (b). The panels (b),(c) show magnifications
of the regions in phase space indicated by the boxes in (a),(b), respectively. Here the long-trapped
orbit approaches the boundary circle of the central regular island (black line, BC), depicted in an
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Figure 2.8: Long-trapped orbit of the 2d billiard with 𝑎 = 1.04 with recurrence time 𝑡rec ≃ 1.52×107

in phase space (a)-(c) and frequency-time representation (d) with time [0, 𝑡rec) encoded in color. Reg-
ular structures are shown as gray lines, the boundary circle as black curve. Important surrounding
resonances are labeled as fraction 𝑛/𝑚. The panels (b)-(c) show magnifications indicated by the
boxes in the panels (a)-(b), respectively. (d) Frequency-time representation 𝜈(𝑡) of the sticky orbit.
Frequencies of important resonances are shown as magenta dashed lines and the frequency 𝜈BC of
the boundary circle as solid horizontal line. Adapted from Ref. [70]. For the time-resolved animation
see Supplemental Material [71].

animation of the time-evolution, see Supplemental Material [71]. The animation permanently shows
1000 points of the long-trapped orbit in the selected magnification. In each subsequent frame the
window of the depicted points is shifted by 150 points. The boundary circle is the last invariant
curve and thus dynamically separates the regular region from the surrounding chaotic motion. The
boundary circle has an irrational frequency 𝜈BC, which can be approximated by the convergents of
its continued fraction expansion [61]. For the boundary circle with frequency 𝜈BC ≈ 0.30659, the first
approximants are 3

10 , 4
13 , 19

62 , 23
75 , 42

137 . Note that only every second approximant is smaller than 𝜈BC,
giving the sequence of principal resonances 3

10 , 19
62 , and 42

137 . Each of these fractions corresponds to a
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resonance chain with elliptic periodic orbits, surrounded by regular motion, and hyperbolic periodic
orbits with associated chaotic layer. These chaotic layers correspond to the states in a Markov model
description of power-law trapping and are separated from each other by partial barriers. These
partial barriers are cantori, broken KAM tori, with irrational frequency 𝜈c which themselves can be
approximated by periodic orbits corresponding to the convergents of the continued fraction expansion
of 𝜈c. The transition rates between the states corresponding to the stochastic layers become smaller
and smaller when approaching the boundary circle. A long-trapped orbit is expected to approach the
boundary circle via the level hierarchy of such states. Note that the stochastic component of each of
these states usually contains several other (non-principal) resonances.

The different stochastic layers correspond to the regions with different colors in Fig. 2.8(c). Signa-
tures of the partial transport barriers can also be clearly seen in the frequency-time plot. Here, the
signal 𝜈(𝑡) randomly fluctuates within some interval around a principal resonant frequency. Passing
through a partial barrier, a different frequency interval around another dominant resonance is ac-
cessed. For the example shown in Fig. 2.8(d) the frequencies of the sticky orbit are initially confined
in an interval around 𝜈 = 𝑛

𝑚 = 49
160 and then a sudden transition to the stochastic layer around

𝜈 = 19
62 occurs. This is one of the convergents of 𝜈BC and is closer to the boundary circle, compare

with Fig. 2.8(c). In fact, the time-animation reveals that the orbit switches between the chaotic layer
of the resonances 𝜈 = 19

62 and 𝜈 = 34
111 . The stochastic layer around the next convergent 𝜈 = 42

137 is only
accessed very briefly. Finally, the level-hierarchy is left via the stochastic layer around 𝜈 = 49

160 and
by passing through 𝜈 = 15

49 and 𝜈 = 3
10 , see Fig. 2.8(b). Note that in this example not only stochastic

regions associated with the convergents of the boundary circle, but also several other non-principal
resonances and partial barriers appear to be of relevance for the long-time stickiness of the trapped
orbit.

Moreover, trapping also takes place in the neighborhood of the resonance islands and their island-
around-island hierarchy [41, 42, 48], which leads to time-intervals with constant frequency. An exam-
ple of such a long-trapped orbit is shown in Fig. 2.9. The magnification of panel (b) reveals that the
trapped orbit does not approach the boundary circle of the central regular region as in Fig. 2.8, but
instead sticks around the island chain 𝜈 = 11

36 . This means that the long-trapped orbit sticks around
an island of a higher class. The frequency-time representation would yield 𝜈(𝑡) = 11

36 for almost all
times and thus it is not shown here. More details can be resolved by an adjusted frequency analysis
which takes the periodicity of the resonance into account. A subsequent magnification, shown in
panel (c), reveals that the trapped orbit approaches the boundary circle of the resonance 11

36 . How-
ever, a further magnification, shown in panel (d), reveals that the long-trapped orbit actually sticks
around an island chain of higher period.

By the level and the class hierarchy the restricted chaotic transport in 2d maps can be formulated
in terms of a self-similar Markov tree [42]. In the detailed analysis of Ref. [52] the careful construction
of the Markov tree allows not only to obtain a power-law decay, but also to reproduce the exponent
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Figure 2.9: Long-trapped orbit of the 2d billiard with 𝑎 = 1.04 with recurrence time 𝑡rec ≃ 1.21×106

in phase space with time [0, 𝑡rec) encoded in color. Regular structures are shown in gray. The black
boxes in the panels (a)-(c) indicate the magnifications of phase space shown in panels (b)-(d).

𝛾. The signatures of these hierarchies of partial barriers in the phase space and the frequency-time
representation allow for a comparison with the signatures of long-trapped orbits in the 3d billiard.
This is the subject of the next section.

2.2.3 Long-trapped orbit

The origin of the observed power-law decay of the Poincaré recurrence statistics in the 3d billiard, see
Fig. 2.6, is not fully understood. We consider one representative example of a long-trapped chaotic
orbit in the following in order to obtain a better understanding. Analyzing this long-trapped orbit
both in the 3d phase-space slice and in frequency space allows to draw the following conclusions:
Trapping takes place (i) at the ”surface” of the regular region (outside the Arnold web) and is (ii)
not due to a generalized island-around-island hierarchy, as discussed in Sec. 2.1.4. We find that
the dynamics of long-trapped orbits is (iii) governed by numerous resonance channels which extend
far into the chaotic sea. The results suggest to decompose the dynamics in the sticky region into
transport across resonance channels and transport along resonance channels. For the transport across
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resonance we find clear signatures of partial barriers. All these points support the results obtained in
Ref. [60] for the case of the 4d coupled standard map. In particular, we obtain a very clear example
of the geometry of the trapped orbit in the 3d phase-space slice and its signature in frequency space.
Note that we only show one representative orbit here, while the essential features are observed for all
of the about 100 orbits we analyzed.

To arrive at these conclusions, we make use of two time-resolved representations of the long-trapped
orbit. In the 3d phase-space slice, points of the long-trapped orbit are colored according to time (blue
to orange). By dividing the sticky chaotic orbit into segments of length 𝑁seg = 4096 and subsequent
frequency analysis of the two signals, see Sec. 2.1.3, we obtain the sequence (𝜈𝑥(𝑡𝑖), 𝜈𝑦(𝑡𝑖)) with
𝑡𝑖 = 𝑖𝑁seg, 𝑖 ∈ N. This sequence can be displayed either in frequency space with time encoded in
color or as frequency-time signals.

Exemplarily, we consider one long-trapped chaotic orbit with large recurrence time 𝑡rec ≃ 1.6 × 109

in the 3d phase-space slice, see Fig. 2.10 and Fig. 2.11, and in frequency space, see Fig. 2.12; another
example is discussed in App. A, Fig. A.1. Note that these trapped orbits are shown in a 3d phase-
space slice (2.6) with slice parameter 𝜀 = 10−3 to obtain a higher density of points.

Trapping is at the surface of the regular region

The long-trapped orbit is shown in the time-encoded 3d phase-space slice in Fig. 2.10. It is close to
the (𝑥, 𝑝𝑥)-plane and thus close to ℳfp

𝑥 . The coloring of the orbit according to time shows several
bands with different colors, which means that the long-trapped orbit covers different regions of phase
space for specific time intervals. Furthermore, it is close to regular phase-space structures (gray).
More precisely, the orbit is located close to the “surface” of the regular region, which is composed
of the regular 2d tori shown as grey rings in the 3d phase-space slice. This is better seen in a
magnified (and rotated) sideways view of the box indicated in the upper left part in Fig. 2.10. This
magnification is shown in Fig. 2.11, where the surface of the regular region is indicated by the regular
2d tori (black lines) at the left side. Going towards the regular region corresponds to decreasing 𝑥

and 𝑝𝑥. The long-trapped orbit arrives from the chaotic sea, i.e., from the right in the figure, and
approaches the regular region while filling several bands before it returns to the initial region Λ. An
animation of the time-evolution of the long-trapped orbit is provided in the Supplemental Material
[71]. Further conclusions which can be drawn from this magnification will be discussed below.

In frequency space it can also be seen that the long-trapped orbit is located close to the surface
of the regular region: Here the segment-wise determined frequencies of the orbit extend over a large
region, see Fig. 2.12(a), which shows a magnification of the frequency space in Fig. 2.5 with the
frequencies of the trapped orbit colored according to time. Moreover, 9 × 106 additional frequency
pairs of regular 2d tori are shown (grey dots). The long-trapped orbit spreads approximately parallel
to the Lyapunov family ℳfp

𝑥 , staying above the associated regular tori. Figure 2.12(d) shows a
magnification of the region indicated in Fig. 2.12(a), where the ordinate 𝜈𝑦 is the distance to the
lower side of the parallelogram, 𝜈𝑦 = 𝜈𝑦 + 𝑘 · 𝜈𝑥 + 𝜈𝑠 with 𝑘 = −0.99 and 𝜈𝑠 = 0.02925. Recall that
the lower edge (red), which corresponds to the family of 1d tori ℳfp

𝑥 , can be considered as inner part
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Figure 2.10: Long-trapped orbit with recurrence time 𝑡rec ≃ 1.6 × 109 in the 3d phase-space slice
representation with time encoded in color. The box indicates the magnification shown in Fig. 2.11.
Adapted from Ref. [70]. For a rotating view see Supplemental Material [71].

of the regular region. Thus decreasing 𝜈𝑦 moves towards the surface of the regular region. Moreover,
increasing 𝜈𝑥 moves towards the central elliptic-elliptic fixed point. As the sticky orbit stays well
outside of any regions with many 2d tori, it is effectively trapped at the surface of the regular region.
In particular this means that it does not enter the Arnold web of resonance lines which are embedded
within regular tori.

Trapping is not due to a hierarchy

Trapping is also not due to the generalized island-around-island hierarchy, summarized in Sec. 2.1.4.
This can be concluded from the 3d phase-space slice representation. Trapping deep in a hierarchy
would imply successive scaling on finer and finer phase-space structures as known from 2d maps [42],
depicted in Fig. 2.9. However, the long-trapped orbit spreads over the surface of the regular region
and no signatures of a hierarchy are visible. This is also supported by the frequency-time signals 𝜈𝑥(𝑡)
and 𝜈𝑦(𝑡) shown in Fig. 2.12(b, c). For trapping in the generalized hierarchy the frequencies either
collapse on a frequency pair (𝛼1) or on a resonance line (𝛼2, 𝛽) [66]. Neither of these is observed
for the considered example. Note that for the second example of a long-trapped orbit discussed in
App. A, the frequency-time signals shown in Fig. A.1(b, c) collapse on the 3:0 :1 resonance for some
longer time interval. Still the trapping is not dominated by some kind of a generalized island-to-island
hierarchy.
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Figure 2.11: Magnification (rotated) of the long-trapped orbit of Fig. 2.10 with recurrence time
𝑡rec ≃ 1.6 × 109 in the 3d phase-space slice with time [0, 𝑡rec) encoded in color. Regular tori of some
important resonance channels 22:0 :7, 14:2 :5, 24:−2:7 and 15:1 :5 are shown in black. The sticky
orbit approaches the regular structures by going across several resonance channels. Adapted from
Ref. [70]. For the time-resolved animation see Supplemental Material [71].

Relevance of resonance channels

The frequency-time signals shown in Fig. 2.12(b, c) do not collapse on a specific frequency or resonance
line but mainly fluctuate within specific frequency ranges over longer time intervals. These frequency
ranges are confined around certain resonance lines, as shown in Fig. 2.12(a), for which 15:1 :15,
24:−2:7, 14:2 :5, 22:0 :7, and 26:−1:8 are the most important resonances.

These resonance lines correspond to regular dynamics, as discussed in Sec. 2.1.5. Some selected
examples of corresponding regular 2d tori are displayed as stacks of black rings in the 3d phase-
space slice representation in Fig. 2.11. For the long-trapped orbit the bands of similarly colored
points in the 3d phase-space slice are arranged around these regular parts of the resonance channels.
This suggests that the long-trapped orbit is confined to the stochastic layer of the resonance channels.

Both representations and in particular the transformation to local coordinates (𝜈𝑥, 𝜈𝑦) as shown in
Fig. 2.12(d), together with the animation of the long-trapped orbit in Fig. 2.11, suggest a decompo-
sition of the chaotic dynamics in transport across and along resonance channels:

Transport across resonance channels is best seen in the 3d phase-space slice of Fig. 2.11. Here,
the distinct colored bands indicate that the sticky orbit stays for extended time intervals within the
stochastic layer of a given resonance channel, e.g., 14:2 :5 or 22:0 :7, and then quickly jumps to a
different resonance channel. These transitions across different resonance channels are also clearly
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Figure 2.12: Frequency space representation of the long-trapped orbit, see Fig. 2.11, with 𝑡rec =
1.6 × 109 and time encoded in color. (a) Magnification of Fig. 2.5 with regular tori (grey dots) and
selected resonance lines, (b, c) frequency-time signals 𝜈𝑦(𝑡) and 𝜈𝑥(𝑡), respectively, (d) magnification
of frequency-space, see box in (a), in local coordinates. Adapted from Ref. [70].
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seen in frequency space in Fig. 2.12(b, c).

Transport along resonance channels is best seen for the 24:−2:7 resonance, see the green col-
ored band in Fig. 2.11, which extends in 𝑦-direction. In frequency space this corresponds to the
magnification shown in Fig. 2.12(d). We now discuss both types of transport in more detail.

Across resonance channels In Fig. 2.12(a) and in particular in the frequency-time signals 𝜈𝑥(𝑡)
and 𝜈𝑦(𝑡) the importance of four resonance lines namely 15:1 :5, 24:−2:7, 14:2 :5 and 22:0 :7 are
clearly visible. These resonance lines, together with the surrounding stochastic layers, form the
resonance channels, which define frequency intervals that are covered in a random looking manner.
Furthermore, fast transitions to other frequency intervals are observed. The long-trapped orbit is
initially, up to 𝑡 ≈ 108, mainly in an interval around the 15:1 :5 resonance and then up to 𝑡 ≈ 2.5×108

around the 22:0 :7 resonance, followed by a longer time window up to 𝑡 ≈ 5 × 108 around the 14:2 :5
resonance. Subsequent frequency intervals are around the 24:−2:7, 14:2 :5, and 22:0 :7 resonance,
sometimes with short excursions to the other intervals. The closest approach to the regular region
corresponds to the rightmost tip in Fig. 2.12(a), i.e., largest values of 𝜈𝑥 and 𝜈𝑦 in Fig. 2.12(b, c).
For short time intervals (cyan and green) the small stochastic layer around the 26:−1:8 resonance
is accessed. Going further to the right is effectively blocked by a region containing many regular 2d
tori as indicated in the inset of Fig. 2.12(a). Even though this region is threaded by resonance lines
on arbitrarily fine scales, the effective transport along these lines is expected to be very slow. This
is also suggested by the geometry in the 3d phase-space slice, see Fig. 2.11, where this collection of
regular tori constitutes an effective surface.

It is important to emphasize that each stochastic layer actually consists of a whole collection of
resonances. For example, the stochastic layer around the 22:0 :7 resonance corresponds to the whole
interval with 0.3173 . 𝜈𝑥 . 0.3186, see Fig. 2.12(c). This covers many resonance lines, see the points
arranged on lines in Fig. 2.12(a) which correspond to higher order resonances. Still, the 22:0 :7
resonance is the most dominant one in this interval as the density of the frequency points 𝜈𝑥(𝑡) is
largest in its surrounding.

The sudden transitions between different frequency intervals are manifestations of partial barriers
partially separating the resonances channels. These signatures are similar to the manifestations of
partial barriers for the 2d billiard depicted in Fig. 2.8(d). There, a sticky orbit approaches the
boundary circle in the so-called level hierarchy of partial barriers. However, these partial barriers
do not directly generalize to systems with more than two degrees of freedom. Thus, by using the
frequency analysis it is possible to detect partial barriers without constructing them explicitly, in
particular even if their dynamical origin is not known.

These results show that long-trapped orbits explore the chaotic part of resonance channels and
jump across resonances, i.e., trapping takes place in the Chirikov regime of overlapping resonances.
We find in both frequency space and in phase space clear signatures of some kind of partial transport
barriers almost separating neighboring resonance channels.
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Along resonance channels Besides the transport across resonance channels also transport along
resonance channels is present. This is best visible for the considered long-trapped orbit around the
24:−2:7 resonance, as shown in the magnification in Fig. 2.12(d). Around the resonance line there
is a characteristic triangular-shaped region which is void of any regular 2d tori [67]. The extent
is smallest near the Lyapunov family ℳfp

𝑥 and widens for increasing 𝜈𝑦. As discussed in Sec. 2.1.5
this corresponds to going from the Nekhoroshev regime, where the channel is surrounded by many
regular tori and transport is governed by very slow Arnold diffusion, towards the Chirikov regime
of overlapping resonances for which the regular tori are sparse or not present. Thus the distance
to ℳfp

𝑥 along the resonance channel takes the role of the perturbation strength in the setting of
perturbed integrable dynamics. While individual 2d tori in a 4d map cannot confine chaotic motion,
a two-parameter family of them (with small gaps due to higher-order resonances) effectively confines
the chaotic motion around the resonance within the triangular region in frequency space.

During the time interval [7.5 × 108, 1.1 × 109] the orbit is located in the stochastic layer around
the 24:−2:7 resonance, i.e., 𝜈𝑥 ∈ [0.315, 0.3155]. In the adapted coordinate 𝜈𝑦 one can see that it
initially decreases, i.e., the sticky orbit moves along the channel towards the Lyapunov family ℳfp

𝑥 ,
see Fig. 2.12(d). This approach is followed by a longer time-interval with fluctuations around some
constant 𝜈𝑦 before the orbit moves along the channel away from the Lyapunov family ℳfp

𝑥 . The
involved time-scales show that the motion along the resonance channel is typically much slower than
the motion within the stochastic layer, i.e., see spreading in 𝜈𝑥-direction or animation [71] of Fig. 2.11.

The numerical results indicate that the transition rates for going across resonance channels de-
pend on the position along a resonance channel, see Fig. 2.12(d). In the considered time interval
the adapted frequency 𝜈𝑦 of the long-trapped orbit first decreases, interpreted as approaching the
Nekhoroshev regime in which transitions across resonance channels become unlikely. Subsequently,
the orbit moves along the channel away from ℳfp

𝑥 into the Chirikov regime allowing for transitions
across resonance channels. Note that in Ref. [60] it is suggested that transport along channels can be
modeled by a stochastic process with effective drift, which gives one possible mechanism of power-law
trapping. Since the Arnold web of connected resonance channels is not explored on the considered
time scales, Arnold diffusion is not the origin of the long-trapped orbits.

To summarize, the transport across resonance channels shows clear signatures of separating partial
barriers, even tough their dynamical origin in this situation is unclear. It is therefore an important
task to determine these partial barrier by identifying the relevant invariant objects in phase space.
This is subject of Chap. 3, where the flux across partial barriers is determined and partial barriers
are explicitly constructed.
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The origin of the power-law decay in the statistics of the Poincaré recurrence times has been traced
back in Sec. 2.2.2 to long-trapped orbits sticking close to regular structures. Analyzing these long-
trapped orbits in phase and frequency space shows clear signatures of partial transport barriers
separating different resonance channels. Since much less is known about the dynamical origin of
partial barriers in a higher-dimensional phase space the aim of this chapter is to generalize the turnstile
transport present in 2d maps. As a minimal extension, we consider a 4d symplectic map. Based on
normally hyperbolic invariant manifolds (NHIMs) entering a flux formula [19] we determine the flux
across partial barriers. Moreover, we find relevant partial barriers of minimal flux and eventually
study the flux locally resolved.

To this end we introduce symplectic maps and the notion of partial barrier, turnstile, and flux in
Sec. 3.1. As we are interested in the generalization of the well-established theory of 2d maps we
review some aspects thereof in Sec. 3.2. Based on NHIMs we determine the flux in Sec. 3.3 and
verify the results by means of an explicitly constructed partial barrier. Motivated from observations
in the 3d billiard and an example of transport we study the local flux in Sec. 3.4.

3.1 Symplectic maps and flux

Many Hamiltonian systems are described by symplectic maps. They are derived for autonomous
Hamiltonians by a suitable Poincaré section or in case of a time-periodically driven system by a
stroboscopic view. We consider 4d symplectic maps as a minimal model in order to study the
turnstile transport in higher-dimensional systems. To this end we briefly define symplectic maps and
list some of their properties in Sec. 3.1.1. Subsequently, we show in Sec. 3.1.2 how a symplectic map
can be derived from a kicked Hamiltonian. We further introduce two generic maps, namely the 2d
standard map in Sec. 3.1.3 and the 4d standard map in Sec. 3.1.4, utilized in this thesis. Finally, we
introduce the general notion of partial barrier, turnstile, and flux in Sec. 3.1.5.

3.1.1 Symplectic maps

Before symplectic maps are introduced the class of volume-preserving maps is discussed shortly. A
volume-preserving map ℱ acting on the 𝑛-dimensional manifold 𝑀 = R𝑛 is volume preserving if the
𝑛-dimensional volume form Ω = 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ · · · ∧ 𝑑𝑥𝑛 is preserved under the pullback of ℱ [166], that
is

ℱ*Ω = Ω. (3.1)
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The property of the preservation of volume can also be formulated in terms of the linearized map,
i.e., the Jacobian 𝐷ℱ fulfills det 𝐷ℱ = 1. The volume form Ω is exact if there is a (𝑛 − 1)-form 𝛼

for which Ω is given by the exterior derivative

Ω = 𝑑𝛼. (3.2)

Such a form 𝛼 always exists in R𝑛 which is guaranteed by Poincaré lemma [166]. ℱ is then exact
volume-preserving with respect to the (𝑛 − 1)-form 𝛼 if there exists an (𝑛 − 2)-form 𝜆, such that

ℱ*𝛼 − 𝛼 = 𝑑𝜆, (3.3)

i.e., ℱ*𝛼 − 𝛼 is not only closed but also exact. The (𝑛 − 2)-form 𝜆 is often called generating or
Lagrangian form [19, 167, 168]. These volume-preserving maps are in general of any dimension and
are of special interest in the context of chaotic advection [169]. An example is the three-dimensional
exact volume-preserving 𝐴𝐵𝐶-map which has been widely studied [170, 171].

In this thesis the focus is on specific volume-preserving maps, namely symplectic maps which arise
in the context of classical Hamiltonian systems. An example is the 3d billiard, a time-continuous
autonomous Hamiltonian system, which is reduced to a 4d symplectic map by means of a suitable
Poincaré section, see Sec. 2.1.1.

In Hamiltonian mechanics the phase space is equipped with a symplectic form, i.e., a closed two-
form 𝜔 with 𝑑𝜔 = 0. A map ℱ : 𝑀 → 𝑀 acting on the phase space 𝑀 = R𝑛 of even dimension, i.e.,
𝑛 ∈ 2N, is called symplectic, if it preserves the symplectic form 𝜔, that is

ℱ*𝜔 = 𝜔. (3.4)

Darbaux’s theorem ensures that in any neighborhood of a point on the symplectic manifold 𝑀

there is a local coordinate systems such that the symplectic form 𝜔 is of the standard form. In the
context of Hamiltonian systems this is denoted as

𝜔 = 𝑑𝑝 ∧ 𝑑𝑞 =
𝑛/2∑︁
𝑖=1

𝑑𝑝𝑖 ∧ 𝑑𝑞𝑖, (3.5)

where 𝑝𝑖, 𝑞𝑖 are canonical conjugate coordinates [166]. Thus, symplecticity can be shown locally for
all points 𝑥 = (𝑞, 𝑝) ∈ 𝑀 if the linearized map 𝐷ℱ satisfies

[︀
𝐷ℱ⊤(𝑥)

]︀
𝐽
[︀
𝐷ℱ(𝑥)

]︀
= 𝐽 (3.6)

where 𝐽 denotes the Poisson matrix given by

𝐽 =
(︃

0 1

−1 0

)︃
. (3.7)
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Symplectic maps ℱ satisfy det 𝐷ℱ = +1 implying that they are volume preserving with Ω = 𝜔𝑛/2

and orientation preserving [18, 172]. The one-form 𝜎 = 𝑝𝑑𝑞 is called Liouville form or symplectic
potential for which the symplectic form (3.5) is exact, i.e., 𝜔 = 𝑑𝜎. A symplectic map ℱ is called
exact symplectic with 𝜎, if

ℱ*𝜎 − 𝜎 = 𝑑𝐿 (3.8)

holds for the Lagrangian 𝐿 which is a zero-form (smooth function) and is also called generating
function [18, 19, 173]. In Ref. [168, Lemma 2.3] it is proven that exact symplectic maps are also exact
volume-preserving such that (3.3) also holds for this class. Thus, a 𝑛-dimensional exact symplectic
map ℱ is exact with respect to the (𝑛 − 1)-form 𝛼, if there exists a (𝑛 − 2)-form 𝜆 such that (3.3)
holds. In order to compute flux in a 4d symplectic map this property will be used.

The dynamics in maps is generated by the application of the map ℱ to an initial condition 𝑥0 ∈ 𝑀

leading to a mapped point 𝑥1 = ℱ(𝑥0). The (𝑡-1)-fold iterative application of the map ℱ(𝑥𝑖) = 𝑥𝑖+1

leads to a sequence of points 𝑥𝑡 = (𝑥0, 𝑥1, . . . , 𝑥𝑡−1) denoted as orbit of length 𝑡. A fixed point
𝑥fp ∈ 𝑀 is invariant under the map, i.e., ℱ(𝑥fp) = 𝑥fp. For periodic orbits of length 𝑛 denoted as
𝑥per,𝑛 every point of the orbit 𝑥per,𝑛

𝑖 is a fixed point of the 𝑛-fold map, i.e., ℱ𝑛(𝑥per,𝑛
𝑖 ) = 𝑥per,𝑛

𝑖 .

3.1.2 Kicked Hamiltonians

One important class of symplectic maps follow from Hamiltonian systems with a time-periodic driving.
In the simplest case of kicked systems, the Hamiltonian reads

𝐻(𝑞, 𝑝, 𝑡) = 𝑇 (𝑝) + 𝑉 (𝑞)
∑︁
𝑛∈Z

𝛿(𝑡 − 𝑛) (3.9)

where 𝑇 (𝑝) denotes the kinetic energy and 𝑉 (𝑞) the kicking potential. The kicking with 𝑉 occurs
at integer times 𝑡 = 𝑛 only. Therefore, for times in between the kicks the momentum 𝑝 stays
constant and 𝑞 evolves freely. It suffices to consider both coordinates only once within a period as
the continuous trajectory can be recovered. Here, we consider the dynamics directly after the kick
lim𝜀 ↦→0 𝑡𝑛 = 𝑛 + 𝜀 > 𝑛, for which Hamilton’s equations of motion lead to a time-discrete mapping
ℱ : 𝑀 → 𝑀 from 𝑡 = 𝑡𝑛 to 𝑡′ = 𝑡𝑛+1,

(𝑞′, 𝑝′) = ℱ(𝑞, 𝑝)

𝑞′ = 𝑞 + ∇𝑇 (𝑝)

𝑝′ = 𝑝 − ∇𝑉 (𝑞 + ∇𝑇 (𝑝)) = 𝑝 − ∇𝑉 (𝑞′)

(3.10)

where the (𝑞′, 𝑝′) denote the image of (𝑞, 𝑝) under ℱ . The term ∇𝑇 (𝑝) is commonly referred to
as frequency map and 𝐹 (𝑞′) = −∇𝑉 (𝑞′) as force. Note that the mappings which are defined for
different discrete observation times are related by a canonical transformation and thus describe the
same dynamics. Their phase-space portrait, however, differs but is canonically related.
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The linearization of ℱ at a point in phase space 𝑥 = (𝑞, 𝑝) ∈ 𝑀 is given by the block matrix

𝐷ℱ(𝑞, 𝑝) =
(︃

1 𝒯 (𝑝)
−𝒱(𝑞 + ∇𝑇 (𝑝)) 1 − 𝒱(𝑞 + ∇𝑇 (𝑝))𝒯 (𝑝)

)︃
(3.11)

where 𝒯𝑖𝑗(𝑝) = 𝜕2𝑇 (𝑝)
𝜕𝑝𝑖𝜕𝑝𝑗

and 𝒱𝑖𝑗(𝑞) = 𝜕2𝑉 (𝑞)
𝜕𝑞𝑖𝜕𝑞𝑗

denote the second partial derivatives of the functions 𝑇

and 𝑉 . Symplecticity for the class of kicked Hamiltonians (3.9) is fulfilled since 𝒯 as well as 𝒱 are
symmetric matrices which directly follows from Schwarz’s theorem. This is shown using the Jacobian
(3.11) and explicitly writing the condition for symplecticity (3.6) as

[︀
𝐷ℱ𝑇 (𝑞, 𝑝)

]︀
𝐽
[︀
𝐷ℱ(𝑞, 𝑝)

]︀
=
(︃

𝒱𝑇 − 𝒱 1 + (𝒱𝑇 − 𝒱)𝒯
−1 + 𝒯 𝑇 (𝒱𝑇 − 𝒱) 𝒯 𝑇 (𝒱𝑇 − 𝒱)𝒯 + 𝒯 𝑇 − 𝒯

)︃
!= 𝐽 (3.12)

from which the claim follows [174]. For specific choices of 𝑇 (𝑝) and 𝑉 (𝑞) two generic examples of
symplectic maps are introduced in the following.

3.1.3 2D standard map

In order to recapitulate some of the results of the wide range of publications concerning flux and
transport in 2d symplectic maps we introduce the 2d standard map, also known as Chirikov-Taylor
map [29]. It is given by the time periodically kicked Hamiltonian (3.9) with one degree of freedom
and the specific choice of 𝑇 (𝑝) = 𝑝2

2 and 𝑉 (𝑞) = 𝑘
4𝜋2 cos(2𝜋𝑞). The mapping (𝑞′, 𝑝′) = ℱ(𝑞, 𝑝) reads

𝑞′ = 𝑞 + 𝑑𝑇

𝑑𝑝
(𝑝) = 𝑞 + 𝑝

𝑝′ = 𝑝 − 𝑑𝑉

𝑑𝑞
(𝑞′) = 𝑝 + 𝐹 (𝑞′) = 𝑝 + 𝑘

2𝜋
sin(2𝜋𝑞′)

(3.13)

where the kicking strength 𝑘 is the relevant parameter governing the dynamics. Due to the periodicity
of the potential 𝑉 (𝑞+1) = 𝑉 (𝑞) the phase space can be considered on the cylinder T×R. By applying
periodic boundary conditions in 𝑝-direction, the phase space is often considered on the two torus T2.
However, to avoid discontinuities in the construction of partial barriers at a later stage we consider
[0, 1) × R as the natural phase space. Note that some figures in the following are shown on the two
torus T2 = [0, 1) × [−0.5, 0.5) for reasons of better illustration.
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The 2d standard map (3.13) is exact symplectic with the Liouville form 𝜎 = 𝑝𝑑𝑞, since

ℱ*𝜎 − 𝜎 = 𝑝′𝑑𝑞′ − 𝑝𝑑𝑞

=
[︂
𝑝 − 𝑑𝑉

𝑑𝑞
(𝑞′)

]︂
𝑑𝑞′ − 𝑝𝑑𝑞

= 𝑝(𝑑𝑞 + 𝑑𝑝) − 𝑑𝑉

𝑑𝑞
(𝑞′)𝑑𝑞′ − 𝑝𝑑𝑞

= 𝑝𝑑𝑝 − 𝑑𝑉

𝑑𝑞
(𝑞′)𝑑𝑞′

= 𝑑
[︀
𝑇 (𝑝) − 𝑉 (𝑞′)

]︀
= 𝑑𝜆std2d

(3.14)

holds. Thus, the Lagrangian 𝐿 (3.8) is equivalent to the generating form 𝜆std2d which is a zero-form
and reads

𝜆std2d = 𝐿 = 𝑇 (𝑝) − 𝑉 (𝑞′) = 1
2𝑝2 − 𝑘

4𝜋2 cos(2𝜋𝑞′). (3.15)

3.1.4 4D standard map

One generic realization of a 4d symplectic map is the 4d standard map as introduced by Froeschlé
[175] which couples two individual 2d standard maps (3.13). The kinetic energy is simply given
by 𝑇 (𝑝) = 1

2𝑝2 and the potential by 𝑉 (𝑞) = 𝑘1
4𝜋2 cos(2𝜋𝑞1) + 𝑘2

4𝜋2 cos(2𝜋𝑞2) + 𝜉
4𝜋2 cos(2𝜋(𝑞1 + 𝑞2)).

We denote 𝑞 = (𝑞1, 𝑞2) and 𝑝 = (𝑝1, 𝑝2) and abbreviate the partial derivatives of the kinetic and
potential energy with 𝑉𝑖 = 𝜕𝑉

𝜕𝑞𝑖
and 𝑇𝑖 = 𝜕𝑇

𝜕𝑝𝑖
. Inserting these functions into the framework of kicked

Hamiltonians (3.10) one obtains the mapping (𝑞′, 𝑝′) = ℱ(𝑞, 𝑝) with

𝑞′
1 = 𝑞1 + 𝑇1(𝑝1, 𝑝2) = 𝑞1 + 𝑝1

𝑞′
2 = 𝑞2 + 𝑇2(𝑝1, 𝑝2) = 𝑞2 + 𝑝2

𝑝′
1 = 𝑝1 − 𝑉1(𝑞′

1, 𝑞′
2) = 𝑝1 + 𝑘1

2𝜋
sin(2𝜋𝑞′

1) + 𝜉

2𝜋
sin(2𝜋(𝑞′

1 + 𝑞′
2))

𝑝′
2 = 𝑝2 − 𝑉2(𝑞′

1, 𝑞′
2) = 𝑝2 + 𝑘2

2𝜋
sin(2𝜋𝑞′

2) + 𝜉

2𝜋
sin(2𝜋(𝑞′

1 + 𝑞′
2))

(3.16)

which depends on three parameters (𝑘1, 𝑘2, 𝜉). The first two, 𝑘1 and 𝑘2, describe the kicking strength
of the two individual 2d standard maps, respectively, while 𝜉 describes the coupling between both
degrees of freedom. In the case of 𝜉 = 0 the individual maps are uncoupled, i.e., there is no interaction.
Due to the periodicity of the potential 𝑉 (𝑞1 ±1, 𝑞2 ±1) = 𝑉 (𝑞1, 𝑞2) the phase space can be considered
on the cylinder T2 × R2. Again, by applying periodic boundary conditions in 𝑝-direction, the phase
space is considered on the torus T4. However, to avoid discontinuities in the construction of partial
barriers at a later stage we consider the first subsystem on the cylinder, i.e., (𝑞1, 𝑝1) ∈ T×R and the
second subsystem on the torus, i.e., (𝑞2, 𝑝2) ∈ T2. Thus, we consider the phase space on T3 × R.

The 4d standard map (3.16) is an exact symplectic map (3.8) as the Liouville form 𝜎 = 𝑝𝑑𝑞 =



36 3.1 Symplectic maps and flux

𝑝1𝑑𝑞1 + 𝑝2𝑑𝑞2 is preserved

ℱ*𝜎 − 𝜎 = 𝑝′
1𝑑𝑞′

1 − 𝑝1𝑑𝑞1 + 𝑝′
2𝑑𝑞′

2 − 𝑝2𝑑𝑞2

=
[︀
𝑝1 − 𝑉1(𝑞′

1, 𝑞′
2)
]︀
𝑑𝑞′

1 − 𝑝1𝑑𝑞1 +
[︀
𝑝2 − 𝑉2(𝑞′

1, 𝑞′
2)
]︀
𝑑𝑞′

2 − 𝑝2𝑑𝑞2

= 𝑝1𝑑𝑝1 − 𝑉1(𝑞′
1, 𝑞′

2)𝑑𝑞′
1 + 𝑝2𝑑𝑝2 − 𝑉2(𝑞′

1, 𝑞′
2)𝑑𝑞′

2

= 𝑑
[︀
𝑇 (𝑝1, 𝑝2) − 𝑉(𝑞′

1, 𝑞′
2)
]︀

= 𝑑
[︀
𝑇 (𝑝) − 𝑉 (𝑞′)

]︀
= 𝑑𝐿

(3.17)

by the Lagrangian, i.e., the generating function,

𝐿 = 𝑇 (𝑝) − 𝑉 (𝑞′). (3.18)

Since the 4d standard map is exact symplectic, it is also exact volume-preserving (3.3) such that
there exists a generating two-form 𝜆. This generating form depends on the specific choice of the
three-form 𝛼. The exactness of the volume form Ω (3.2) allows for different three-forms 𝛼, where we
choose

𝛼 = 𝑝1 𝑑𝑞1 ∧ 𝑑𝑝2 ∧ 𝑑𝑞2. (3.19)

For this choice the corresponding generating two-form 𝜆 reads

𝜆std4d =
(︁1

2𝑝2
1 − 𝑉 (𝑞1 + 𝑝1, 𝑞2 + 𝑝2)

)︁
𝑑𝑝2 ∧ 𝑑𝑞2. (3.20)

In order to show that this generating two-form 𝜆std4d is a suitable choice for the selected three-form
𝛼, Eq. (3.3) must be fulfilled,

ℱ*𝛼 − 𝛼 = 𝑝′
1 𝑑𝑞′

1 ∧ 𝑑𝑝′
2 ∧ 𝑑𝑞′

2

− 𝑝1 𝑑𝑞1 ∧ 𝑑𝑝2 ∧ 𝑑𝑞2

= (𝑝1 − 𝑉1) 𝑑(𝑞1 + 𝑝1) ∧ 𝑑(𝑝2 − 𝑉2) ∧ 𝑑(𝑞2 + 𝑝2)

− 𝑝1 𝑑𝑞1 ∧ 𝑑𝑝2 ∧ 𝑑𝑞2

= (𝑝1 − 𝑉1) (𝑑𝑞1 + 𝑑𝑝1) ∧ [𝑑𝑝2 − 𝑉21(𝑑𝑞1 + 𝑑𝑝1) − 𝑉22(𝑑𝑞2 + 𝑑𝑝2)] ∧ (𝑑𝑞2 + 𝑑𝑝2)

− 𝑝1 𝑑𝑞1 ∧ 𝑑𝑝2 ∧ 𝑑𝑞2

= (𝑝1 − 𝑉1) (𝑑𝑞1 + 𝑑𝑝1) ∧ 𝑑𝑝2 ∧ 𝑑𝑞2

− 𝑝1 𝑑𝑞1 ∧ 𝑑𝑝2 ∧ 𝑑𝑞2

= 𝑝1 𝑑𝑝1 ∧ 𝑑𝑝2 ∧ 𝑑𝑞2 − 𝑉1 (𝑑𝑞1 + 𝑑𝑝1) ∧ 𝑑𝑝2 ∧ 𝑑𝑞2

= 𝑑𝜆std4d

(3.21)

where the arguments of 𝑉 (𝑞1 + 𝑝1, 𝑞2 + 𝑝2) are not written explicitly. In case that the parameters of
the 4d standard map are (𝑘2, 𝜉) = (0, 0) the terms of 𝜆std4d are identical to 𝜆std2d (3.15) up to the
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wedge product 𝑑𝑝2 ∧ 𝑑𝑞2.
Note that also other generating forms 𝜆std4d are possible. For instance, the generating two-form

for the three-form 𝛼 = 1
2𝜎 ∧ 𝜔 = 1

2(𝑝1𝑑𝑞1 + 𝑝2𝑑𝑞2) ∧ (𝑑𝑝1 ∧ 𝑑𝑞1 + 𝑑𝑝2 ∧ 𝑑𝑞2) reads 𝜆std4d = 1
2𝐿𝜔, where

the Lagrangian 𝐿 (3.18) enters [167].

3.1.5 Partial Barriers, Turnstiles and Flux

Many physical problems are studied in phase space, where the transport between separated regions is
related to a change of the physical state. In general, transport addresses a collective average behavior
of an ensemble of orbits in phase space which evolve in time. A comprehensive theory of transport is
partially build upon a simpler concept. That is, the exchange of phase-space volume, denoted as flux,
across a partial barrier via the turnstile mechanism. These concepts are introduced in the following,
where we closely follow the line of reasoning of Ref. [19].

In the following we consider a exact volume-preserving map ℱ acting on the 𝑛-dimensional phase
space 𝑀 . In this phase space we assume a 𝑛-dimensional region 𝑅1 ⊂ 𝑀 , indicated in Fig. 3.1 as
gray shaded area. This region has a piece-wise smooth boundary 𝐶, shown as black line, which is
(𝑛 − 1)-dimensional or of codimension one and thus separating region 𝑅1 from a disjunct region 𝑅2.
In general, the notion of flux denotes the exchange of volume between the regions across this surface
under the map ℱ .
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Figure 3.1: Sketch for partial barrier, turnstile and flux. In (a) the region 𝑅1 is confined by its
boundary 𝐶 denoted as partial barrier and shown as black line. The partial barrier and its preimage
ℱ−1(𝐶), shown as red line, confine the exit set 𝐸 and incoming set 𝐼. By means of the image of the
partial barrier ℱ(𝐶), shown as blue dashed line, the image of the exit as well as the incoming set
are confined. The boundary of the exit set is composed of the orientated subset 𝜕𝐸 = 𝑈 − 𝑆, whose
orientation is indicated by the arrows. The common boundary 𝐵 = 𝑈 ∩ 𝑆 is indicated as green and
orange point. In (b) the turnstile mechanism is indicated by two trajectories crossing the partial
barrier from region 1 → 2 (purple dots) via the exit set and from region 2 → 1 (dark green dots)
via the incoming set.
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The trivial limiting case where the region is invariant under the map, i.e., ℱ(𝑅1) = 𝑅1, corresponds
to zero flux. In this case the boundary 𝐶 forms a complete or absolute barrier since no volume is
exchanged across this surface. In contrast, if the region 𝑅1 is almost invariant such that a small
fraction of volume is exchanged across the boundary under the map ℱ , then 𝐶 is denoted as partial
barrier. Such a partial barrier is shown in Fig. 3.1 as black line.

The exchange of volume across the partial barrier 𝐶 allows to define two important sets. Firstly,
the exit set 𝐸 ⊂ 𝑅1, which is the subset of 𝑅1 leaving 𝑅1 under one iteration of ℱ , formally denoted
as

𝐸 = 𝑅1 ∖ ℱ−1(𝑅1) (3.22)

where ℱ−1(𝑅1) stands for the preimage of the region. Secondly, the incoming set 𝐼 is defined as
region outside of 𝑅1, i.e., 𝐼 ⊂ 𝑀 ∖ 𝑅1 = 𝑅2 whose image is part of the region, ℱ(𝐼) ⊂ 𝑅1, which is
denoted as

𝐼 = ℱ−1(𝑅1) ∖ 𝑅1. (3.23)

The flux across the boundary of 𝑅1 is given by volume leaving 𝑅1 under the map ℱ and thus is given
by the volume of the exit set 𝐸, formally denoted as

Φ(𝑅1) = 𝜇(𝐸) =
∫︁
𝐸

Ω (3.24)

where 𝜇 is a volume measure. For exact volume-preserving maps ℱ the equality of 𝜇(𝑅1) =
𝜇(ℱ(𝑅1)) = 𝜇(ℱ−1(𝑅1)) holds, thus one concludes that the volume of the exit and incoming set
are equal, i.e., 𝜇(𝐸) = 𝜇(𝐼). In particular, the flux for leaving region 𝑅2 is given by the volume of
the incoming set, i.e., Φ(𝑅2) = 𝜇(𝐼). For the sake of clarity we will denote the flux from region 𝑅1

to region 𝑅2 as Φ1→2 and vice versa the flux from region 𝑅2 to region 𝑅1 as Φ2→1.

The exit set 𝐸 as well as the incoming set 𝐼 are confined by segments of the partial barrier 𝐶 and
the preimage of the partial barrier ℱ−1(𝐶), which is shown in Fig. 3.1 as red curve. Both, the partial
barrier and its preimage, obey their orientation from the region 𝑅1 as indicated by the arrows. In
particular, the boundary of the exit set 𝜕𝐸 is composed of the segments 𝑈 ⊂ 𝐶 and 𝑆 ⊂ ℱ−1(𝐶),
indicated in Fig. 3.1(a).

In the following an expression for the flux Φ1→2 is derived by simplifying the determination of
the 𝑛-dimension volume integral. To this end we insert the exactness of the volume form (3.2) into
Eq. (3.24) and further use Stokes’ theorem

∫︀
𝐻 𝑑𝛼 =

∫︀
𝜕𝐻 𝛼 and obtain

Φ1→2 = 𝜇(𝐸) =
∫︁
𝐸

Ω =
∫︁
𝐸

𝑑𝛼 =
∫︁

𝜕𝐸

𝛼 =
∫︁
𝑈

𝛼 −
∫︁
𝑆

𝛼. (3.25)
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Furthermore, as the boundary of the exit set 𝜕𝐸 consists of the two oriented segments 𝑈 and 𝑆 we
require for a clockwise orientation that the segment 𝑆 is traversed in reversed order. Hence, the
boundary of the exit set is denoted as 𝜕𝐸 = 𝑈 − 𝑆 leading to a minus sign for the integral over 𝑆.
The determination of the volume is reduced to the evaluation of integrals over (𝑛 − 1)-dimensional
surfaces. This can be further simplified to integrals over the (𝑛 − 2)-dimensional surface

𝐵 = 𝑈 ∩ 𝑆 = 𝜕𝑈 = 𝜕𝑆, (3.26)

which is the common boundary of the segments confining the exit set. 𝐵 is an invariant set as
ℱ(𝐵) = 𝐵 holds and is shown in Fig. 3.1 as green and orange colored point. Using the exactness of
volume-preserving maps (3.3) and the change of variables theorem for differential forms,∫︁

𝑆

ℱ*𝛼 =
∫︁

ℱ(𝑆)

𝛼, (3.27)

one integral of Eq. (3.25) can be rewritten yielding the identity∫︁
𝑆

𝛼 =
∫︁
𝑆

(−𝑑𝜆 + ℱ*𝛼) = −
∫︁
𝐵

𝜆 +
∫︁

ℱ(𝑆)

𝛼 = −
∫︁
𝐵

𝜆 +
∫︁
𝑈

𝛼, (3.28)

since ℱ(𝑆) = ℱ(ℱ−1(𝑈)) = 𝑈 holds. Inserting Eq. (3.28) into Eq. (3.25) eventually results into

Φ1→2 =
∫︁
𝑈

𝛼 −
∫︁
𝑆

𝛼 =
∫︁
𝐵

𝜆. (3.29)

Thus, the flux Φ is given by the integral of the (𝑛 − 2)-dimensional generating form 𝜆 over the in-
variant common boundary 𝐵. Equation (3.29) turns out to be very beneficial in order to compute
flux as it only requires knowledge about the common boundary 𝐵. In particular, it implies that the
explicit form of the partial barrier 𝐶 is not required.

Both the exit 𝐸 and the incoming set 𝐼 are commonly referred to as lobes. Together both lobes
form a turnstile. The designation is highlighted in Fig. 3.1(b) where two orbits are shown which are
exchanged between the regions. The purple colored orbit starting in the region 𝑅1 enters the exit
set 𝐸 and is subsequently mapped into the image of the exit set ℱ(𝐸) which itself is part of region
𝑅2. Similarly, the dark green colored orbit starting in 𝑅2 is mapped into the incoming set 𝐼 and
subsequently mapped into ℱ(𝐼) which is part of region 𝑅1.

If one considers the flux of both lobes of the turnstile 𝑇 = 𝐸 ∪ 𝐼 for which the boundary is given
by 𝜕𝑇 = ℱ−1(𝐶) − 𝐶 then one obtains

Φ =
∫︁
𝑇

Ω =
∫︁
𝑇

𝑑𝛼 =
∫︁

ℱ−1(𝐶)−𝐶

𝛼 = −
∫︁

ℱ−1(𝐶)

𝑑𝜆 = 0 (3.30)
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by using the exactness of the volume form, Stokes theorem and the identity (3.28). The integral of
the generating form 𝜆 over a closed surface 𝐶 is zero. Thus, the volume of the exit and incoming set
are equal as argued previously, a property which is called zero net flux [19].

By now the exit set has been composed of some segment 𝑈 and its preimage 𝑆. However, the exit
set can also be enclosed by a segment 𝑈 and its 𝑛-th preimage i.e., 𝑆𝑛 = ℱ−𝑛(𝑈). Then the identity
(3.28) can be applied iteratively such that one obtains

∫︁
𝑆𝑛

𝛼 = −
𝑛−1∑︁
𝑡=0

∫︁
ℱ𝑡(𝐵)

𝜆 +
∫︁

ℱ𝑛(𝑆𝑛)

𝛼. (3.31)

Inserting this into Eq. (3.25), the flux reads

Φ(𝐸) =
𝑛−1∑︁
𝑡=0

∫︁
ℱ𝑡(𝐵)

𝜆 (3.32)

as due to ℱ𝑛(𝑆𝑛) = ℱ𝑛(ℱ−𝑛(𝑈)) = 𝑈 the relation
∫︀

ℱ𝑛(𝑆𝑛) 𝛼 =
∫︀

𝑈 𝛼 holds. Note that due to the
assumption 𝑆𝑛 = ℱ−𝑛(𝑈) the common boundary 𝐵 is periodic, such that 𝐵 = ℱ𝑛(𝐵) holds.

Manifolds Turnstiles may also be constructed by the invariant manifolds attached to invariant sets.
In this case the exit set 𝜕𝐸 = 𝑈 − 𝑆 is composed of two segments, one of the unstable manifold
𝑈 ⊂ 𝑊 𝑢 and one of the stable manifold 𝑆 ⊂ 𝑊 𝑠.

The integral for the stable segment is transformed to

∫︁
𝑆

𝛼 = −
∞∑︁

𝑡=0

∫︁
ℱ𝑡(𝐵)

𝜆 (3.33)

by using the identity (3.31) in the limit 𝑛 → ∞. In this limit the second term is negligible as the
stable segment under forward iteration shrinks to zero. Vice versa the unstable segment shrinks to
zero under backward iteration of the mapping ℱ such that exploiting (3.31) leads to

∫︁
𝑈

𝛼 = −
−1∑︁

𝑡=−∞

∫︁
ℱ𝑡(𝐵)

𝜆 (3.34)

for which the flux then finally is obtained as

Φ(𝑅1) =
∞∑︁

𝑡=−∞

∫︁
ℱ𝑡(𝐵)

𝜆. (3.35)
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3.2 Flux in 2D maps

The application of the flux formalism of Sec. 3.1.5 to a two-dimensional phase space provides the
foundation of the well-established theory of transport in 2d symplectic maps [18, 19, 24], which is
shortly reviewed here. In particular, we present aspects which are necessary to generalize the flux
computation of 2d maps to 4d maps. In Sec. 3.2.1 we first introduce dynamical concepts occurring
in 2d maps. Subsequently, the determination of flux by periodic orbits as well as by an explicitly
constructed partial barrier is discussed in Sec. 3.2.2. More details on the computation of periodic
orbits are given in Sec. 3.2.3. The breakup of invariant tori and the flux through the most restrictive
objects in phase space, so-called cantori, is reviewed in Sec. 3.2.4.

3.2.1 Dynamics in 2D maps

In the following section some generic characteristics of the dynamics in 2d symplectic maps are
described for the example of the 2d standard map (3.13). Here, the kicking strength 𝑘 is the relevant
parameter governing the dynamics, i.e., it allows to tune the system from a regular into a fully chaotic
regime. In between there is the mixed regime, where regular and chaotic dynamics coexist.

In case of 𝑘 = 0 the 2d standard map (3.13) is integrable because 𝑝 is a constant of motion. In
Fig. 3.2(a) the corresponding phase space is shown. The dynamics takes place on horizontal curves,
which are shown as gray lines. The frequency 𝜔, or winding number, of a orbit is defined in phase
space where no periodicity of 𝑞 is assumed,

𝜔 = lim
𝑡→∞

𝑞𝑡 − 𝑞0
𝑡

. (3.36)

If the limit exists it defines the average increase in the 𝑞 coordinate with time 𝑡. For 𝑘 = 0 this limit
always exists and the frequency is given by the initial momentum 𝜔 = 𝑝0. If the initial momentum
is an irrational number, then the corresponding orbit 𝑥𝑡 is called quasiperiodic as it densely fills a
one-dimensional line. This line is called a rotational invariant circle or rotational torus.

For rational values of the frequency 𝜔 = 𝑚
𝑛 = 𝑝0 with 𝑚 ∈ Z, 𝑛 ∈ N and gcd(𝑚, 𝑛) = 1 there is a

family of periodic orbits 𝑥𝑚:𝑛 for each 𝑞0 value. These orbits are called (𝑚, 𝑛)-orbits as they progress
the integer distance 𝑚 in 𝑞-direction 𝑞𝑛−1 = 𝑞0 + 𝑚 after 𝑛 iterations in an unbounded phase space.
In the cylindrical phase space the number 𝑚 describes how the orbits passes through the 𝑞-ordered
points of the periodic orbit. If 𝑚 = 1 the orbit is iterated from one point of the 𝑞-ordered set to the
next point while, e.g., for 𝑚 = 2 one point of the 𝑞-ordered set is omitted and so on.

For a non-zero kicking strength 𝑘 > 0 the dynamics is non-integrable since the momentum is not a
conserved quantity anymore. The potential 𝑉 (𝑞) which is proportional to 𝑘 acts as a perturbation.
The phase-space portrait for 𝑘 = 0.8, shown in Fig. 3.2(b), substantially differs from the unperturbed
one. The former straight rotational invariant circles of panel (a) now appear to be deformed. Most
prominent are the elliptical shaped curves in the center. This so-called regular island is surrounded
by a layer of chaotic dynamics, shown as blue dots. In between the rotational curves there are
several islands forming an island chain which are again surrounded by a chaotic layer. The size of
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Figure 3.2: Phase space of the 2d standard map (3.13) for (a) 𝑘 = 0, (b) 𝑘 = 0.8, (c) 𝑘 = 1.75,
and (d) 𝑘 = 10.

the islands changes with kicking strength 𝑘. For increasing kicking strength the islands first grow
and subsequently shrink (not shown).

The islands and the chaotic layers in phase space are organized by periodic orbits. The Poincaré-
Birkhoff theorem states that at least two members of the family of periodic orbits of the integrable
case survive the perturbation. Furthermore, Aubry-Mather theory guarantees their existence and
names them minimizing and minimax periodic orbits, denoted as 𝑥𝑚:𝑛

min and 𝑥𝑚:𝑛
max in the following, as

they are obtained by a variational principle [18].

The minimax periodic orbits 𝑥𝑚:𝑛
max are located in the center of these islands. In the upper half of

Fig. 3.2(b) the minimax periodic orbits 𝑥1:3
max and 𝑥2:5

max are shown as green dots. In the centre of the
central island the fixed point 𝑥0:1

max is located. The corresponding minimzing periodic orbits 𝑥1:3
min,

𝑥2:5
min and fixed point 𝑥0:1

min are located in chaotic regions, shown as orange points. Stability properties
of periodic orbits and their relation to the surrounding phase-space structures will be discussed later.
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In panel (c) of Fig. 3.2 the phase space for 𝑘 = 1.75 is shown. At this kicking strength no rotational
invariant circle have survived the perturbation. Furthermore, all prior island chains have disappeared,
except of the period 2 island chain at 𝑝 = ±0.5 and the ones surrounding the still existing central
island. Additional the periodic orbits 𝑥1:3 are shown. At this kicking strength, however, 𝑥1:3

max is
not surrounded by elliptic islands, but instead is embedded in the chaotic sea. The latter is a large
connected chaotic component extending in 𝑝-direction.

For large kicking strengths, e.g., 𝑘 = 10, the phase space is fully chaotic, see panel (d) of Fig. 3.2.
Here, no regular structures have survived the perturbation.

Linearized Dynamics

The presence of periodic orbits or fixed points shape the phase-space structures in their vicinity.
This is best understood by examining their linear stability. In general stability properties of a point
𝑥 in phase space are determined by means of the linearized map 𝐷ℱ(𝑥), describing the dynamics
in a small neighborhood of this point. This is especially relevant at a fixed point 𝑥fp where the
linearized dynamics is simply 𝐷ℱ(𝑥fp). More generally, we consider a periodic orbit of period 𝑛. The
linearization of a period-𝑛 orbit 𝑥per,𝑛 at 𝑥per,𝑛

0 is given by the product of the linearizations, i.e., the
Jacobi matrices, along the orbit

𝐷ℱ𝑛(𝑥per,𝑛
0 ) = 𝐷ℱ(𝑥per,𝑛

𝑛−1 ) · 𝐷ℱ(𝑥per,𝑛
𝑛−2 ) · . . . · 𝐷ℱ(𝑥per,𝑛

0 ). (3.37)

Each Jacobi matrix fulfills the symplectic property (3.6) such that the same also holds for the product
𝐷ℱ𝑛. For symplectic maps eigenvalues of the eigenproblem 𝐷ℱ𝑛𝑣 = 𝜆𝑣 come in pairs. Either the
eigenvalues (𝜆, �̄�) ∈ C are both on the unit circle corresponding to elliptic stability, or one has
eigenvalues (𝜆, 𝜆−1) ∈ R corresponding to hyperbolic stability. In maps with more than one degree
of freedom, e.g., 4d or higher-dimensional maps, also quadruplets with eigenvalues 𝜆, 1

𝜆 , 𝜆*, 1
𝜆* can

occur [18, 172].
If (𝜆, �̄�) ∈ C and |𝜆| = 1 the periodic orbit/fixed point is elliptic and the linearized dynamics takes

place on ellipses whose frequency 𝜈 is related to the eigenvalue 𝜆 = 𝑒𝑖2𝜋𝜈 . The corresponding periodic
orbits are called minimax orbits and are denoted as 𝑥𝑚:𝑛

max. Examples are shown in Fig. 3.2(b) as
green dots surrounded by elliptic islands.

For the hyperbolic case with (𝜆, 𝜆−1) ∈ R the eigenvalue problem for a point 𝑥per,𝑛
𝑖 of a periodic

orbit 𝑥per,𝑛 reads

𝐷ℱ𝑛(𝑥per,𝑛
𝑖 )𝑣±

𝑥per,𝑛
𝑖

= 𝜆±𝑣±
𝑥per,𝑛

𝑖
, (3.38)

yielding the real eigenvalues 𝜆± and the corresponding eigenvectors 𝑣±. Here the +(−) sign indicates
the stable (unstable) direction, where |𝜆+| < 1 and |𝜆−| = |1/𝜆+| > 1. The corresponding eigenvec-
tors 𝑣± can be considered in positive and negative directions ±𝑣± which gives rise to four different
directions denoted as {|1⟩, |2⟩, |3⟩, |4⟩}. In fact, the eigenvectors ±𝑣+ span the stable 𝐸+, while ±𝑣−

span the unstable subspace 𝐸−, both invariant under 𝐷ℱ𝑛 [176].
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For 𝜆 ∈ R periodic orbits with 𝜆 > 0 are hyperbolic and are denoted as minimizing periodic orbits
𝑥𝑚:𝑛

min . In contrast, for 𝜆 < 0 the periodic orbit is inverse hyperbolic and is also denoted as minimax
periodic orbit 𝑥𝑚:𝑛

max as in the case of elliptic stability. This dual assignment as minimax periodic orbit
is due to the fact that the inverse hyperbolic case emerges from the elliptic case which undergoes a
period-doubling bifurcation for increasing perturbation 𝑘 [18]. Consequently, the loss of stability also
effects the surrounding phase-space structures. For this reason the periodic orbit 𝑥1:3

max is for 𝑘 = 0.8
in the center of the elliptic islands, see panel (b) in Fig. 3.2, while for 𝑘1 = 1.75 it is in the chaotic
sea, see panel (c). Due to the increase of the kicking strength 𝑘 the stability of the orbit changed
from elliptic to inverse hyperbolic.

For both hyperbolic and inverse hyperbolic periodic orbits 𝑥2:5
max and 𝑥2:5

min, respectively, the four
branches |1⟩-|4⟩ of the linear subspaces 𝐸± are shown in Fig. 3.3. Here, the four branches |𝑗⟩ for
𝑗 = 1, 2, 3, 4 emerging at 𝑥𝑚:𝑛

𝑖 are initially labeled in a clockwise manner. Thus, either branch |1⟩ and
|3⟩ or branch |2⟩ and |4⟩ are part of the stable or unstable subspace, respectively. A branch attached
to 𝑥𝑚:𝑛

𝑖 , denoted as |𝑗⟩𝑥𝑚:𝑛
𝑖

, is mapped under the linear map 𝐷ℱ(𝑥𝑚:𝑛
𝑖 ) to one of the eigenvectors

±𝑣± of the next point of the periodic orbit 𝑥𝑚:𝑛
𝑖+1 . This allows to relate the branches of |𝑗⟩𝑥𝑚:𝑛

𝑖+1
with

the previous set of branches. We denote this procedure symbolically by

𝐷ℱ(𝑥𝑚:𝑛
𝑖 )|𝑗⟩𝑥𝑚:𝑛

𝑖
↦→ ±𝑣±

𝑥𝑚:𝑛
𝑖

↦→ |𝑗⟩𝑥𝑚:𝑛
𝑖+1

. (3.39)

By repeating this assignment procedure 𝑛 − 1 times all possible directions ±𝑣±
𝑥𝑚:𝑛

𝑖
at all points 𝑥𝑚:𝑛

𝑖

obtain a branch label |𝑗⟩. These labels are invariant in the case of a hyperbolic orbit, implying that
the branch |1⟩ is mapped back onto itself after all 𝑛 linear maps along the periodic orbit are applied.

The situation for an inverse hyperbolic periodic orbit is more complex. In this case the assignment
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Figure 3.3: Linear subspaces 𝐸± of the periodic orbits 𝑥2:5
max and 𝑥2:5

min of the 2d standard map
(3.13) for 𝑘 = 1.75. The hyperbolic periodic orbit 𝑥2:5

min is shown as orange dots, while the inverse
hyperbolic periodic orbit 𝑥2:5

max is shown as green dots. Attached to each periodic point are four
branches |1⟩ − |4⟩ with each two of them being part of the stable 𝐸+ and the unstable 𝐸− subspace,
shown as red and blue lines, respectively.
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procedure reveals that the role of the branches are exchanged after applying the 𝑛 linear maps of
the periodic orbit. Thus, branch |1⟩ is mapped to branch |3⟩ and vice versa and similar branch
|2⟩ is mapped to branch |4⟩, which reflects the nature of the period doubling bifurcation. As a
consequence the assignment procedure has to be repeated 2𝑛 times in order to relate the branches.
This property will be important for the determination of normally hyperbolic invariant manifolds,
considered in Sec. 3.3.2. Furthermore, it is also important for the computation of the stable and
unstable manifolds which is discussed next.

Invariant manifolds

The stable/unstable manifold of an hyperbolic invariant set Λ, i.e., ℱ(Λ) = Λ, is defined as the set
of points which converge to Λ under forward/backward iteration,

𝑊 s/u(Λ) = {𝑥 ∈ 𝑀 : ℱ 𝑡𝑥 → Λ as 𝑡 → ±∞}. (3.40)

Both the stable manifold 𝑊 s as well as the unstable manifold 𝑊 u are attached to Λ. In a 2d map
the simplest invariant set is a hyperbolic fixed point, i.e., Λ = {𝑥fp}. In case of a hyperbolic periodic
orbit 𝑥per,𝑛 the stable manifold which is attached to a point 𝑥per,𝑛

𝑖 are defined as

𝑊 s(𝑥per,𝑛
𝑖 ) = {𝑥 ∈ 𝑀 : ℱ (𝑡·𝑛)𝑥 → 𝑥per,𝑛

𝑖 as 𝑡 → ∞}, (3.41)
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Figure 3.4: Two branches of the invariant manifolds attached to the hyperbolic fixed point 𝑥0:1
min =

(0, 0) (orange cross) for the 2d standard map (3.13) with 𝑘 = 1.8. The stable manifold 𝑊 s is shown
as blue line, while the unstable manifold 𝑊 u is shown in red. Two homoclinic orbits ℎ1 and ℎ2 are
shown as green and orange colored dots. The inset shows a magnification of the vicinity of 𝑥0:1

min.
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while the unstable manifold is defined by

𝑊 u(𝑥per,𝑛
𝑖 ) = {𝑥 ∈ 𝑀 : ℱ (−𝑡·𝑛)𝑥 → 𝑥per,𝑛

𝑖 as 𝑡 → ∞}. (3.42)

The linear subspaces 𝐸± attached to a periodic point, like those shown in Fig. 3.3, can be extended
to invariant manifolds according to the stable manifold theorem [177, Chapter 5]. The set of points
constitutes a smooth one dimensional curve.

In the following we describe a simple numerical approach which allows to determine one branch of
a manifold attached to 𝑥per,𝑛

𝑖 . The first step is to choose a small number 𝜖 > 0 and take the point
𝑥init = 𝑥per,𝑛

𝑖 ± 𝜖𝑣± and its iterate 𝑥end = ℱ𝑛(𝑥init). On the line segment [𝑥init, 𝑥end] sufficiently
many initial conditions are distributed. Iterating this set of points according to the definitions (3.41)
or (3.42) yields a reasonable approximation of the manifold, since it is assumed that both 𝑥init and
𝑥end are sufficiently close to the manifold. Note that in case of an inverse hyperbolic point 𝑥𝑚:𝑛

min,𝑖 the
determination of one branch of the manifold requires to iterate 2𝑛 times. In general, this technique
suffers from an unequal sampling of the manifold, especially as the lengths of the segments increase
exponentially with every iteration. Note that beside more advanced numerical techniques [178, 179]
also methods like the parametrization method [137, 180–182] are available, which are not used here.

While the self-intersection of the stable and unstable manifold, respectively, is not possible, the
stable and unstable manifold can intersect. The intersection of manifolds emerging from a fixed point
𝑥fp are called homoclinic points, while intersections from manifolds emerging from different periodic
points 𝑥per,𝑛

𝑖 ̸= 𝑥per,𝑛
𝑗 are called heteroclinic points. From the existence of one such intersection

follows the existence of infinitely many intersection points. These infinite set of homoclinic and
heteroclinic points form what is called a homoclinic/heteroclinic tangle, essential in the explanation
of the onset of chaos [183]. As the homoclinic/heteroclinic point is a constituent of the stable and
unstable manifold the point converges to the hyperbolic fixed point/periodic orbit under forward and
backward iteration of the map ℱ [18, 26].

In Fig. 3.4 segments of one branch of the stable and the unstable manifolds are shown in red and
blue, respectively. The manifolds emerge from the hyperbolic fixed point 𝑥fp = 𝑥0:1

min of period 1
located at (𝑞, 𝑝) = (0, 0) for the 2d standard map at 𝑘 = 1.8. Two adjacent homoclinic points are
highlighted in Fig. 3.4 as ℎ1

0 and ℎ2
0. They are so-called primary intersection points (pip) which are

defined by segments of manifolds. Let the segment of the stable manifold from the hyperbolic fixed
point 𝑥0:1

max to the homoclinic point ℎ1
0 be denoted as 𝑆[𝑥0:1

max, ℎ1
0] and accordingly for the segment

of the unstable manifold 𝑈 [𝑥0:1
min, ℎ1

0]. Then ℎ1
0 is called a primary intersection point (pip) if both

segments only intersect at the endpoint ℎ1
0 [26, 27]. Accordingly, for ℎ2

0 the segments 𝑆[𝑥0:1
min, ℎ2

0]
and 𝑈 [𝑥0:1

min, ℎ2
0] only intersect in ℎ2

0. A homoclinic point ℎ0 converges asymptotically to 𝑥0:1
min under

forward and backward iteration of the map, ℱ±∞(ℎ0) → 𝑥0:1
min, as stated previously. This is depicted

in the inset of Fig. 3.4 where a few points of the homoclinic orbit ℎ1 and ℎ2 are shown in the vicinity
of the hyperbolic fixed point 𝑥0:1

min.
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3.2.2 Flux in 2D symplectic maps

In this section we review the determination of flux across partial barriers in 2d symplectic maps
[18, 24]. In particular we consider two types of partial barriers which is either constructed by means
of periodic orbits or is composed of invariant manifolds. In both cases the flux is determined by
different approaches which are discussed in detail.

Partial barriers constructed by periodic orbits

In the following we apply the general flux formula (3.29) to the case of a two-dimensional phase space
and specifically consider the 2d standard map (3.13). Taking the considerations of Sec. 3.1.5 into
account, we prefer the notion of areas instead of two-dimensional volumes. Flux in this context is
the area of the exit set 𝐸 or incoming set 𝐼 exchanged across a codimension one surface, e.g., the
partial barrier 𝐶 which is a one-dimensional curve. The lobe of 𝐸 is bounded by the one dimensional
orientated curves 𝜕𝐸 = 𝑈 − 𝑆. For those objects the common boundary 𝐵 is zero-dimensional, i.e.,
it consists of points.

One particular relevant way to construct a partial barrier based on invariant objects in phase space
is to utilize the set of minimizing and minimax periodic orbits 𝑥𝑚:𝑛

min and 𝑥𝑚:𝑛
max, respectively, as their

existence is guaranteed by the Poincaré-Birkhoff theorem. A specific partial barrier 𝐶 should then
fulfill the hypotheses [19]:

1. The partial barrier 𝐶 is a closed curve connecting alternating points of the minimizing 𝑥𝑚:𝑛
min

and minimax periodic orbit 𝑥𝑚:𝑛
max.

2. The partial barrier and its preimage only intersect in the periodic points, 𝐶 ∩ ℱ−1(𝐶) =
{𝑥𝑚:𝑛

max} ∪ {𝑥𝑚:𝑛
min }.

As a consequence, the partial barrier and its preimage form lobes which are alternating above and
below. A partial barrier which fulfills these hypotheses is shown in Fig. 3.5. Here, the partial barrier
𝐶, shown as black curve, is explicitly constructed for a period-2 orbit. The curve 𝐶 connects points
of the minimizing 𝑥1:2

min and minimax orbit 𝑥1:2
max, shown as green and orange dots, respectively. The

preimage ℱ−1(𝐶) is shown as red curve and intersects 𝐶 only these periodic points. Both curves
confine four different lobes, two above and two below the partial barrier 𝐶, which are shown as
different colored areas. With respect to the sketch Fig. 3.1 the two areas below the partial barrier
𝐶 are denoted as 𝐸0 and 𝐸1 and belong to the compound exit set 𝐸 = 𝐸0 ∪ 𝐸1. Consequently, the
areas 𝐼0 and 𝐼1 confined above the partial barrier belong to the compound incoming set 𝐼 = 𝐼0 ∪ 𝐼1.
The partial barrier and its image ℱ(𝐶), shown as blue curve, confine another set of four lobes. These
lobes are the images of the lobes which are confined by the partial barrier and the preimage. They
are colored accordingly to their preimage, e.g., compare the light blue area 𝐼0 and ℱ(𝐼0). In Fig. 3.5
the incoming set 𝐼0 is shown in light blue as well as the mapped set ℱ(𝐼0). Since the map is area-
preserving equally colored lobes have the same area, i.e., 𝜇(𝐼0) = 𝜇(ℱ(𝐼0)). Furthermore, as the map
satisfies zero net flux (3.30) the size of the compound sets 𝐸 and 𝐼 are equal.
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In order to compute the area 𝜇(𝐸) of the compound exit set 𝐸 = 𝐸0 ∪ 𝐸1 one can use Eq. (3.25)
and integrate along the boundary of the exit set 𝜕𝐸 given by the segments 𝑈0, 𝑈1 and 𝑆0, 𝑆1, where
𝑈 ⊂ 𝐶 and 𝑆 ⊂ ℱ−1(𝐶). The area 𝜇(𝐼) is calculated analogously.

However, much easier is the evaluation of Eq. (3.29) as it only requires to integrate over the common
boundary 𝐵 (3.26) of 𝑈 and 𝑆. In general, the common boundary 𝐵 are the two periodic orbits 𝑥𝑚:𝑛

max

and 𝑥𝑚:𝑛
min . In order to compute the flux Φ across the barrier we thus employ Eq. (3.29), for which the

integral over 𝐵 is simply given by the evaluation of the generating form 𝜆std2d (3.15) for the periodic
orbits. By assuming 𝐵 = 𝑥𝑚:𝑛

max − 𝑥𝑚:𝑛
min for the orientation one obtains [18, 19, 22, 24]

Φ =
∫︁
𝐵

𝜆std2d =
𝑛−1∑︁
𝑡=0

(︁
𝜆std2d(𝑥𝑚:𝑛

max,𝑡) − 𝜆std2d(𝑥𝑚:𝑛
min,𝑡)

)︁
(3.43)

such that the flux is given by the difference of the Lagrangian of the two periodic orbits. In particular,
the flux is independent of a specific partial barrier 𝐶 as it does not enter the final formula.

Nevertheless, we construct such a partial barrier in the following as it is quite instructive for the
verification of the result of the flux formula (3.43). In Ref. [18] a partial barrier is constructed in
the following way: Two neighboring points of a minimizing periodic orbit 𝑥𝑚:𝑛

min are connected by an
arbitrary curve which also passes through an intermediate point of the minimax periodic orbit 𝑥𝑚:𝑛

max.
All (𝑛 − 1) preimages of this initial segment constitute the partial barrier. Considering the image of
the initial segment eventually defines the turnstile. For this construction, however, it is impossible
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Figure 3.5: Partial barrier 𝐶 (3.44), shown as black line, constructed with the two periodic orbits
𝑥1:2

max and 𝑥1:2
min, shown as green and orange dots, respectively. The preimage ℱ−1(𝐶) and the image

ℱ(𝐶) of the partial barrier are shown as red and blue line, respectively. The kicking strength of the
2d standard map (3.13) is 𝑘 = 1.2.
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to obtain an explicit function of 𝑞. Furthermore, this sometimes leads to additional intersections of
𝐶 and ℱ−1(𝐶) implying a greater fluxes than predicted by Eq. (3.43).

To circumvent these issues we choose the following approach: We require the partial barrier 𝐶 to
be the graph of a function 𝑝(𝑞) for which the hypotheses are fulfilled. Furthermore, we assume that
the partial barrier can be written as a truncated Fourier series

𝑝pb(𝑞) =
∑︁

𝑘

𝑐𝑘 𝑒𝑖2𝜋𝑘𝑞 (3.44)

for which the coefficients 𝑐𝑘 ∈ C must be determined. We demand a sufficiently smooth curve in the
sense that the overall curvature of the partial barrier, 𝐾 =

∫︀ 1
0 𝑑𝑞|𝑝′′(𝑞)|2, is minimal. This translates

to the search for the minimum of 𝐾 =
∑︀

𝑘 |𝑐𝑘|2𝑘4. As an additional constraint it must be assured
that the partial barrier passes through the periodic orbits. This optimization problem can be written
as a system of linear equations with unique solution. Here, the only free parameter is the number of
Fourier coefficients 𝑐𝑘 which should be chosen sufficiently large. Note that this construction does not
guarantee that the second hypothesis is fulfilled. However, for a broad range of the kicking strength
𝑘 and for periodic orbits of limited size this construction provides a valid partial barrier. In order
to detect additional intersection between the partial barrier and its preimage the number of sign
changes are counted. To this end 𝑝pb(𝑞𝑗) − 𝑝𝑗 is evaluated, where (𝑞𝑗 , 𝑝𝑗) are pairs of variates of the
preimage ℱ−1(𝐶), which are ordered with respect to the 𝑞-coordinate. A sufficiently fine sampling
of the partial barrier eventually allows to detect additional intersections.

In the following we determine the flux Φ (3.43) for the periodic orbits 𝑥2:5. Subsequently, we verify
the result by two methods which require the explicit construction of a partial barrier. The evalution
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Figure 3.6: Partial barrier 𝐶, (3.44), shown as black line, constructed by means of the two periodic
orbits 𝑥2:5

max and 𝑥2:5
min shown as green and orange dots, respectively, for the 2d standard map (3.13)

at 𝑘 = 1.75. The preimage of the partial barrier ℱ−1(𝐶) is shown as red line.
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of Eq. (3.43) where the periodic orbits 𝑥2:5
min and 𝑥2:5

max enter, yields the flux Φ = 0.005183701. The
partial barrier (3.44), which is shown in Fig. 3.6 as black line, is constructed by means of the approach
mentioned above. It is connecting points of the minimizing and the minimax periodic orbit 𝑥2:5

min and
𝑥2:5

max in an alternating manner. The preimage ℱ−1(𝐶), shown as red curve, intersects the partial
barrier only in the periodic points, see the inset for a magnification. Both curves together enclose 5
lobes above and 5 lobes below the partial barrier. Similar to the more detailed example of Fig. 3.5
we denote the exit set 𝐸 = ∪4

𝑖=0𝐸𝑖 as the 5 lobes below and the incoming set 𝐼 = ∪4
𝑖=0𝐼𝑖 as the 5

lobes above the partial barrier. By determining the areas of these compound sets the computed flux
can be verified. As an analytical expression is only known for the partial barrier 𝐶 (3.44) but not
for the preimage ℱ−1(𝐶) the lobe areas have to be determined by an approximation. The easiest
approach is to utilize the Shoelace formula for which the area of a lobe is approximated by polygons.
For a sufficiently fine resolved boundary one obtains the result Φ = 0.005183699. This verifies the
result obtained by Eq. (3.43). Furthermore, we verify that the areas of both sets are equal, i.e.,
𝜇(𝐸) = 𝜇(𝐼). Thus, the flux from the region below to the region above the partial barrier is equal
to the flux in the opposite direction such that Φ1→2 = Φ2→1 holds, implying zero net flux (3.30).
Note that the approximation of the lobe area can be refined by interpolating the preimage of the
partial barrier with cubic splines and then performing an integration over the boundary. Preferably,
however, one gets rid of such approximations by using a formula for the lobe area (3.97), derived in
Sec. 3.3.3, requiring the evaluation of integrals along the partial barrier (3.44) only.

Note that only the sum of the lobe areas for the compound exit and incoming set is independent on
the particular choice of the partial barrier, as long as all the requirements are fulfilled. The individual
lobes area 𝐸𝑖 or 𝐼𝑖 can differ substantially, which is not shown here. This has been checked for a
similar construction of the partial barrier, where additionally the slope of the partial barrier at the
periodic points is predefined. To this end a slightly different optimization problem has to be solved.

An alternative approach to verify the result of Eq. (3.43) is to determine the flux by iteration of
an ensemble of initial conditions. For this purpose 𝑁es initial conditions are uniformly distributed
in the 2d phase space restricted to the unit cell with 𝑞 ∈ [0, 1) and 𝑝 ∈ [0, 1). The partial barrier
(3.84) divides this ensemble into 𝑁1 initial conditions below and 𝑁2 above the partial barrier. After
iterating the ensemble once, 𝑁1→2 is determined by counting the number of points which started
below the partial barrier in region 𝑅1 and have been mapped above into region 𝑅2, compare to the
sketch Fig. 3.1. The quantity 𝑁2→1 is defined equivalently. An approximation for the corresponding
flux or area, respectively, is then obtained by the fractions

Φ1→2 = 𝑁1→2
𝑁es

and Φ2→1 = 𝑁2→1
𝑁es

. (3.45)

Already for a relatively small ensemble of 𝑁es = 107 initial conditions one obtains Φ1→2 = 0.005183
and Φ2→1 = 0.005182 which are in good accordance with the result of Eq. (3.43). This can be sig-
nificantly improved by considering larger ensemble sizes which converge in the limit of infinite large
ensemble to the exact result of the flux (3.43).



3.2.2 Flux in 2D symplectic maps 51

In summary, the flux (3.43) through a partial barrier in a 2d sympelctic map is entirely determined
by the periodic orbits. In particular the specific choice of the partial barrier does not effect the result
as long as the requirements for their construction are fulfilled. Thus, also the notion of flux through
periodic orbits is not uncommon. Nevertheless, a specific partial barrier (3.44) which is given as a
function is helpful in order to verify the flux by either the measurement of lobe areas or by iteration
of an ensemble of initial conditions.

Note that so-called ghost circles might provide a more natural way for the explicit construction of a
partial barrier [184, 185]. These allow to construct mutually disjoint partial barriers for periodic orbits
𝑥𝑚:𝑛 with different (𝑚, 𝑛), which is unfortunately beyond the scope of this thesis. Furthermore, note
that the construction of a partial barrier by connecting neighboring periodic orbits by linear segments
leads to a greater lobe area than the flux predicted by the periodic orbits. For this construction the
lobes 𝐸𝑖 of the exit set and 𝐼𝑖 of the incoming set are not alternating. Instead they are consecutively
above and below the partial barrier.

Partial barriers composed of invariant manifolds

Another class of partial barriers in 2d maps naturally arise from invariant manifolds attached to
hyperbolic periodic orbits or fixed points. For the latter we discuss the construction, which is shown
in Fig. 3.7. First, we define the partial barrier, shown as black line, as the curve consisting of the two
segments 𝑈 [𝑥0:1

min, ℎ1
0] and 𝑆[𝑥0:1

min, ℎ1
0], which are part of the unstable and stable manifold, respectively.
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Figure 3.7: Same as in Fig. 3.4. Partial barrier composed of segments of 𝑊 s and 𝑊 u is shown
as black line. Lobes defining the incoming 𝐼 and exit set 𝐸 of the turnstile and their images are
labeled accordingly. Periodic orbits 𝑥1:𝑛

max and 𝑥1:𝑛
min ranging from 1

2 to 1
9 are shown as green and

orange colored crosses, respectively.
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The area below the partial barrier is called resonance zone and is confined from below by a curve
constructed from the two other branches of the manifolds. These are not shown, however, can be
obtained by inversion with respect to (𝑞, 𝑝) = (0.5, 0). Here, the first homoclinic point ℎ1

0 is chosen
such that both segments behave like functions of 𝑞.

The corresponding turnstile for this partial barrier consists of the lobes 𝐼 and 𝐸, shown in Fig. 3.7.
They are the incoming and exit set to the resonance zone. The lobe 𝐼 is confined by the segments
𝑆[ℎ1

−1, ℎ2
0] of the stable manifold and 𝑈 [ℎ1

−1, ℎ2
0] of the unstable manifold, which connect adjacent

homoclincic points. Equally, lobe 𝐸 is confined by the segments 𝑆[ℎ1
0, ℎ2

0] and 𝑈 [ℎ1
0, ℎ2

0]. The in-
coming set 𝐼 above the partial barrier is mapped below the partial barrier, as indicated by ℱ(𝐼),
while the exit set 𝐸 is mapped across the partial barrier from below to above, as shown in Fig. 3.7.
Consequently, the images of the sets ℱ(𝐸) and ℱ(𝐼) are also confined by segments of the stable and
unstable manifold.

The flux through the partial barrier can be determined by different approaches. Conceptually
simplest is the determination of the lobe areas 𝐼 and 𝐸 of the turnstile corresponding to Eq. (3.25).
However, as the segments of the manifolds enclosing the lobe are not known analytically the area has
to be approximated, e.g., by means of the Shoelace formula. It turns out that the size of incoming and
exit set are equal, i.e., 𝜇(𝐸) = 𝜇(𝐼), and thus the same is true for their images 𝜇(ℱ(𝐸)) = 𝜇(ℱ(𝐼)).
Note that a partial barrier can be defined with respect to any primary intersection point. A different
choice leaves both, the area of the resonance zone and the area of the lobes, unchanged.

Alternatively, adapting the general formula for manifolds (3.35) where the common boundary 𝐵

of a lobe is given by the two homoclinic points, i.e., 𝐵 = ℎ1
0 − ℎ2

0, gives the flux as

Φ =
∞∑︁

𝑡=−∞

(︁
𝜆std2d(ℎ1

𝑡 ) − 𝜆std2d(ℎ2
𝑡 )
)︁

. (3.46)

In order to determine the flux the summation in Eq. (3.46) of the two homoclinic orbits is truncated.
This is justified as the homoclinic orbits become asymptotically close to each other for 𝑡 → ±∞.
This means that lim

𝑡→±∞
‖𝑥1

𝑡 − 𝑥2
𝑡 ‖ → 0 as both converge to the hyperbolic fixed point, see inset of

Fig. 3.4. Thus, the summands become small for large 𝑡 and, therefore, homoclinic points close to the
hyperbolic fixed point only have a small contribution [18].

However, the flux can also be obtained by means of periodic orbits which are approximating the
homoclinic orbits. The hyperbolic fixed point 𝑥0:1

max of interest has frequency 𝜔 = 0 = 0
1 . Periodic

orbits of type 1
𝑛 and 𝑛 → ∞ approach this frequency 𝜔 = 0+ from above, i.e., with positive 𝑝 values.

Thus, periodic orbits of this type are approaching the homoclinic orbits ℎ1 and ℎ2. This is shown
in Fig. 3.7 and the inset, where a sequence of periodic orbits 𝑥𝑚:𝑛

max and 𝑥𝑚:𝑛
min with periods ranging

from 1
2 to 1

9 are shown as green and orange crosses, respectively. The periodic orbits converge with
increasing period to the homoclinic points, shown as equally colored dots. Eventually, the flux across
a partial barrier which is composed of invariant manifolds (3.46) can be determined by means of
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approximating periodic orbits (3.43). As pairs of homoclinic points close to 𝑥0:1
max only have a small

contribution in Eq. (3.46) even relatively short periodic orbits are sufficient [18].
We compare the flux which is obtained by means of the presented methods. Both the determination

of the lobe area by means of the Shoelace formula and the computation in terms of the homoclinic
orbits, see Eq. (3.46), yields Φ = 0.00704604, where deviations are in the order of 10−8. For the
evaluation in the latter case 𝑡 = ±10 forward and backward iterates of ℎ1

0 and ℎ2
0 have been considered.

We also determine the flux in terms of the periodic orbits 𝑥𝑚:𝑛 approximating the homoclinic orbits
by Eq. (3.43) and obtain Φ = 0.00704770 for 𝑚

𝑛 = 1
9 , Φ = 0.00704605 for 1

13 , and Φ = 0.00704604
for 1

15 . Therefore, the flux across a partial barrier which is composed of invariant manifolds can be
obtained in terms of periodic orbits which approximate the homoclinic orbits.

3.2.3 Determination of periodic orbits

Periodic orbits are essential in 2d symplectic maps as they organize the phase space, see Fig. 3.2,
and allow to construct partial barriers and determine fluxes. Moreover, by means of periodic orbits
the existence of invariant tori or properties of restrictive objects in phase space can be deduced,
subject of the subsequent section. Since these periodic orbits possibly have long periods and are
hyperbolic a root search in the full 2d phase space might not converge. To this end we review
the computation of periodic orbits, which can be reduced to one-dimensional search by exploiting
symmetries [24, 186, 187].

Symmetries

Hamiltonian systems are time-reversal for which the standard reversing symmetry is given by 𝑆(𝑞, 𝑝) =
(𝑞, −𝑝). This corresponds to the inversion of the momentum. Accordingly, also maps are possessing
reversing symmetries, which are defined next.

Assuming an invertible symplectic map ℱ , i.e., ℱ−1 exists. ℱ posses a so-called reversing symmetry
𝑆, if there is a diffeomorphism on the phase space 𝑆 : 𝑀 → 𝑀 such that

ℱ ∘ 𝑆 = 𝑆 ∘ ℱ−1 (3.47)

holds [188]. A map ℱ possessing a reversing symmetry can always be written as a composition of
two involutions

ℱ = 𝑆 ∘ 𝑇 (3.48)

where 𝑆2 = 𝑇 2 = 1 holds. The fixed set of a reversing symmetry 𝑆 is defined as the set of points
which are invariant under the map 𝑆,

Fix(𝑆) = {𝑥 ∈ 𝑀 | 𝑆(𝑥) = 𝑥}. (3.49)

Furthermore, if a map ℱ possesses such a reversing symmetry 𝑆 then there exists the class of sym-
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metric periodic orbits. Applying the map 𝑆 onto a symmetric periodic orbit reverses the time order
of the orbit such that the orbit is only invariant 𝑆({𝑥𝑚:𝑛}) = {𝑥𝑚:𝑛} in a setwise sense. Furthermore,
a symmetric periodic orbits has a point on Fix(𝑆) ∩ Fix(ℱ𝑛 ∘ 𝑆), where ℱ𝑛 ∘ 𝑆 defines a family of
reversors [189]. The precise definition of symmetric periodic orbits is given in [188, Theorem 4.2],
where also the importance of symmetric periodic orbits is highlighted in general. In particular, it is
shown that the minimizing periodic orbits are symmetric [186, 190].

Beside the reversing symmetries 𝑆, a map might possess other symmetries 𝑅 which commute with
the map

𝑅 ∘ ℱ = ℱ ∘ 𝑅. (3.50)

An example of such a symmetry is the map itself, since ℱ2 = ℱ2 holds [187].

Symmetry lines of the 2D standard map

One particular choice of a reversing symmetry 𝑆 for the 2d standard map (3.13) is given by

𝑆1(𝑞, 𝑝) = (−𝑞 − 𝑝, 𝑝), (3.51)

which is an involution as

𝑆2
1(𝑞, 𝑝) = (𝑆1 ∘ 𝑆1)(𝑞, 𝑝) = (+𝑞 + 𝑝 − 𝑝, 𝑝) = (𝑞, 𝑝) = 1 (3.52)

and, furthermore, fulfills definition (3.47) since

(ℱ ∘ 𝑆1)(𝑞, 𝑝) = (𝑆1 ∘ ℱ−1)(𝑞, 𝑝) = (−𝑞, 𝑝 − 𝐹 (𝑞)) (3.53)

where we assume an odd force 𝐹 (−𝑞) = −𝐹 (𝑞). This implies a second reversing symmetry as

𝑆2(𝑞, 𝑝) = (ℱ ∘ 𝑆1)(𝑞, 𝑝) = (−𝑞, 𝑝 − 𝐹 (𝑞)), (3.54)

satisfies 𝑆2
2 = 1. The mapping ℱ then can be written as a composition of the two involutions

ℱ = 𝑆2 ∘ 𝑆1 = (𝑞 + 𝑝, 𝑝 + 𝐹 (𝑞 + 𝑝)). Note that this does not commute, ℱ ̸= 𝑆1 ∘ 𝑆2. The fixed sets
(3.49) of the reversing symmetries 𝑆1 and 𝑆2 are

Fix(𝑆1) = {(𝑞, 𝑝) : 𝑝 = −2𝑞}, (3.55)

Fix(𝑆2) = {(𝑞, 𝑝) : (𝑞 = 0, 𝑝)}. (3.56)

For the 2d standard map one possible symmetry operation 𝑅 (3.50) is the shift in 𝑞

𝑅(𝑞, 𝑝) = (𝑞 + 1, 𝑝) (3.57)
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considered in the non-restricted phase space. In this case 𝑅 commutes with the map ℱ ∘ 𝑅 = 𝑅 ∘ ℱ
as the potential is periodic in 𝑞. Note that 𝑅 is not an involution since 𝑅2 ̸= 1. The composition of
a symmetry 𝑅 (3.57) with an existing reversing symmetries 𝑆 yields a new reversing symmetry. One
obtains

𝑆3(𝑞, 𝑝) = (𝑆1 ∘ 𝑅)(𝑞, 𝑝) = (−𝑞 − 1 − 𝑝, 𝑝), (3.58)

𝑆4(𝑞, 𝑝) = (𝑆2 ∘ 𝑅)(𝑞, 𝑝) = (−𝑞 − 1, 𝑝 − 𝐹 (𝑞)), (3.59)

and their corresponding fixed sets are

Fix(𝑆3) = {(𝑞, 𝑝) : 𝑝 = −2𝑞 − 1}, (3.60)

Fix(𝑆4) = {(𝑞, 𝑝) :
(︂

𝑞 = −1
2 , 𝑝

)︂
}, (3.61)

where 𝐹 (−1
2) = 0 is assumed for the fixed set Fix(𝑆4).

Furthermore, the map ℱ commutes with the inversion symmetry

𝐼(𝑞, 𝑝) = (−𝑞, −𝑝), (3.62)

which gives rise to two further reversing symmetries

𝑆5(𝑞, 𝑝) = (𝑆1 ∘ 𝐼)(𝑞, 𝑝) = (𝑞 + 𝑝, −𝑝), (3.63)

𝑆6(𝑞, 𝑝) = (𝑆2 ∘ 𝐼)(𝑞, 𝑝) = (𝑞, −𝑝 + 𝐹 (𝑞)), (3.64)

with the fixed sets

Fix(𝑆5) = {(𝑞, 𝑝) : (𝑞, 𝑝 = 0)}, (3.65)

Fix(𝑆6) = {(𝑞, 𝑝) : (𝑞, 𝑝 = 𝐹 (𝑞)
2 )}. (3.66)

The fixed sets of reversing symmetries are called symmetry lines. In Fig. 3.8 the symmetry lines
Fix(𝑆𝑖) are shown as red lines. Additionally, some regular tori and the chaotic layer of some separa-
trices are shown as gray lines or dots, respectively. Apparently points of the rotational periodic orbits
are located on the symmetry lines of Fix(𝑆1),. . . ,Fix(𝑆4). Thus, the search for symmetric periodic or-
bits of type 𝑥𝑚:𝑛 can be reduced to the search on these one-dimensinoal symmetry lines [24, 186, 187].
Note that the centers of the island chains encircling the central fixed point at 𝑥fp = (0.5, 0) are located
on the symmetry lines Fix(𝑆3),. . . ,Fix(𝑆6).

We are primarily interested in periodic orbits of the rotational type and thus focus on Fig. 3.8(b).
This magnification shows the minimax 𝑥𝑚:𝑛

max and minimizing period orbit 𝑥𝑚:𝑛
min for the fractions

𝑚
𝑛 = 1

3 , 2
5 and 3

8 , as green and orange dots, respectively. Here, the points of a particular orbit are
labeled according to their index of iteration. The initial point of an orbit is labeled by 0 and always
located on a symmetry line. After 𝑛

2 or 𝑛±1
2 iterations of the map ℱ the orbit is again on another
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Figure 3.8: Fixed sets Fix(𝑆1),. . . ,Fix(𝑆6) of the 2d standard map (3.13) at 𝑘 = 0.9 are shown as
red lines. Minimiax 𝑥𝑚:𝑛

max and minizing periodic orbits 𝑥𝑚:𝑛
min for 𝑚

𝑛 = 1
3 , 2

5 and 3
8 are shown as green

and orange dots, respectively. Regular structure are shown as gray lines, chaotic layers are shown as
gray dots. In (a) the fix sets Fix(𝑆1),. . . ,Fix(𝑆6) are labeled. In panel (b) a magnification of panel
(a) is shown. Here, the points of the periodic orbits are labeled according to their index of iteration,
assuming that the initial point 0 is located on a fixed set.
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symmetry line. Exemplary we discuss the minimizing orbit 𝑥2:5
min. It starts on Fix(𝑆2), labeled by

0, and reaches the symmetry line Fix(𝑆1), labeled by 2, after two iterations of the map ℱ . After
three subsequent iterations the orbit returns to Fix(𝑆2), see labels in Fig. 3.8(b). The corresponding
minimax orbit 𝑥2:5

max starts on Fix(𝑆4) and is mapped onto Fix(𝑆3) after two iterations. Whereas
starting from Fix(𝑆3) the orbit reaches Fix(𝑆4) after three iterations. For the periodic orbits 1

3 and
3
8 similar relations can be obtained, see Fig. 3.8(b).

The fact that the class of symmetric periodic orbits always has points on two different fixed sets
Fix(𝑆) allows to further reduce the computational effort. To this end a complete set of relations can
be obtained which discriminates three type of orbits namely those with odd

odd , even
odd and odd

even nominator
and denominator. For each type of orbit, a starting point on the initial set Fix(𝑆initial) reaches the final
set Fix(𝑆final) after either 𝑛

2 for an even or 𝑛±1
2 iterations for an odd denominator, respectively. This

can be exactly derived for 𝑚
𝑛 periodic orbits by considering the shift symmetry (3.57) and assuming

an unbounded phase space [186, 187], which is not shown here. A complete table is, e.g., given in
Ref. [187], however, due to a different definition of the standard map (3.13) the fixed sets are labeled
in a different way. Since all periodic orbits 𝑥𝑚:𝑛

max have a point on Fix(𝑆4), see Fig. 3.8(b), it is called
the dominant symmetry line [186].

Computation of periodic orbits

In order to compute a symmetric and rotational periodic orbit of type 𝑥𝑚:𝑛 we exploit the table
of relations between the symmetry lines Fix(𝑆1) to Fix(𝑆4), as described previously. For an initial
fixed set Fix(𝑆init) the corresponding final fixed set Fix(𝑆final) and the required number of iterations
between them is determined. All these symmetry lines are given as function of 𝑝, compare to Fig. 3.8.
Thus, an initial point on a fixed set can be parameterized by 𝑝, i.e., Fix(𝑆init)(𝑝0) = 𝑥0. This initial
point 𝑥0 is iterated 𝑖-times ℱ 𝑖(𝑥0) = 𝑥𝑖. The periodic orbit is eventually obtained by minimizing the
root function

Δ(𝑥𝑖) = 𝑞𝑖 − Fix(𝑆final)(𝑝𝑖) (3.67)

where the 𝑞-coordinate of Fix(𝑆final)(𝑝𝑖) is considered [24]. Numerically a secant method is used to
determine the root of (3.67). For the root search the corresponding parameter 𝑝0 on the fixed set
Fix(𝑆init) can be restricted to an initial interval. Since periodic orbits 𝑥𝑚:𝑛 are ordered by their
winding number 𝜔 = 𝑚

𝑛 , the knowledge of neighboring periodic orbits is utilized to restrict the
initial interval. In case that the root search is not converging, despite employing the simple interval
arithmetic, then a parameter extrapolation in the kicking strength 𝑘 might provide a more suitable
initial guess. To this end a linear extrapolation in 𝑘 is implemented. This is especially necessary
for longer periods and highly unstable periodic orbits [24]. For these the numerical error increases
exponentially such that the root function (3.67) might never reach zero. Finally, the entire periodic
orbit is obtained by iterating the initial point ⌈𝑛

2 ⌉ times forward and ⌊𝑛
2 ⌋ times backward in order to

minimize the exponentially growth of errors.
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3.2.4 Breakup of invariant tori and cantori

The KAM-theorem guarantees that invariant tori of an integrable system with a sufficiently irrational
frequency 𝜔 survive under a small perturbation. However, it makes neither a statement about the
breakup of a torus nor about the tori which do not survive the perturbation. Are these tori simply
destroyed and thus disappear or are there any remnants of these objects? If such remnants exist,
what are the consequences for transport?

These questions have already been answered in the literature and we briefly review them here. In
particular, we study the breakup of the most robust last invariant rotational curve in the 2d standard
map. The remnant after the breakup is a so-called cantorus which turns out to be restrictive for the
chaotic transport. Thus, we particularly study the flux through cantori.

The underlying assumption for the following considerations is that it is possible to approximate
invariant tori by periodic orbits. Furthermore, properties of a torus/cantorus are closely related to
properties of the approximating periodic orbits [191]. To this end we briefly introduce three different
concepts which are helpful in order to address these questions.

Continued fraction expansion The basic assumption in the following is that a regular torus with
irrational winding number 𝜔 (3.36) is approximated by means of rational periodic orbits 𝑥𝑚:𝑛. In
order to obtain a sequence of rational fractions, which gradually lead to a better approximation of
the regular torus, we employ the continued fraction expansion. This expansion also allows to assess
the irrationality of a number.

The continued fraction expansion allows to represent every real number 𝑥 ∈ R in the following way

𝑥 = lim
𝑛→∞

[𝑎0, 𝑎1, 𝑎2, . . . , 𝑎𝑛] = 𝑎0 + 1
𝑎1 + 1

𝑎2+ 1
𝑎3+...

(3.68)

by the coefficients 𝑎0 ∈ Z and 𝑎𝑖 ∈ N. If 𝑥 ∈ R ∖ Q then the expansion is infinite 𝑛 → ∞, while for
𝑥 ∈ Q only a finite number of coefficients 𝑎𝑖 (𝑎𝑖 > 0) contribute to the expansion. Furthermore, the
expansion allows to assess the difficulty of approximating an irrational number by considering the
coefficients 𝑎𝑖 in the tail of the expansion. Here, small coefficients 𝑎𝑖 lead to big corrections, while
large coefficients 𝑎𝑖 lead to small corrections. The hardest to approximate irrationals are the subset
of so-called noble numbers having a tail of ones, i.e., [𝑎0, . . . , 1, 1, 1, . . . , 1, 1, . . . ]. In particular, the
expansion of the most irrational number (golden mean) just consists of ones, 𝛾 = [1, 1, 1, . . . ] [18].
In order to obtain a sequence of rational periodic orbits 𝑥𝑚:𝑛 which are approximating a regular
torus of irrational frequency 𝜔 (3.36) the continued fraction expansion (3.68) is exploited. To this
end the expansion is aborted consecutively after an increasing number of coefficients. In Fig. 3.9 two
rational periodic orbits 𝑥𝑚:𝑛 in the range 𝑚

𝑛 = 1
2 , . . . , 21

55 are shown as dots. These are approximating
the golden mean torus with frequency 𝜔gm = 𝛾−2 = 0.3819660 . . . , which is not shown. The periodic
orbits are alternatingly above or below the torus.
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Figure 3.9: Sequence of periodic orbits 𝑥𝑚:𝑛
min and 𝑥𝑚:𝑛

max approximating the golden mean torus for
𝑘 = 0.97. Both periodic orbits of fraction 𝑚

𝑛 are shown in the same color.

Residue In Ref. [191] the breakup of tori in 2d symplectic maps is studied. Here, the underlying
assumption is that the breakup of an invariant torus is strongly related to an abrupt change of
stability properties of periodic orbits which approximate this torus. In order to classify the stability
of a periodic orbit 𝑥𝑚:𝑛 the residue provides an easier way for classification as the eigenvalues 𝜆 of
the linearization [191, 192]. It is defined by the real number

𝑅 = 1
4 [2 − tr(𝐷ℱ𝑛(𝑥𝑚:𝑛))] . (3.69)

𝑅 ∈ (0, 1) characterizes an elliptic fixed point/periodic orbit, while 𝑅 < 0 corresponds to hyperbolic
behavior and 𝑅 > 1 to an inverse hyperbolic behavior. Increasing values of 𝑅 → ±∞ indicate
a greater hyperbolicity of the periodic orbit. The special case of 𝑅 = {0, 1} corresponds to the
parabolic case [18]. The residue (3.69) of periodic orbits approximating an irrational number is
exploited to deduce either the existence or the breakup of a torus.

Farey Tree In order to study the residue of rational periodic orbits 𝑥𝑚:𝑛 for a range of winding
numbers 𝜔 we employ the Farey tree. The Farey tree organizes the rational numbers in an interval of
real numbers in a systematic manner. It is constructed iteratively by gradually adding a new level.
The construction starts with an initial interval of rational numbers

[︁
𝑚𝑙
𝑛𝑙

, 𝑚𝑟
𝑛𝑟

]︁
, where the subscripts

indicate the left and right endpoint of the interval. The initial rationals have to be neighboring
rationals, i.e., 𝑚𝑟𝑛𝑙 − 𝑚𝑙𝑛𝑟 = ±1 must hold. A daughter fraction 𝑚𝑑

𝑛𝑑
is constructed by the Farey

sum which is defined as the sum of the denominators and nominators of the Farey parents, i.e.,
𝑚𝑑
𝑛𝑑

= 𝑚𝑙
𝑛𝑙

⊕ 𝑚𝑟
𝑛𝑟

= 𝑚𝑙+𝑚𝑟

𝑛𝑙+𝑛𝑟
. The daughter fraction is always in between the parents 𝑚𝑙

𝑛𝑙
< 𝑚𝑑

𝑛𝑑
< 𝑚𝑟

𝑛𝑟

and is in the next higher level of the Farey tree. The daughter fraction and the two parents define
two new initial intervals

[︁
𝑚𝑙
𝑛𝑙

, 𝑚𝑑
𝑛𝑑

]︁
=
[︁

𝑚′
𝑙

𝑛′
𝑙
, 𝑚′

𝑟
𝑛′

𝑟

]︁
and

[︁
𝑚𝑑
𝑛𝑑

, 𝑚𝑟
𝑛𝑟

]︁
=
[︁

𝑚′′
𝑙

𝑛′′
𝑙

, 𝑚′′
𝑟

𝑛′′
𝑟

]︁
. These two new intervals

are denoted as step 𝐿 and 𝑅, respectively, as the initial interval is divided into a left and a right
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interval. For the next level the procedure is repeated for both intervals such that one ends up with
four intervals. In each level the number of intervals doubles and in this way a so-called Farey tree is
constructed. Every rational number in the initial interval is reached with a finite (Farey) path, which
can be denoted in terms of steps to the left 𝐿 or right 𝑅. The noble numbers with a tail of ones in
the continued fraction expansion (3.68) then are infinite paths of alternating steps of 𝐿 and 𝑅 [18].
As an example we organize the rational periodic orbits with 𝜔 ∈ [0, 0.5] and thus start with the initial
interval

[︀
𝑥0:1, 𝑥1:2]︀. The first daughter is 𝑥1:3 gives rise to the intervals

[︀
𝑥0:1, 𝑥1:3]︀ and

[︀
𝑥1:3, 𝑥1:2]︀.

Subsequently, we obtain the daughters 𝑥1:4 and 𝑥2:5, yielding the intervals
[︀
𝑥0:1, 𝑥1:4]︀, [︀𝑥1:4, 𝑥1:3]︀,

and
[︀
𝑥1:3, 𝑥2:5]︀, [︀𝑥2:5, 𝑥1:2]︀, respectively. Thus, by successively adding levels eventually all rational

periodic orbits are organized in the Farey tree.

Breakup of the last invariant curve

The breakup of rotational invariant tori is depicted in the portraits of phase space in Fig. 3.2 for
increasing values of the kicking strength 𝑘. In panel (a) for 𝑘 = 0 every irrational number corresponds
to a rotational invariant torus. In panel (b) for 𝑘 = 0.8 chaotic layers and island chains are present
indicating the breakup of rotational tori. However, still some rotational tori are still present. The
non-existence of rotational invariant tori is indicated by the chaotic sea which spreads along the entire
𝑝-direction in panel (c) for 𝑘 = 1.75. Naturally the question arises which torus is destroyed last and
what is the corresponding critical value 𝑘cr.

In the following it is assumed that the existence of an invariant torus with irrational frequency 𝜔 is
related to the stability of the approximating periodic orbits. The continued fraction expansion (3.68)
of the irrational frequency generates a sequence of approximating periodic orbits. In particular, we
focus on the residue 𝑅 (3.69) of the minimax periodic orbits 𝑥𝑚:𝑛

max, since the minimizing periodic
orbit are always hyperbolic. If the stability of a sequence of approximating periodic orbits is elliptic,
i.e., 𝑅 ∈ (0, 1), one assumes that in the limit the corresponding invariant torus exists. However, if
the stability changes during the sequence from elliptic to inverse hyperbolic, i.e., 𝑅 > 1, the breakup
of the invariant torus is deduced.

By means of the previously introduced continued fraction expansion (3.68) and the Farey tree we
compute the residue of 𝑥𝑚:𝑛

max in 𝜔 ∈ (0, 0.5). To this end we consider the rationals 𝑚
𝑛 obtained for the

initial interval
[︁

0
1 , 1

2

]︁
and 11 subsequent levels. For all orbits of all levels the stability is computed

and classified whether it is of elliptic or inverse hyperbolic type. For the latter the value of the residue
𝑅 is indicate by color, which allows to compare the hyperbolicity of different periodic orbits. Red
indicates values of 𝑅 slightly above 1 and yellow corresponds to 𝑅 → ∞. In contrast, elliptic stability
is indicated by blue color. The results are shown in Fig. 3.10, in panel (a) for 𝑘 = 0.8 and panel (b)
for 𝑘 = 0.97 of the 2d standard map.

In panel (a) there is a large interval shown in blue 𝜔 ≈ [0.2, 0.45] indicating that in the limit
there might be rotational invariant tori. In contrast, in the interval 𝜔 ≈ [0.1, 0.2] the yellow points
indicate strong hyperbolicity such that no rotational invariant tori are expected to exist. Although
the relation between the frequency and the momentum 𝜔 = 𝑝 only exactly holds for 𝑘 = 0, for
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Figure 3.10: Classification of the residue (3.69) of the minimax period orbit 𝑥𝑚:𝑛
max with 𝑚

𝑛 being
part of the Farey tree with the initial interval

[︀ 0
1 , 1

2
]︀

and 11 subsequent levels. Elliptic minimax
periodic orbits with 𝑅 ∈ (0, 1) are shown as blue dots, while inverse hyperbolic periodic orbits with
𝑅 > 1 are colored according to their residue R. The kicking strength in panel (a) is 𝑘 = 0.8 and
𝑘 = 0.97 in (b).

small values of 𝑘 we assume 𝜔 ≈ 𝑝. Thus, the phase-space portrait Fig. 3.2(b) is consistent with
Fig. 3.10(a), which shows a large chaotic see and no rotational curves in the region 𝑝 ∈ [0.1, 0.2]. Vice
versa for 𝑝 ∈ [0.2, 0.45] the phase-space portrait shows the existence of rotational invariant curves.

In panel (b) for an increased kicking strength 𝑘 = 0.97, a large fraction of the periodic orbits
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have changed their stability and thus indicate a proceeding breakup of rotational invariant tori.
Furthermore, the greater fraction of yellow color is indicating larger values of the residue and hence
an increase of hyperbolicity. Only a small fraction of the periodic orbits are still elliptic revealing
the approximate location of the last invariant curve. The corresponding sequence of periodic orbits
approximating the torus with 𝜔gm is shown in Fig. 3.9. Both the minimax 𝑥𝑚:𝑛

max as well as the
minimizing periodic orbit 𝑥𝑚:𝑛

min are shown in the same color. The periodic orbits are alternating
above or below and seem to converge for increasing period to the regular torus with 𝜔gm, which is
not shown here.

From KAM-theorem one concludes that the torus with the most irrational frequency is destroyed
last. This frequency is related the golden mean. In Ref. [191] it was shown that the last invariant
curve is given by 𝜔gm = 𝛾−2 = [0, 2, 1, 1, . . . ] directly related to the golden mean. The breakup of the
last invariant curve occurs for the critical parameter 𝑘cr ≈ 0.97163540631 [191, 193]. It is commonly
referred to as last invariant curve, golden torus or most robust torus.

Cantorus

The remnants of a broken torus form a Cantor set leading to a so-called cantorus, see Ref. [20, 21].
The existence of either an invariant regular torus or a cantorus for any irrational frequency in 2d
sympletic maps is shown in Ref. [194–196].

A direct computation of the cantorus is not possible. Instead we search for traces of the cantorus
by considering periodic orbits approximating the frequency of the golden mean cantorus. In Fig. 3.11
such a periodic orbit is shown for 𝑘 = 0.9723, which is slightly above the critical value 𝑘cr. Here, the
continued fraction expansion (3.68) for 𝜔gm is terminated after 20 coefficients and the corresponding
minimax periodic orbit 𝑥𝑚:𝑛

max with 𝑚
𝑛 = 6765

17711 is shown in Fig. 3.11(a). The marked areas in Fig. 3.11(a-
c) indicate magnifications which are shown in the panels (b-d), respectively. Although the points of
the periodic orbits seem to fill a curve in panel (a) the magnifications (b-d) reveal that the points
are not equally distributed but form self-similar gaps on finer scales.

In Fig. 3.12 the minimax periodic orbit 𝑥𝑚:𝑛
max with 𝑚

𝑛 = 89
233 is shown for increasing values of the

kicking strength 𝑘 ∈ [0.95, 1.05]. In the upper panel the orbits are shown in phase space, where
they are shifted in 𝑝 in order to distinguish them. The periodic orbits show noticeable gaps, e.g., at
𝑞 = 0.5, which increase in their size for increasing values of the kicking strength 𝑘. This is also shown
in the lower panel where the 𝑞-coordinate of the periodic orbit is projected.

Flux through cantorus

The flux through a cantorus can be approximated by the flux through of its approximating periodic
orbits [18, 24]. In order to emphasize this statement we compute the flux through periodic orbits
(3.43) which are approximating the golden mean frequency 𝜔gm up to 𝑥𝑚:𝑛 for 𝑚

𝑛 = 610
1597 . The fluxes

are computed for three specific values of the kicking strength, namely at the critical value 𝑘cr, and
before and after the breakup of the golden mean torus at 𝑘 = 𝑘cr ± 0.01.
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Figure 3.11: Minimax periodic orbit 𝑥𝑚:𝑛
max with 𝑚

𝑛 = 6765
17711 for 𝑘 = 0.9723. In (a) the periodic orbit

is shown in an extent of phase space, where the panels (b-d) show magnifications of the marked
areas in (a-c), respectively.
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Figure 3.12: Minimax periodic orbits 𝑥𝑚:𝑛
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𝑛 = 89
233 for different values of the kicking strength

𝑘 ∈ [0.95, 1.05]. In the upper panel the periodic orbits are shown in phase space. For a better
presentation the orbits are shifted in 𝑝. The lower panel shows a projection of the periodic orbits
onto the 𝑞 coordinate.
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Figure 3.13: Scaling behavior of the fluxes Φ through periodic orbits (3.43) approximating the
golden mean cantorus 𝜔gm for 𝑘cr and 𝑘cr ± 0.01.

In the scenario of 𝑘 = 𝑘cr − 0.01 the last invariant curve still exists. The fluxes Φ, shown as blue
crosses in Fig. 3.13, initially follow an exponential decay with the level of the continued fraction
expansion (3.68). Subsequently, the fluxes deviate and tend to zero for increasing period. This is a
consequence of the existence of nearby invariant circles with irrational frequencies which act as total
barrier in phase space. At the critical value 𝑘cr the fluxes, shown as orange circles, decay exponen-
tially as indicated by the gray dashed line. In the limit of infinite period the flux is zero. After the
breakup of the last invariant curve for 𝑘 = 𝑘cr +0.01, a total barrier is not existing anymore such that
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the fluxes for longer periods converge to the flux of the cantorus. This is indicated by the horizontal
solid black line.

In this way the existence of invariant tori can also be deduced from the fluxes. If the fluxes of the
sequence of rational approximations (3.68) to a torus with irrational frequency tends to zero Φ → 0
it follows the existence of a rotational invariant torus. However, in case that this sequence converges
to a finite, nonzero flux then there is a cantorus [197].

Chirikov showed in a numerical experiment restrictive transport by measuring the average time for
an orbit starting at 𝑝 = 0 to cross 𝑝 = 0.5. This time increases to infinity if the parameter 𝑘 reaches a
specific value from above [29]. The restrictions to transport were traced back in Ref. [24] to cantori.
In particular, it is shown that cantori with noble frequencies are of great importance, since they have
the smallest flux.

In Fig. 3.14 the fluxes Φ (3.43), determined by means of the periodic orbits 𝑥𝑚:𝑛, are represented
in the Farey tree [43] for the initial interval [0

1 , 1
2 ]. This allows to identify important cantori. The

flux is visualized as a node at the rational frequency 𝜔 = 𝑚
𝑛 of the corresponding periodic orbit.

Lines between the nodes connect a daughter with its parent from the previous level of the Farey tree.
Fluxes in the Farey tree decrease with increasing level, implying that the flux of a daughter is always
smaller then the flux of their parents.

In panel (a) the fluxes in the Farey tree are shown for 𝑘 = 0.8. Here, the fluxes for some Farey
paths in the interval 𝜔 ∈ (0.25, 0.45) converges to zero after already 9 levels of the Farey tree. This
indicates that in-between two periodic orbits there exists an invariant rotational torus with irrational
frequency which is an absolute barrier with zero flux. In the interval 𝜔 ∈ (0, 0.20) the fluxes do
not converge to zero, indicating that no invariant tori exist in this range. This is consistent with
Fig. 3.10(a) and the phase-space portrait Fig. 3.2(b), where rotational tori are not present in the
corresponding region.

In panel (b) the fluxes in the Farey tree are shown for the critical kicking strength 𝑘cr. Here, the
fluxes do not rapidly converge to zero in comparison to panel (a). In the vicinity of the golden mean
frequency, indicated as vertical red line, the fluxes are still decreasing, which is consistent with the
scaling behavior shown in Fig. 3.13. However, all other periodic orbits seem to converge to a finite,
non-zero flux. The flux of the Farey sequence approximating the golden mean torus is the smallest.
Thus, for kicking strengths above 𝑘cr the corresponding cantorus is the most restrictive partial barrier
in phase space.

Flux through cantorus in dependence on the kicking strength

The flux through a cantorus is easily obtained by determining the flux through periodic orbits ap-
proximating the cantorus, see Fig. 3.13. Since the flux of these periodic orbits converge to a finite
value it is often sufficient to consider relatively short periodic orbits [18]. For the golden mean can-
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Figure 3.14: Farey tree of fluxes Φ (3.43) for the initial interval
[︀ 0

1 , 1
2
]︀

and 9 subsequent levels.
Fluxes are represented as dots, while the line indicates the connection to the parent of the previous
level. In (a) for 𝑘 = 0.8 and in (b) for 𝑘cr. Adapted from Ref. [43].

torus we determine the flux through approximating periodic orbits in dependence on 𝑘. Specifically,
we consider the interval 𝑘 ∈ [0.95, 1.8] for which the result is shown in Fig. 3.15. In particular, in
panel (a) the fluxes (3.43) of 8 periodic orbits with periods ranging from 𝑚

𝑛 = 1
2 to 21

55 are shown as
differently colored lines. All of them are monotonically increasing with the kicking strength 𝑘. For
𝑘 < 𝑘cr the fluxes are decaying exponentially with the level of approximation. However, for values
𝑘 > 𝑘cr the distance of two fluxes eventually shrink such that on the considered scale the difference
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is not observable. This is the case, e.g., at 𝑘 ≈ 1.1 for which the fluxes of 13
34 and 21

55 are almost equal.
For 𝑘 ≈ 1.2 the flux of both of these periodic orbits becomes close to that of 8

21 . In Fig. 3.15(b,
c) magnifications of the boxes in (a, b) are shown respectively. These magnifications show that the
differences between the fluxes are very small. Thus, in order to compute the flux through the cantorus
it is sufficient to consider the flux through relatively short periodic orbits.

Panel (d) is the same as panel (a), however, the lines are colored according to the stability of the
periodic orbits entering the flux formula (3.43). Black color indicates the usual pair of minimax and
miniziming orbits being elliptic and hyperbolic, while red color indicates a pair of inverse hyperbolic
and hyperbolic. In general, the change of stability from elliptic to inverse hyperbolic occurs for longer
periods at smaller values of 𝑘 and for shorter periods at larger values of 𝑘. This diagram will later be
utilized for the identification of suitable parameter regimes for the computation of invariant objects,
necessary for the determination flux in 4d symplectic maps.

In this section flux in 2d symplectic maps is determined by means of periodic orbits. By construct-
ing a suitable partial barrier the validity of the flux formula (3.43) is verified. The most restrictive
object for transport, i.e., the object with smallest flux, in the two-dimensional phase space are so-
called cantori. The flux through such a cantorus can be determined by the flux of its approximating
periodic orbits. In the following section we consider flux in 4d symplectic maps.
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Figure 3.15: Flux of periodic orbits (3.43) approximating the golden mean (can)torus in dependence
on 𝑘. In (a) the flux for different periodic orbits are shown as lines. The vertical dashed line
indicates the critical value 𝑘cr. In panel (b-c) magnifications of the marked areas in (a-b) are shown,
respectively. In panel (d) the fluxes are colored according to the stability type of the minimax
periodic orbit 𝑥𝑚:𝑛

max where black indicates elliptic and red inverse hyperbolic stability.
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3.3 Flux in 4D maps

The well-established theory of transport in 2d maps is build upon the concept of flux for which
periodic orbits play a crucial role. In this section we consider 4d maps as a minimal extension
thereof, for which a similar understanding is missing. As the geometry of in the 4d phase space
in general is rather intricate, as shown for the 3d billiard in Chap. 2, we thus aim for a direct
generalization of the 2d case, discussed in Sec. 3.2.

To this end the general flux formula is adapted to a specific setup of a 4d map in Sec. 3.3.1. It turns
out that normally hyperbolic invariant manifolds (NHIMs) play a crucial role for the determination
of flux. Thus, in Sec. 3.3.2 we define NHIMs and provide an algorithm for their determination.
Eventually, this allows to determine the flux in a 4d phase space entirely by means of NHIMs. For
an explicitly constructed partial barrier we verify this result in Sec. 3.3.3 by a volume measurement
of the turnstile. Furthermore, we study the 4d flux of a cantorus generalization as well as the
dependence on the coupling in Sec. 3.3.4 and 3.3.5.

3.3.1 Model system

In the following the general flux formula (3.29) is adapted to the case of a 4d sympletic map. The
aim is to determine flux in 4d maps by a formula where only invariant objects in phase space enter,
similar to the flux formula (3.43) for 2d maps involving only periodic orbits. Furthermore, we aim
to find a generalization of a cantorus which is known to be the most restrictive object for transport
in a two-dimensional phase space. To this end we first describe the dimensionality of the objects
under consideration and then construct a suitable model system which will be utilized throughout
this thesis.

In a 4d phase space, a partial barrier 𝐶 must be a three-dimensional surface, i.e., a codimension
one surface, in order to divide the phase space into two (separate) regions. A turnstile 𝑇 is defined by
means of the partial barrier 𝐶 and its preimage ℱ−1(𝐶). Consequently, the exit set 𝐸 of the turnstile
𝑇 is a four-dimensional volume which is bounded by the three-dimensional boundary 𝜕𝐸 composed
of segments of the partial barrier and its preimage. Both segments have a common boundary 𝐵,
which is a two-dimensional surface, see also Fig. 3.1. The same applies for the incoming set 𝐼 as
well. Evaluating the flux formula (3.29) requires to integrate the generating two-form 𝜆 over the
two-dimensional surface of the boundary 𝐵 [19].

As an example of a 4d symplectic map we consider the 4d standard map (3.16). We first discuss
the choice of the parameters (𝑘1, 𝑘2, 𝜉). Between both individual standard maps we consider only
small couplings 𝜉, since this allows for a better understanding of the geometry of the relevant objects
in phase space. For the kicking strength of the first standard map we consider values of 𝑘1 ∈ [1.2, 1.8],
a parameter range which is also considered in the study of flux in the 2d map, see Fig. 3.15. In order
to keep the geometry as simple as possible, we fix the kicking strength of the second standard map
𝑘2 = 0 for the entire thesis. In the limit of 𝜉 = 0 the individual maps are uncoupled and as 𝑘2 = 0
the dynamics in (𝑞2, 𝑝2) is integrable, see Fig. 3.2(a).
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For the determination of the flux we have to specify the invariant two-dimensional surfaces of the
common boundary 𝐵. To this end we first consider the limit of vanishing coupling 𝜉 = 0, since in
this case the common boundary is composed of the surfaces which are given by the product of the
periodic points 𝑥𝑚:𝑛

𝑖 of the (𝑞1, 𝑝1)-plane with the entire (𝑞2, 𝑝2)-plane. We denote this composed
surface in analogy to the periodic orbit as 𝑋𝑚:𝑛. For non-zero values of the coupling 𝜉, the question
arises whether these surfaces still exist. It turns out that for this consideration the stability of the
periodic orbit plays a crucial role.

In case of a periodic orbit 𝑥𝑚:𝑛 which is hyperbolic (𝑥𝑚:𝑛
min ) or inverse hyperbolic (𝑥𝑚:𝑛

max) the surfaces
also exist for small values of the coupling 𝜉. In fact these manifold are called normally hyperbolic
invariant manifolds (NHIMs) and are the generalizations of hyperbolic fixed points [68, 69]. In
particular NHIMs are known to persist under perturbation, i.e., for non-zero values of the coupling
𝜉. Thus we determine the flux (3.70) in 4d maps by means of NHIMs 𝑋𝑚:𝑛 throughout this thesis.

In case of an elliptic periodic orbit 𝑥𝑚:𝑛
max the surfaces are obtained by means of families of elliptic 1d

tori. However, as the longitudinal frequencies 𝜈𝐿 along the family of 1d tori may lead to resonances
and their corresponding normal frequencies 𝜈𝑁 give rise to bifurcations [66, 67] these surfaces inherit
gaps and strong bends. For this reason they are numerically and conceptually unfeasible, such
that this case is not considered. Note that for the generalization of a cantorus the elliptic case is
less important because the minimax periodic orbits 𝑥𝑚:𝑛

max of higher periods, which approximate the
cantorus, are inverse hyperbolic, see Fig. 3.15(d).

The description of the relevant invariant objects of the common boundary 𝐵 allows to determine
the flux. We assume the boundary surface to be given by 𝐵 = 𝑋𝑚:𝑛

max − 𝑋𝑚:𝑛
min , composed of the

NHIMs 𝑋𝑚:𝑛
max and 𝑋𝑚:𝑛

min denoted according to the related periodic orbits 𝑥𝑚:𝑛
max or 𝑥𝑚:𝑛

min , respectively.
Inserting this into the general flux formula (3.29) one obtains for the model system

Φ =
∫︁
T2

𝑛−1∑︁
𝑡=0

(︁
𝜆std4d(𝑋𝑚:𝑛

max,𝑡) − 𝜆std4d(𝑋𝑚:𝑛
min,𝑡)

)︁
, (3.70)

which requires to integrate the generating two-form 𝜆std4d (3.20) over the two-torus T2 in 𝑞2 and 𝑝2.
Here, the particular choice of the three-form 𝛼 (3.19) and the corresponding generating form 𝜆std4d

turns out to be beneficial as for the determination of the flux only integrals in 𝑞2 and 𝑝2 and not in
𝑞1 and 𝑝1 have to be evaluated. Moreover, the flux is well-defined as the surface elements 𝑋𝑚:𝑛 are
periodic in 𝑞2 and 𝑝2 and the 4d standard map is considered on the phase space T3 × R, as the first
subsystem is on the cylinder, i.e., (𝑞1, 𝑝1) ∈ T × R, and the second on the torus, i.e., (𝑞2, 𝑝2) ∈ T2.

The flux formula for the model system (3.70) generalizes the flux formula for 2d maps (3.43). In
the limit of vanishing coupling 𝜉 = 0 the NHIMs 𝑋𝑚:𝑛 are given by the product of the periodic
points 𝑥𝑚:𝑛

𝑖 with the entire (𝑞2, 𝑝2)-plane. Thus, the flux formula (3.70) yields the same result as for
the 2d map (3.43), since for these parameters the generating form 𝜆std4d is almost identical to 𝜆std2d

(3.15) and integration over the two-torus simply yields one.
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3.3.2 NHIMs

In the following we introduce NHIMs, discuss some of their properties and provide physical examples
and applications. Subsequently, an algorithm for their determination is introduced. Furthermore, we
study the internal dynamics on the NHIMs.

Definition

Let ℱ : 𝑀 ↦→ 𝑀 be a diffeomorphism and let 𝑋 ∈ 𝐶𝑟≥1 be a sub-manifold of 𝑀 which is invariant
under the mapping, ℱ(𝑋) = 𝑋. Then 𝑋 is a normally hyperbolic invariant manifold if there is a
splitting of the tangent bundle

𝑇𝑋𝑀 = 𝑇𝑋 ⊕ 𝐸+ ⊕ 𝐸− (3.71)

into a subbundle tangential to 𝑋 and two subbundles 𝐸+, 𝐸− normal to 𝑋 corresponding to the
stable and unstable direction. The splitting of these bundles is invariant under the linearized dynamics
such that 𝐷ℱ = 𝐷ℱ|𝑇 𝑋 ⊕ 𝐷ℱ|𝐸+ ⊕ 𝐷ℱ|𝐸− holds. Furthermore, there is a positive constant 𝐶 and
rates 𝜆, 𝜇 with 0 < 𝜆 < 𝜇−1 < 1 such that for every point 𝑥 ∈ 𝑋 and the vectors 𝑣 the following
relations hold [69, 198],

𝑣 ∈ 𝐸+
𝑥 ⇔ ‖𝐷ℱ𝑛(𝑥)𝑣‖ ≤ 𝐶𝜆𝑛‖𝑣‖ 𝑛 ≥ 0, (3.72)

𝑣 ∈ 𝐸−
𝑥 ⇔ ‖𝐷ℱ𝑛(𝑥)𝑣‖ ≤ 𝐶𝜆|𝑛|‖𝑣‖ 𝑛 ≤ 0, (3.73)

𝑣 ∈ 𝑇𝑥𝑋 ⇔ ‖𝐷ℱ𝑛(𝑥)𝑣‖ ≤ 𝐶𝜇|𝑛|‖𝑣‖ 𝑛 ∈ Z. (3.74)

They state that vectors 𝑣 of the normal stable (unstable) bundle 𝐸+ (𝐸−) are exponentially
contracted (expanded) under the forward (backward) linearized dynamics 𝐷ℱ . Furthermore, the
contraction of the normal bundles, given by the rate 𝜆, is significantly dominating those taking place
in the tangential direction 𝑇𝑋 given by the rate 𝜇. A NHIM is called a 𝑟-normally hyperbolic
invariant manifold if 𝑋 ∈ 𝐶𝑟 and the adjusted inequalities for the rates 0 < 𝜆 < 𝜇−𝑟 < 1 hold
[69, Definition 1.11]. The NHIM 𝑋 persists under small and smooth perturbations such that the
perturbed manifold is still a NHIM, however, with reduced smoothness [69, 199–201].

Attached to the NHIM are its stable and unstable manifold defined as

𝑊 𝑠/𝑢(𝑋) = {𝑥 ∈ 𝑀 : ℱ 𝑡𝑥 → 𝑋 as 𝑡 → ±∞} (3.75)

converging towards the NHIM 𝑋 under forward or backward iteration [69], similar to the manifolds of
a hyperbolic fixed point (3.40). The intersection of both manifolds 𝑊 s(𝑋) ∩ 𝑊 u(𝑋) = 𝑋 is exactly
the NHIM. Alternatively, the manifolds can also be described as fibrations of families of stable
and unstable fibers attached at every point 𝑥 ∈ 𝑋 such that a manifold is given by 𝑊 𝑠/𝑢(𝑋) =
∪𝑥∈𝑋𝑊 𝑠/𝑢(𝑥) [69]. Note that also the stable and unstable manifolds exist under perturbation as
long as the underlying NHIM survives.
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Restricting the dynamics to the NHIM can lead to several complex features like fixed points, regular
structures and chaotic regions [69, 202, 203]. A vivid picture for the destruction of a NHIM can be
drawn in terms of the expansion rates. As long as the dynamics on the NHIM is not too chaotic,
e.g., the expansion rate in the tangential is small compared to the rate in the normal components,
the NHIM survives [204]. On the contrary, if the instability in the tangential bundle becomes larger
than in the normal bundle for some 𝑥, e.g., at a hyperbolic point, then the NHIM might break and
a hole appears in the manifold [202].

NHIMs are relevant objects in context of chemical reaction dynamics or in phase space related
transition-state theory as they are the equator of a so-called dividing surfaces. These dividing surfaces
of codimension one are located in a so-called bottleneck and thus separating two regions in phase
space. By the flux through a dividing surface reaction rates are determined. Typical models under
consideration are Hamiltonian systems. These can be transformed by normal-form techniques into a
product of a saddle-like degree of freedom and several oscillator-like degrees of freedom [7, 11, 204–
210]. In addition, also the van-der-Waals dissociation of molecules is studied by the transport through
a turnstile constructed from manifolds which are attached to a NHIM [211–214]. Moreover, also
scattering problems [10, 202, 215–217], escape in galaxies [218, 219] and aspects of transport in
higher-dimensional systems [198, 220, 221] are discussed by means of NHIMs and their invariant
manifolds. The breakdown of hyperbolicity is studied, e.g., in Refs. [202, 204, 222, 223] and regaining
hyperbolicity and bifurcations of NHIMs is discussed in Ref. [224].

Computation of NHIMs

In the following we describe an algorithm for the computation of NHIMs which is based on the binary
contraction method first published in Ref. [225]. We first review the basic idea of the algorithm and
subsequently describe necessary adjustments in order to determine the NHIMs for the model system
under consideration. Moreover, the representation of the periodic NHIM in terms of a Fourier series
is described. Eventually, we discuss a method in order to numerically validate the computed NHIMs
and moreover describe strategies for their determination.

Idea The task of the algorithm is to determine points on the NHIM 𝑋 by contraction. It relies
on the fact that stable and unstable manifolds 𝑊 𝑠/𝑢 in a sufficiently small vicinity of the NHIM
separate different dynamical regions. In order to define such a dynamical region we consider the
sketch in Fig. 3.16. In this section of phase space the dashed circle indicates the presumed location of
a point on the NHIM. Attached to this still unknown point are the stable 𝑊 s and unstable manifold
𝑊 u of the NHIM, shown as red and blue line. By means of the four branches of the invariant
manifolds |1⟩-|4⟩ the dynamical regions I○ − IV○ are defined. To this end the convergence of an orbit
towards these branches under forward and backward time evolution is considered. Therefore, one
assumes that the orbits is initially in the vicinity of the expected location of the NHIM. For the
case of forward time evolution the arrows in Fig. 3.16(a) indicate the convergence towards the (red)
branches of the unstable manifold. In contrast, the arrows in Fig. 3.16(b) indicate the convergence
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Figure 3.16: Sketch of the four dynamical regions I○ − IV○ in the vicinity of a NHIM for a section
of phase space. The blue and the red line indicate the unstable 𝑊 u and stable manifold 𝑊 s which
are attached to an approximated point of the NHIM shown as orange point. The manifolds split
into four different branches |1⟩ − |4⟩. The gray dashed circle indicates the region where the actual
point of the NHIM 𝑋 is expected. The arrows indicate the dynamics of an orbit (a) under forward
and in (b) under backward time evolution.

to the (blue) branches of the stable manifold under backward time evolution. Thus, the combination
of the asymptotic behavior under forward and backward time evolution allows to distinguish the four
different dynamical regions. For example, an orbit starting in region I○ asymptotically converges to
the branch |1⟩ and |2⟩ under forward and backward dynamics, respectively, while an orbit initially in
region II○ converges to branch |3⟩ and |2⟩ and so on. The orbits, however, leave the closer vicinity of
the NHIM for large times, providing a criterion to abort the time evolution.

Since the NHIM 𝑋 of interest and the exact manifolds are unknown, we require an initial approx-
imation of the NHIM �̃� and its attached manifolds 𝑊 𝑠/𝑢. The task is then to find a point precisely
on the NHIM by contraction, which is realized by the following steps [225]:

1. Construct a set of four initial conditions assigned to the four different dynamical regions, see
points in Fig. 3.17(a) defining a quadrangle.

2. Take the midpoint of two adjacent vertices as new vertex, see green point in Fig. 3.17, and
determine the dynamical region of this new vertex by propagating forward and backward in
time.

3. Replace the vertex of the initial set with the new vertex of the same dynamical region, see
Fig. 3.17(a) and (b). Otherwise perform an error correction, depicted in Ref. [225, Figure 3],
by choosing a new vertex orthogonal to the line connecting the adjacent vertices.

4. Repeat the steps (2)-(3) for all edges, e.g., in a counter-clockwise manner, until a termination
criterion for the contraction is reached.

This algorithm ensures quadratic convergence to the point of interest. By taking the geometric mean
of the final vertices allows to obtain a point on or very close to the NHIM [225].
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Figure 3.17: Sketch of the binary contraction method. The vertices of the initial quadrilateral are
depicted as 4 points connected by black lines. The midpoint of two adjacent vertices is shown as
green point. In (a) four initial points define an initial quadrilateral each in one of the dynamical
regions I○ − IV○. In (b) the quadrilateral is shown after the first contraction, while (c) show the
quadrilateral after two contractions and (d) after four contractions.

Algorithm In the following the basic idea of the algorithm is adjusted in order to compute NHIMs
in the 4d standard map. We first describe the general representation of NHIMs for the model system.
Subsequently, the adjusted algorithm which determines one point on the NHIM is outlined.

Since we are interested in NHIMs which generalize hyperbolic and inverse hyperbolic periodic orbits
of the 2d standard map, previously discussed in Sec. 3.3.1, we have to clarify the term NHIM in the
context of a 4d map. Similar to the definition of a periodic orbit 𝑥𝑚:𝑛 we define a periodic NHIM
𝑋𝑚:𝑛 with constituents 𝑋𝑚:𝑛

𝑖 for which ℱ𝑛(𝑋𝑚:𝑛
𝑖 ) = 𝑋𝑚:𝑛

𝑖 holds. Here, however, this invariance
property only holds set-wise. Consequently, one iteration ℱ(𝑋𝑚:𝑛

𝑖 ) = 𝑋𝑚:𝑛
𝑖+1 maps between two

constituents of the periodic NHIM.

In the limit of vanishing coupling 𝜉 = 0 one constituent of a periodic NHIM is given by the
product of a point of the periodic orbit 𝑥𝑚:𝑛

𝑖 = (𝑞𝑚:𝑛
𝑖 , 𝑝𝑚:𝑛

𝑖 ) and the entire (𝑞2, 𝑝2)-plane, such that
𝑋𝑚:𝑛

𝑖 (𝑞2, 𝑝2) = {(𝑞𝑚:𝑛
𝑖 , 𝑞2, 𝑝𝑚:𝑛

𝑖 , 𝑝2)}. Under small perturbations 𝜉 ̸= 0 we expect that the NHIM
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exists and can be parameterized by (𝑞2, 𝑝2). A constituent of the periodic NHIM is then given by

𝑋𝑚:𝑛
𝑖 (𝑞2, 𝑝2) =

{︁
(𝑞2, 𝑝2) ∈ [0, 1) × [−0.5, 0.5)

⃒⃒⃒
(𝑞1(𝑞2, 𝑝2), 𝑞2, 𝑝1(𝑞2, 𝑝2), 𝑝2)

}︁
, (3.76)

where 𝑞1(𝑞2, 𝑝2) and 𝑝1(𝑞2, 𝑝2) are periodic coordinate surfaces which are considered on the two-torus
T2 = [0, 1) × [−0.5, 0.5).

Before we outline the algorithm which determines the missing coordinates (𝑞1, 𝑝1) for one con-
stituent 𝑋𝑚:𝑛

𝑖 of the periodic NHIM at a specific (𝑞2, 𝑝2)-section, we discuss the initial inputs.
Initially a suitable approximation �̃�𝑚:𝑛

𝑖 for all constituents of the periodic NHIM 𝑋𝑚:𝑛
𝑖 is required.

This approximation �̃�𝑚:𝑛
𝑖 might be the NHIM in case of vanishing coupling 𝜉 = 0 or it is provided by

a previous computation for a smaller value of the coupling 𝜉. Furthermore, as the binary contraction
algorithm relies on the ability to distinguish four different dynamical regions I○ − IV○ by means of
branches |1⟩-|4⟩ of the stable 𝑊 s and unstable manifold 𝑊 u these have to be provided for all con-
stituents of the periodic NHIM. Since the invariant manifolds of the periodic NHIM are inaccessible
we instead utilize the four branches of the linear subspace 𝐸±

𝑖 which are attached to the periodic
points 𝑥𝑚:𝑛

𝑖 , which again corresponds to the case of 𝜉 = 0, i.e., see linear subspaces for the 2d map
in Fig. 3.3. In order to distinguish the dynamical regions properly, it is necessary to know about
the relations of the branches of the constituents under the linear map 𝐷ℱ . The procedure to obtain
an unique sequence of labels |1⟩-|4⟩ is described in Sec. 3.2.1 where, also the special case of inverse
hyperbolic periodic orbits is discussed. For this sequence of labeled branches a corresponding set of
angles 𝛽1-𝛽4 is determined.

The binary contraction to a point (𝑞1, 𝑝1) of 𝑋𝑚:𝑛
𝑖 for the (𝑞2, 𝑝2)-section is realized by the following

steps: First, the point (𝑞𝑖
1, 𝑝𝑖

1), denoted as center, is obtained by evaluating the approximation of the
constituent �̃�𝑚:𝑛

𝑖 (𝑞2, 𝑝2). With respect to this center four initial conditions are placed in the distance
𝜌init at the angle bisectors of the angles 𝛽1-𝛽4. If the center and the branches provide a sufficiently
good approximation then all initial conditions are located in a different dynamical region. This is
shown in Fig. 3.17(a) where the four vertices, which indicate the initial conditions, are located in the
four different dynamical regions.

In order to prove that the vertices are in different regions, for each of these points the dynamical
region is assigned. To this end the initial point is iterated forward and backward until the distance
in the (𝑞1, 𝑝1)-plane to the relative center reaches some maximal distance 𝜌max. This distance is
computed with respect to the center of the related NHIM constituent for the corresponding new
coordinates (𝑞′

2, 𝑝′
2). It is assumed that an initial point close to the constituent �̃�𝑚:𝑛

𝑖 is still in the
vicinity of the constituent �̃�𝑚:𝑛

𝑖±𝑡 after ±𝑡 iterations. After the maximal distance 𝜌max is reached, for
both the forward and backward iteration, then the two angles 𝛾 in the (𝑞1, 𝑝1)-plane with respect to
the corresponding center are determined. By means of these angles one finds the closest branch

|𝑗⟩ = min
𝑗

‖𝛽𝑗 − 𝛾‖, (3.77)
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which is a branch of the unstable manifold under forward and a branch of the stable manifold under
backward iteration, respectively. Combining these results for the branches finally allows to uniquely
identify the corresponding region, see also Fig. 3.16.

Once it is ensured that the initial vertices are located in the four different dynamical regions the
binary contraction starts. To this end a new vertex is created by taking the midpoint of the adjacent
vertices, see green dot in Fig. 3.17(a). For this new vertex the corresponding region is determined.
The old vertex which is in the same dynamical region is replaced, see quadrilateral in Fig. 3.17(b).
The contraction is repeated, see Fig. 3.17(c-d), until the four points of the quadrilateral are suffi-
ciently close. Finally, their geometric mean provides the (𝑞1, 𝑝1)-coordinates for the constituent 𝑋𝑚:𝑛

𝑖

in that particular (𝑞2, 𝑝2)-section.

Fourier representation In our example any constituent of a periodic NHIM 𝑋𝑚:𝑛
𝑖 (3.76) is pa-

rameterized by the coordinate surfaces 𝑞1(𝑞2, 𝑝2) and 𝑝1(𝑞2, 𝑝2). By assuming sufficiently smooth
coordinate surfaces we represent 𝑋𝑚:𝑛

𝑖 in terms of a two-dimensional Fourier series

𝑋𝑐 = 𝑞1(𝑞2, 𝑝2) + 𝑖𝑝1(𝑞2, 𝑝2) =
𝑁𝑞2∑︁

𝑙=−𝑁𝑞2

𝑁𝑝2∑︁
𝑚=−𝑁𝑝2

𝑐𝑙𝑚 exp(𝑖2𝜋(𝑙𝑞2 + 𝑚𝑝2)), (3.78)

which is truncated at finite 𝑁𝑞2 and 𝑁𝑝2 . Thus, the task is to determine the corresponding Fourier
coefficients 𝑐 ∈ C(2𝑁𝑞2 +1)×(2𝑁𝑝2 +1). For a specific choice of 𝑁𝑞2 and 𝑁𝑝2 the coordinate surfaces have
to be determined by the contraction algorithm on an equally spaced grid with 𝑁grid,𝑞2 = (2𝑁𝑞2 + 1)
points in 𝑞2 and 𝑁grid,𝑝2 = (2𝑁𝑝2 + 1) points in 𝑝2, respectively. If the algorithm converges on the
entire grid, then the Fourier coefficients 𝑐 follow directly from Fourier transformation.

In case that the contraction algorithm fails for at least one point on the (𝑞2, 𝑝2)-grid, the Fourier
coefficients 𝑐 of Eq. (3.78) cannot be directly obtained by Fourier transformation. Instead, the
contraction algorithm is performed on a finer grid, i.e., for greater values of 𝑁grid,𝑞2 and 𝑁grid,𝑝2 , and
the Fourier coefficients 𝑐 are obtained by a least-square fit,

min
𝑐

∑︁
𝑗

‖𝑋𝑐(𝑞𝑗
2, 𝑝𝑗

2) − [𝑞1(𝑞𝑗
2, 𝑝𝑗

2) + 𝑖𝑝1(𝑞𝑗
2, 𝑝𝑗

2)]‖2, (3.79)

where the sum of 𝑗 is over all successfully computed pairs (𝑞𝑗
1, 𝑝𝑗

1) for given (𝑞𝑗
2, 𝑝𝑗

2). The optimization
problem (3.79) is equivalent to a linear set of equations with a unique solution. Note that at least
𝑁grid,𝑞2 × 𝑁grid,𝑝2 pairs are necessary, since otherwise the problem is underdetermined.

As an example we illustrate the coordinate surfaces 𝑞1(𝑞2, 𝑝2) and 𝑝1(𝑞2, 𝑝2) of the constituent
𝑋2:5

max,0 in Fig. 3.18. The constituent corresponds to the point of the minimax periodic orbit 𝑥2:5
max,0

which is on the fixed set Fix(𝑆4), compare with Fig. 3.8. Here, the 4d standard map with parameters
(𝑘1, 𝜉) = (1.75, 0.03) is considered. Since there is less variation in 𝑞2 than in 𝑝2, see Fig. 3.18, more
Fourier components in 𝑝2 then in 𝑞2 are required and thus we choose (𝑁𝑞2 , 𝑁𝑝2) = (10, 50). This is also



3.3.2 NHIMs 77

depicted in Fig. 3.19, where the absolute value of the Fourier coefficients is shown on a logarithmic
scale. The Fourier coefficients decay roughly with a power law where the decay along 𝑙, corresponding
to 𝑞2, is stronger then along 𝑚, corresponding to 𝑝2. Even though the Fourier coefficients have not
converged to zero yet for the limited number of coefficients, the accuracy of the NHIM is sufficient
for this thesis.

In order to obtain the entire periodic NHIM 𝑋2:5
max the Fourier representation (3.78) for each

constituent 𝑋2:5
max,𝑖 has to be determined. The projection of the periodic NHIMs 𝑋2:5

max and 𝑋2:5
min

onto the (𝑞1, 𝑝1)-plane is shown in Fig. 3.20 for which the coordinate surfaces are evaluated on a grid
of 50 × 50 points in the (𝑞2, 𝑝2)-plane. The periodic NHIMs 𝑋2:5

max and 𝑋2:5
min are depicted as gray

colored points. Additionally, the corresponding periodic orbits 𝑥2:5
max and 𝑥2:5

min of the 2d standard
map (3.13) for 𝑘 = 1.75 are shown as green and orange dots, respectively.

Numerical validation In order to assess the quality of the periodic NHIMs and their constituents
a simple numerical measure is defined in the following. Therefore, we utilize the invariance of the
NHIMs. For a period-𝑛 NHIM ℱ𝑛(𝑋𝑚:𝑛

𝑖 ) = 𝑋𝑚:𝑛
𝑖 holds such that one could compute the distance

of 𝑑 = ℱ𝑛(𝑋𝑚:𝑛
𝑖 ) − 𝑋𝑚:𝑛

𝑖 . However, the invariance property is only valid for the entire manifold but
does not hold point wise. Nevertheless, we define a point wise measure which should, if evaluated on
a sufficiently fine grid, also provide a suitable measure to assess the quality of the entire manifold.

We define the distance 𝑑 as a function of (𝑞2, 𝑝2) by first evaluating the parameterization of a
constituent 𝑋𝑚:𝑛

𝑖 (𝑞2, 𝑝2) = 𝑥 and the 𝑛-times iterated point, i.e., ℱ𝑛(𝑥) = 𝑥′. Secondly, the
(𝑞2, 𝑝2)-component of this point denoted as 𝑥′

𝑞2,𝑝2 is used to reevaluate the parameterization for
𝑋𝑚:𝑛

𝑖 (𝑥′
𝑞2,𝑝2) = �̃�. Finally, the euclidean distance of 𝑥′, �̃� in the (𝑞1, 𝑝1)-plane

𝑑𝑖(𝑞2, 𝑝2) = ‖(𝑥′ − �̃�)𝑞1,𝑝1‖ (3.80)

is considered. Evaluating this distance measure on a fine (𝑞2, 𝑝2)-grid allows to assess the quality
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Figure 3.18: Coordinate surfaces of 𝑋2:5
max,0 are shown as function (𝑞2, 𝑝2) for the parameters

(𝑘1, 𝜉) = (1.75, 0.03). In (a) 𝑞1(𝑞2, 𝑝2) and in (b) 𝑝1(𝑞2, 𝑝2) are shown.
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Figure 3.19: Fourier coefficients |𝑐𝑘𝑙| for the Fourier representation (3.78) of the constituent 𝑋2:5
max,0

for the parameters (𝑘1, 𝜉) = (1.75, 0.03).
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Figure 3.20: Projections of the NHIMs 𝑋2:5
min and 𝑋2:5

max onto the (𝑞1, 𝑝1)-plane, shown as gray
colored points, see also inset for a magnification. The NHIMs are related to the minimax and
minimizing and periodic orbits 𝑥2:5

max 𝑥2:5
min which are shown as green and orange dots, respectively.

The parameters are (𝑘1, 𝜉) = (1.75, 0.03).
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of the constituent of the periodic NHIM and, moreover, the computation of a mean or a maximal
distance.

As we are dealing with period-𝑛 NHIMs also a distance measure for 𝑗 iterations, i.e., ℱ 𝑗(𝑋𝑚:𝑛
𝑖 ) =

𝑋𝑚:𝑛
𝑖+𝑗 , can be defined in a similar way. For given (𝑞2, 𝑝2)-coordinates one obtains a point on the

NHIM 𝑋𝑚:𝑛
𝑖 (𝑞2, 𝑝2) = 𝑥 which is mapped 𝑗 times, i.e., ℱ 𝑗(𝑥) = 𝑥′. For the (𝑞2, 𝑝2)-component of 𝑥′

the 𝑗-th next constituent of the NHIM is evaluated, i.e., 𝑋per,𝑛
𝑖+𝑗 (𝑥𝑞2,𝑝2) = �̃�. The distance is defined

by computing the euclidean distance in the (𝑞1, 𝑝1)-plane,

𝑑𝑖,𝑖+𝑗(𝑞2, 𝑝2) = ‖(𝑥′ − �̃�)𝑞1,𝑝1‖. (3.81)

For 𝑗 = 𝑛 the distance measure for the full period (3.80) is obtained.
In order to obtain a global quality measure for the constituent of the NHIM the point wise mea-

sures (3.80) and (3.81) are evaluated on the entire (𝑞2, 𝑝2)-plane. Numerically these measures are
determined on a fine sampled grid of the (𝑞2, 𝑝2)-plane and conveniently the average distances ⟨𝑑𝑖⟩𝑞2,𝑝2

and ⟨𝑑𝑖,𝑖+𝑗⟩𝑞2,𝑝2 are considered.
In Fig. 3.21 the average distance measure ⟨𝑑𝑖,𝑖+𝑗⟩𝑞2,𝑝2 is shown for the two NHIMs 𝑋8:21

min,0 and
𝑋8:21

max,0, as red and blue symbols, respectively. Circles indicate the average distance measure under
forward iteration ℱ 𝑗 , while crosses indicate inverse iteration ℱ−𝑗 . We observe that the average
distance increases exponentially with increasing number of iterations ±𝑗. The distance to the nearest
constituent 𝑗 ± 1 is on the order of 10−8. For subsequent iterations the average distance increases
and reaches the order of 10−3 for a full period. The average distance measure for different initial
constituents 𝑋8:21

𝑖 follows qualitatively the same behavior, which is not shown here. In particular,
for each 𝑋8:21

𝑖 the distance to its direct neighboring constituents, i.e., ⟨𝑑𝑖,𝑖±1⟩𝑞2,𝑝2 , is on the order of
10−8.

Let us emphasize that the observed exponential increase of the distance measure in Fig. 3.21 is
expected due to hyperbolicity of the NHIM, since hyperbolic dynamics implies exponential divergence
under time evolution. In addition to the general problem of describing hyperbolic objects, also
numerical inaccuracies arise from the limited number of Fourier coefficients and the accuracy threshold
of the binary contraction method.

Numerical strategies In order to compute NHIMs for a particular value of the coupling 𝜉, we
propose the following strategies. In the limit of vanishing coupling 𝜉 = 0 the NHIMs 𝑋𝑚:𝑛 are given
by the product of 𝑥𝑚:𝑛 and the entire (𝑞2, 𝑝2)-plane. For non-vanishing coupling 𝜉 ̸= 0, however, the
coordinate surfaces 𝑞1(𝑞2, 𝑝2) and 𝑝1(𝑞2, 𝑝2) change unsteadily. Thus, it turns out to be advantageous
to start with a particular small value of 𝜉, in order to obtain a first non-trivial approximation �̃� .

Increasing the coupling 𝜉 stepwise allows to obtain approximations for larger values of 𝜉 iteratively.
A more sophisticated approach extrapolates the Fourier coefficients 𝑐 in 𝜉, e.g., linearly based on two
preceding computations. Here, for intermediate steps in the extrapolation procedure the number of
Fourier coefficients (𝑁𝑞2 , 𝑁𝑝2) can be chosen rather small.

The presented algorithm determines only one particular NHIM 𝑋𝑚:𝑛
𝑖 at once, but not all con-
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Figure 3.21: Average distance measure ⟨𝑑0,𝑗⟩𝑞2,𝑝2 for the NHIMs 𝑋8:21
min,0 and 𝑋8:21

max,0 under forward
and backward iteration ℱ±𝑗 .

stituents of 𝑋𝑚:𝑛. However, the determination of a single constituent 𝑋𝑚:𝑛
𝑖 is sufficient in some

cases, because it is possible to obtain an approximation for the missing constituents. To this end
𝑋𝑚:𝑛

𝑖 is evaluated on a fine grid and the corresponding points are iterated forward and backwards
𝑡-times. By performing a least square fit (3.79) the Fourier representation of 𝑋𝑚:𝑛

𝑖±𝑡 (3.78) can be
obtained. The Fourier representation of these constituents is less accurate as if the algorithm for
the NHIM is performed individually. This is a consequence of the increasing average distance, see
Fig. 3.21. Nevertheless, the representations might be accurate enough, if they are just approximations
�̃� in an intermediate step. After a step-wise increase of the coupling 𝜉 to the desired parameter
regime, the number of Fourier coefficients is increased to obtain a more accurate NHIM.

Dynamics on NHIMs

NHIMs are by definition invariant under the mapping, i.e., ℱ𝑋 = 𝑋, where the invariance refers to
the NHIM as an entire object. The internal dynamics on the NHIM, however, may show interesting
dynamical features [69, 202, 203, 226], which will be discussed here. In particular, we consider the
dynamics on periodic NHIMs of type 𝑋𝑚:𝑛 and focus on the phase space of the (𝑞2, 𝑝2)-component
of one constituent 𝑋𝑚:𝑛

𝑖 . In order to obtain the Poincaré map of the internal dynamics of 𝑋𝑚:𝑛
𝑖

an initial condition has to be mapped 𝑛 times until the orbit returns to 𝑋𝑚:𝑛
𝑖 . However, due to

the hyperbolicity of the NHIM the orbit numerically never exactly returns to the initial constituent,
compare to the distance measure of Fig. 3.21, which makes it challenging to obtain a phase-space
portrait. In order to circumvent this problem we exploit that the distance measure to an adjacent
constituent, e.g., 𝑋𝑚:𝑛

𝑖 to 𝑋𝑚:𝑛
𝑖+1 , is rather small. For an initial condition (𝑞𝑖

2, 𝑝𝑖
2) selected in (𝑞2, 𝑝2)-
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plane of the constituent 𝑋𝑚:𝑛
𝑖 of interest we thus apply the following iterative scheme

(𝑞𝑖
2, 𝑝𝑖

2) ↦→ 𝑋𝑚:𝑛
𝑖 (𝑞𝑖

2, 𝑝𝑖
2) = 𝑥 ↦→ ℱ(𝑥) = 𝑥′ ↦→

𝑋𝑚:𝑛
𝑖+1 (𝑥′

𝑞2,𝑝2) = 𝑥 ↦→ ℱ(𝑥) = 𝑥′ ↦→

. . .

𝑋𝑚:𝑛
𝑖−1 (𝑥′

𝑞2,𝑝2) = 𝑥 ↦→ ℱ(𝑥) = 𝑥′

𝑋𝑚:𝑛
𝑖 (𝑥′

𝑞2,𝑝2) = 𝑥 ↦→ (𝑞𝑓
2 , 𝑝𝑓

2),

(3.82)

obtaining a final point exactly on the constituent. The iterative scheme can be described in words as
follows. First we chose an initial condition (𝑞𝑖

2, 𝑝𝑖
2) in the (𝑞2, 𝑝2)-plane. Evaluation of 𝑋𝑚:𝑛

𝑖 (𝑞𝑖
2, 𝑝𝑖

2) =
𝑥 leads to a point 𝑥 in the 4d phase space. This point is iterated once, i.e., ℱ(𝑥) = 𝑥′, and we
consider the 𝑞2 and 𝑝2 component of the iterated point, denoted by 𝑥′

𝑞2,𝑝2 , in order to reevaluate
the corresponding constituent 𝑋𝑚:𝑛

𝑖+1 (𝑥′
𝑞2,𝑝2). This slightly adjusted point, which is precisely located

on the constituent, is utilized for the next iteration. We repeat this scheme 𝑛-times until the point
returns to the constituent of interest 𝑋𝑚:𝑛

𝑖 . The 𝑞2 and 𝑝2 coordinates of this point, i.e., (𝑞𝑓
2 , 𝑝𝑓

2), are
the result of the Poincaré map.

Applying the iteration scheme (3.82) repetitively, where the final point of the previous iteration
acts as input for the next iteration, i.e., (𝑞𝑓

2 , 𝑝𝑓
2) ↦→ (𝑞𝑖

2, 𝑝𝑖
2), leads to an orbit of the Poincaré map. The

presented iterations scheme introduces a correction step pulling the orbit back to the NHIM after
each iteration. In this way a clear phase-space portrait of the internal dynamics of this constituent
is obtained. In the following we depict and discuss phase-space portraits of different constituents of
a NHIM, for increasing periods and as a function of the coupling 𝜉.

In Fig. 3.22 the phase-space portrait for two constituents of 𝑋2:5
min and 𝑋2:5

max are shown in the panels
(a-b) and (c-d), respectively. They are specified in the caption by means of the corresponding periodic
orbits 𝑥2:5

min. The phase-space portraits are shown in an unequal aspect ratio, since in this way more
relevant structures are perceptible. The parameters of the 4d standard map are (𝑘1, 𝜉) = (1.75, 0.03).
Several well-known structures of 2d symplectic maps like rotational tori, resonances and chaotic layers
are depicted in the phase-space portraits [203]. Most prominent in the panels of Fig. 3.22 are the
resonance eyes for the 𝑝2-values 0, ±0.2, ±0.4. The largest resonance is located at 𝑝2 = −0.4 together
with a noticeable chaotic layer around it. All of these resonances occur at points where the internal
dynamics is in resonance with the external period. In order to explain this, we assume that the
system is near-integrable such that the winding number 𝜔 (3.36) is roughly associated by 𝑝2. Thus,
we expect large resonances at locations related to the external period of 5, e.g., the large resonances
at 𝑝2 ≈ 0

5 , which is the trivial resonance, at 𝑝2 ≈ ±1
5 and 𝑝2 ≈ ±2

5 . In addition to the resonances
of order-1, we also resolve resonances of higher order, e.g., the resonance of order-2 at 𝑝2 ≈ ± 3

10 .
Similar to 2d symplectic maps the resonances are organized around fixed points or periodic orbits.
However, as the NHIM is hyperbolic and embedded in the full 4d phase space the corresponding
periodic orbits are not of simple elliptic or hyperbolic type. Instead they are of elliptic-hyperbolic
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(eh) or hyperbolic-hyperbolic (hh) stability. In Fig. 3.22 the eh periodic orbits are in the center
of the resonances, shown as green dots, while the red dots denote hh periodic orbits giving rise to
the chaotic layers. Note that the search for these periodic orbits on the NHIMs can be reduced
to a two-dimensional search, since symmetry lines in the (𝑞2, 𝑝2)-plane can be exploited, similar to
the symmetries lines of the 2d case in Fig. 3.8. Here, the periodic orbits in the panels (a) and (c)
are located on symmetry lines (𝑞2 = 0, 𝑝2) and (𝑞2 = 0.5, 𝑝2), respectively. A detailed study about
periodic orbits in 4d symplectic maps can be found in Ref. [134, 227, 228].

The phase-space portrait for both constituents of 𝑋2:5
min and 𝑋2:5

max, e.g., the panels (a-b) and (c-d),
depict similar structures which seem to be distorted to each other. Furthermore, the portraits of
𝑋2:5

min and 𝑋2:5
max also show the same structures. Thus, we only display the phase-space portrait of

one representative constituent of 𝑋𝑚:𝑛
𝑖 in the following.

The largest resonances in Fig. 3.22 are of order-1 and roughly located at the 𝑝2-value for which
the frequency 𝜔 of the internal dynamics is resonant with the external period. In order to verify
this, we depict the phase-space portrait for different periods of the NHIM in Fig. 3.23 and keeping
the parameters (𝑘1, 𝜉) = (1.75, 0.03) fixed. The panels (a-d) show the phase-space portrait for 𝑋1:3

max,
𝑋2:5

max, 𝑋3:8
max and 𝑋5:13

max, respectively. For panel (a) three large resonances of order one are located
roughly at 𝑝2 ≈ ±1

3 , 0. For panel (b) see discussion of Fig. 3.22(c). Panel (c) shows the periodic
NHIM 𝑋3:8

max for which the order-1 resonances are located at 𝑝2 ≈ ±4
8 , ±3

8 , ±2
8 , ±1

8 , 0. Note that
around the resonance at 𝑝2 ≈ −3

8 a large chaotic layer is visible. Similarly, in panel (d) for 𝑋5:13
max

the resonances of order-1 are located at 𝑝2 ≈ ± 𝑖
13 for 𝑖 ∈ [0, 6] except for 𝑝2 ≈ 2

13 where a resonance
of order-2 is located. In summary, for longer periods of the NHIM more resonances of order-1 are
present and additional resonances of higher order appear. These resonances start to overlap such
that rotational invariant curves are destroyed.

Since the phase-space portraits resemble features which are well-known from 2d symplectic maps,
we also consider the transition from a near-integrable system to a mixed system. To this end we
consider the phase-space portrait of 𝑋2:5

min in dependence on the coupling strength 𝜉. The increas-
ing coupling strength effectively acts as a perturbation. In particular, we present the transition for
increasing values of the coupling 𝜉 ∈ [0.01, 0.03, 0.05, 0.07] in Fig. 3.24. Note that the phase-space
portraits in all the panels (a-d) are created with the same set of initial conditions. We observe that
the resonances become lager with increasing perturbation strength, as expected from 2d symplectic
maps. Moreover, also resonances of higher order increase their size and come closer to other reso-
nances. Most interesting is the formation of a large chaotic layer at 𝑝2 ≈ 0.4 which is surrounded by
resonances of higher order, as shown in panel (d) .

The phase-space portraits of Figures 3.22-3.24 depict basic features of the internal dynamics on
the NHIM. Together they might allow to deduce the phase-space portrait for other periods and cou-
plings. For periodic NHIMs of longer periods we expected the corresponding resonances of order-1.
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Rotational invariant tori get destroyed by overlapping of resonances similar to 2d symplectic maps.
As a consequence thereof numerous chaotic layers are formed which start to merge for increasing
values of the coupling. We emphasize that in addition also periodic points can undergo bifurcations
of various kinds, not considered here.

Note that regular structures on a NHIM can also be computed by means of families of 1d-tori as
described in App. B. In this way, however, a closed representation of the periodic NHIM (3.76) is
not directly obtained. Consequently, we focus on NHIMs, in order to determine the flux.
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Figure 3.22: Poincaré map of the internal dynamics of 𝑋2:5
min and 𝑋2:5

max, respectively. For both two
different constituents are shown. The panels show the phase-space portrait of the constituent related
to the point of periodic orbit 𝑥2:5

min with the coordinates in (a) (𝑞, 𝑝) = (0.0, 0.28378), (b) (𝑞, 𝑝) =
(0.28378, 0.55594), and for 𝑥2:5

max with (c) (𝑞, 𝑝) = (0.5, 0.42311) and (d) (𝑞, 𝑝) = (0.92311, 0.29376).
The parameters of the 4d standard map in all panels are (𝑘1, 𝜉) = (1.75, 0.03).
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Figure 3.23: Poincaré map of the internal dynamics for NHIMs with increasing period (a) 𝑋1:3
max,

(b) 𝑋2:5
max, (c) 𝑋3:8

max, and (d) 𝑋5:13
max. The parameters of the 4d standard map in all panels are

(𝑘1, 𝜉) = (1.75, 0.03).
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Figure 3.24: Poincaré map of the internal dynamics for the NHIM 𝑋2:5
max for a fixed value of

𝑘1 = 1.75 and increasing values of the coupling (a) 𝜉 = 0.01, (b) 𝜉 = 0.03, (c) 𝜉 = 0.05, and (d)
𝜉 = 0.07.
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3.3.3 Computation and verification of flux

In this section we compute the flux in a 4d symplectic map by means of NHIMs entering the
flux formula [19]. The result for the flux is verified with two different approaches which require
the explicit construction of a 3d partial barrier. First, we measure the volume of the turnstile by
exploiting a formula for the lobe areas. Secondly, iterating an ensemble of initial conditions leads to
an approximation of the transported volume. Both approaches verify the result of the flux formula
which is only based on the NHIMs.

Computation of flux

In the following the flux in a 4d symplectic map is computed by applying the general flux formula
(3.29) [19] to the setting specified in Sec. 3.3.1. This requires the determination of invariant objects
in phase space, namely NHIMs discussed in Sec. 3.3.2. To this end we first fix an exemplary set of
parameters (𝑘1, 𝜉) = (1.75, 0.03) of the 4d standard map (3.16). For the corresponding 2d standard
map (3.13) with 𝑘 = 1.75, the pairs of periodic orbits of the Farey sequence approximating the golden
mean cantorus are hyperbolic and inverse hyperbolic, respectively, starting from 𝑚

𝑛 = 1
3 as indicated

in Fig. 3.15(d). We expect the NHIMs 𝑋𝑚:𝑛 to exist, since the coupling 𝜉 is relatively small and the
normal directions are sufficiently hyperbolic. Furthermore, this parameter set ensures that we are in
a regime with quite large flux even for longer periods, as shown in Fig. 3.15(a).

The adaption of the flux formula (3.29) for the specified model system then allows for the evaluation
of Eq. (3.70). The generating two-form 𝜆std4d (3.20) in the integrand of Eq. (3.70) is a function of
the NHIMs and explicitly reads

𝜆std4d(𝑋𝑚:𝑛
𝑡 (𝑞2, 𝑝2)) =

[︂1
2
[︀
𝑝1(𝑞2, 𝑝2)

]︀2 − 𝑉
(︁
𝑞1(𝑞2, 𝑝2) + 𝑝1(𝑞2, 𝑝2), 𝑞2 + 𝑝2

)︁]︂
𝑑𝑝2 ∧ 𝑑𝑞2 (3.83)

with the coordinate surfaces 𝑞1(𝑞2, 𝑝2) and 𝑝1(𝑞2, 𝑝2) of 𝑋𝑚:𝑛
𝑡 , see Eq. (3.76). Note that the generating

two-form is evaluated in this way independent of its type 𝑋𝑚:𝑛
min or 𝑋𝑚:𝑛

max.
Specifically, we consider the case 𝑚

𝑛 = 2
5 for which the flux in the 2d standard map has been

explicitly determined in Sec. 3.2.2. Thus, for the 4d standard map and the specified parameter set the
NHIMs 𝑋2:5

min and 𝑋2:5
max are required. The coordinate surfaces of one constituent of 𝑋2:5

max are shown
in Fig. 3.18, while the projection of the NHIMs 𝑋2:5 onto the (𝑞1, 𝑝1)-plane is shown in Fig. 3.18.
Eventually one obtains the flux Φ = 0.005213100 by evaluating Eq. (3.70) where the NHIMs via
Eq. (3.83). The comparison of this result with the flux in the uncoupled case Φ𝜉=0 = 0.005183701
yields a small increase of 2.94 · 10−5, which corresponds to a change of 0.567%. We verify the flux
computation by means of this specific example in the following.

Construction of partial barrier

In order to check whether the computed flux determined via the formula (3.70) incorporating the
NHIMs is correct, the result has to be verified by a different, independent method. To this end we
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construct a partial barrier 𝐶 explicitly, which allows to measure the volume of the exit 𝐸 or incoming
set 𝐼, respectively. We also determine the flux by iteration of an ensemble of initial conditions. These
approaches are similar to those introduced in Sec. 3.2.2.

For the construction of the partial barrier in the 4d phase space we use a similar approach as in the
2d case. In particular, the hypotheses stated in Sec. 3.2.2 have to be fulfilled. In order to separate
different regions in the 4d phase space the partial barrier 𝐶 must be of codimension one and is thus
a three-dimensional surface. This surface is constructed by means of the NHIMs whereby 𝑋𝑚:𝑛

min and
𝑋𝑚:𝑛

max are connected in an alternating manner. Furthermore, the partial barrier and its preimage
intersect in the NHIMs only, i.e., 𝐶 ∩ ℱ−1(𝐶) = 𝑋𝑚:𝑛

min ∪ 𝑋𝑚:𝑛
max. We choose a partial barrier that is

parameterized by the Fourier series

𝑝pb
1 (𝑞1, 𝑞2, 𝑝2) =

∑︁
𝑘,𝑙,𝑚

𝑐𝑘𝑙𝑚𝑒𝑖2𝜋(𝑘𝑞1+𝑙𝑞2+𝑚𝑝2). (3.84)

The task is to find the coefficients 𝑐𝑘𝑙𝑚 of the truncated 3d Fourier series (3.84) such that the partial
barrier 𝐶 fulfills the requirements of 3.2.2. The coefficients are obtained in the following way. First, a
grid in the (𝑞2, 𝑝2)-plane is selected which is equally spaced in each direction. The number of the grid
points in 𝑞2 and 𝑝2 is given by 𝑁grid,𝑞2 = (2𝑁𝑞2 +1) and 𝑁grid,𝑝2 = (2𝑁𝑝2 +1), respectively, where 𝑁𝑞2

and 𝑁𝑝2 are those of the Fourier representation of the NHIM (3.78). For a point (𝑞𝑗
2, 𝑝𝑗

2) on this grid
the NHIMs are evaluated, i.e., the coordinate surfaces of 𝑋𝑚:𝑛

min and 𝑋𝑚:𝑛
max at (𝑞𝑗

2, 𝑝𝑗
2), such that one

obtains a sequence of points in the (𝑞1, 𝑝1)-plane. A few points of this sequence are shown as crosses
in the inset of Fig. 3.26 for the section (𝑞*

2, 𝑝*
2) = (0.9875, −0.325). For these points of the NHIMs

for that specific (𝑞𝑗
2, 𝑝𝑗

2)-section we apply the procedure which is described in Sec. 3.2.2. We obtain
the coefficients 𝑐𝑘 of the 1d Fourier series (3.44), where 𝑘 is truncated at a sufficiently large number
of coefficients to obtain a smooth curve. Second, this procedure is performed for a fixed value of 𝑘

on the entire (𝑞2, 𝑝2)-grid. Third, a 2d Fourier transformation in the (𝑞2, 𝑝2)-plane is performed for
all 𝑘 individually. This transformation corresponds to the index 𝑙, 𝑚 of 𝑐𝑘𝑙𝑚.

In Fig. 3.25 sections of the 3d partial barrier are shown in the same (𝑞1, 𝑝1)-plane for nine different
pairs of (𝑞𝑗

2, 𝑝𝑗
2). One section of the partial barrier is shown as gray line which is obtained by the

evaluation of 𝑝pb
1 (𝑞1, 𝑞2 = 𝑞𝑗

2, 𝑝2 = 𝑝𝑗
2). The projections of the involved NHIMs onto the (𝑞1, 𝑝1)-plane,

already presented in Fig. 3.20, are shown as well. Equally to the 2d case, the gray curves alternatingly
pass through points of the NHIMs 𝑋2:5

max and 𝑋2:5
min. These sections of the partial barrier only slightly

differ. However, these sections cross the projections of the NHIMs at different points, best seen in
the inset.

For the specific partial barrier we have to verify that there are no additional intersections between
the partial barrier 𝐶 and its preimage. Since this is a non-trivial task for 3d surfaces we search for
additional intersections in the (𝑞1, 𝑝1)-plane for individual (𝑞*

2, 𝑝*
2)-sections. Thus, the preimage of

the partial barrier for this particular section (𝑞*
2, 𝑝*

2) is required. However, an explicit function for the
preimage is unknown. To this end, points of the preimage of the partial barrier (3.84) are obtained
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Figure 3.25: 3d partial barrier (3.84) in the (𝑞1, 𝑝1)-plane for 9 different sections of (𝑞𝑗
2, 𝑝𝑗

2). The
function 𝑝pb

1 (𝑞1, 𝑞2 = 𝑞𝑗
2, 𝑝2 = 𝑝𝑗

2) is depicted in the same plot for all 9 different sections. The
projections of the NHIMs are shown as well, see Fig. 3.20.

0.0 0.5 1.0

0.3

0.4

0.5

x2:5
max

x2:5
min

q1

p1

Figure 3.26: 3d partial barrier (3.84) for the section (𝑞*
2 , 𝑝*

2) = (0.9875, −0.325) shown as black
line. The preimage of the partial barrier is shown as red line. The intersections of the partial barrier
and its preimage given by 𝑋2:5(𝑞*

2 , 𝑝*
2) are shown as colored crosses.
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by exploiting the inverse mapping (𝑞′, 𝑝′) = ℱ−1(𝑞, 𝑝) with

𝑞′
1 = 𝑞1 − 𝑝1 + 𝑘1

2𝜋
sin(2𝜋𝑞1) + 𝜉

2𝜋
sin(2𝜋(𝑞1 + 𝑞2)) = 𝑞1 − 𝑝′

1

𝑞′
2 = 𝑞2 − 𝑝2 + 𝑘2

2𝜋
sin(2𝜋𝑞2) + 𝜉

2𝜋
sin(2𝜋(𝑞1 + 𝑞2)) = 𝑞2 − 𝑝′

2

𝑝′
1 = 𝑝1 − 𝑘1

2𝜋
sin(2𝜋𝑞1) − 𝜉

2𝜋
sin(2𝜋(𝑞1 + 𝑞2))

𝑝′
2 = 𝑝2 − 𝑘2

2𝜋
sin(2𝜋𝑞2) − 𝜉

2𝜋
sin(2𝜋(𝑞1 + 𝑞2))

(3.85)

for which 𝑞′
2 = 𝑞*

2 and 𝑝′
2 = 𝑝*

2 must be satisfied. For the equation of the 𝑞2-component of the inverse
mapping one concludes that 𝑞2 = 𝑞*

2 + 𝑝*
2. Inserting this into the equation of the 𝑝′

2-coordinate and
rearranging one gets

𝑝2 = 𝑝*
2 + 𝑘2

2𝜋
sin(2𝜋𝑞*

2) + 𝜉

2𝜋
sin(2𝜋(𝑞1 + 𝑞*

2 + 𝑝*
2)). (3.86)

This is a function only depending on 𝑞1. The last missing coordinate is obtained by evaluating the
partial barrier at 𝑝pb

1 (𝑞1, 𝑞2, 𝑝2). To summarize, the point 𝑥 = (𝑞1, 𝑞2, 𝑝pb
1 (𝑞1, 𝑞2, 𝑝2), 𝑝2) of the partial

barrier with the free parameter 𝑞1 is exactly a point of the preimage in the (𝑞*
2, 𝑝*

2)-section which is
obtained by the inverse map (3.85). By varying 𝑞1 and applying that scheme the preimage is obtained
as a set of data points, which is in general non-uniformly sampled. Nevertheless, a sufficiently fine
sampling in 𝑞1 allows to verify if there are additional intersections in a specific (𝑞2, 𝑝2)-section. To
this end the number of sign changes of the difference between 𝑝1 along the partial barrier and its
preimage are counted. Note that a similar relation for the image of the partial barrier can be derived.
However, this requires to numerically solve a root searching problem.

In Fig. 3.26 the partial barrier is shown as a black line for the section (𝑞*
2, 𝑝*

2) = (0.9875, −0.325).
The preimage in this section is obtained by the previously described approach and is shown in red.
Together they form lobes which are alternatingly above and below the partial barrier. The intersec-
tions of the partial barrier and its preimage are shown as colored crosses which are in fact precisely
given by the coordinate surfaces of 𝑋2:5

max and 𝑋2:5
min at (𝑞*

2, 𝑝*
2), compare to the inset.

Volume measurement

The construction of a partial barrier allows to verify the flux (3.70) by means of a volume measurement
of the incoming or exit set. In general, the determination of these four-dimensional volumes which
are enclosed by the partial barrier and its preimage is an intricate task, since for the latter there is
no analytical expression. To this end we subdivide the measurement of the four-dimensional volume
into the measurement of two-dimensional areas for which one yields the volume by integration. More
specifically, the volumes are considered in sections of (𝑞*

2, 𝑝*
2) where they appear as two-dimensional

areas. For these (𝑞*
2, 𝑝*

2)-sections the preimage of the partial barrier is obtain by the procedure
described above.
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In case of a partial barrier which is constructed by means of periodic NHIMs 𝑋𝑚:𝑛 the exit set
𝐸 is composed of 𝑛 exit sets 𝐸 = ∪(𝑛−1)

𝑖=0 𝐸𝑖 and an equal number of incoming sets 𝐼𝑖. In order to
determine their areas within the considered section the area of those 𝑛 lobes has to be determined.
In Fig. 3.26 for the NHIMs 𝑋2:5 and the section (𝑞*

2, 𝑝*
2) = (0.9875, −0.325) the total area of the

lobes below the partial barrier, e.g., the exit set 𝐸, is not equal to the total area of the lobes above,
e.g., the incoming set 𝐼. This is in contrast to the 2d map where the areas above and below the
partial barrier are equal, corresponding to the property of zero net flux (3.30), depicted in Fig. 3.6.
Thus, we determine both the area of the exit set

Φ2d
1→2(𝑞2, 𝑝2) =

𝑛−1∑︁
𝑖=0

|𝐸𝑖(𝑞2, 𝑝2)| (3.87)

describing the flux between the regions 1 → 2 for this section, as well as the area of the incoming set

Φ2d
2→1(𝑞2, 𝑝2) =

𝑛−1∑︁
𝑖=0

|𝐼𝑖(𝑞2, 𝑝2)| (3.88)

for the flux in opposite direction between the regions 2 → 1. The four-dimensional volume is subse-
quently obtained by performing the integrals of the areas Φ2d(𝑞2, 𝑝2) as

Φ =
0.5∫︁

−0.5

𝑑𝑝2

1∫︁
0

𝑑𝑞2 Φ2d(𝑞2, 𝑝2). (3.89)

It turns out that 4d volume for the exit and the incoming set are equal and consequently the zero
net flux property (3.30) holds.

The determination of the lobes area 𝐸𝑖 and 𝐼𝑖 in the (𝑞2, 𝑝2)-section can be performed by using
the shoelace formula for a sufficiently fine sampling of the boundaries 𝜕𝐸𝑖 or 𝜕𝐼𝑖. However, we do
not discuss the results here. Instead we employ a formula for the lobe areas which only consists of
integrals of the analytically known partial barrier.

Derivation of lobe area formula

In the following we derive a formula which allows to determine the lobe area 𝐴 in the (𝑞1, 𝑝1)-plane
analytically for a specific (𝑞2, 𝑝2)-section. For the sake of clarity, we only consider two NHIMs of
period-1 such that there is only one lobe of the exit 𝐸 and the incoming set 𝐼, respectively. In
Fig. 3.27(a) the partial barrier 𝐶 is shown as black curve and its preimage ℱ−1(𝐶) as red curve.
Together they enclose the exit and the incoming set within the (𝑞1, 𝑝1)-plane for a specific (𝑞2, 𝑝2)-
section. Intersections of both curves are located on the left NHIM 𝐿 and right NHIM 𝑅, indicated
as red dots. The NHIMs are given by their coordinates surfaces (3.76), for the left 𝑞𝐿

1 (𝑞2, 𝑝2) and
𝑝𝐿

1 (𝑞2, 𝑝2) and for the right 𝑞𝑅
1 (𝑞2, 𝑝2) and 𝑝𝑅

1 (𝑞2, 𝑝2), respectively. The stability of the NHIMs 𝐿 and
𝑅 is irrelevant and thus only their relative position 𝐿 or 𝑅 is considered. Objects which extend in
the augmented dimension of (𝑞2, 𝑝2) are indicated in Fig. 3.27 by dashed lines. Consequently, the
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Figure 3.27: Sketch for the derivation of the lobe area (3.94). The partial barrier 𝐶 and its
preimage ℱ−1(𝐶) are shown as black and red line in the (𝑞1, 𝑝1)-plane for a fixed (𝑞2, 𝑝2)-section.
The projection of the periodic NHIM are indicated as gray colored region. The dashed lines indicates
the extension in the augmented dimension of 𝑞2, 𝑝2. The area 𝐴, here the exit set 𝐸, is confined
by two boundary segments 𝜕𝐴1 ⊂ 𝐶 and 𝜕𝐴2 ⊂ ℱ−1(𝐶). The mapped boundary curve ℱ(𝜕𝐴2) is
shown as blue dashed line. In (a) the left NHIM 𝐿 and the right NHIM 𝑅 are of period-1 and in
(b) the NHIMs are of period-2.

projection of NHIMs onto the (𝑞1, 𝑝1)-plane is shown as gray colored region whose extension in the
augmented dimension is indicated by the dashed border.

The derivation is exemplarily shown for the exit lobe 𝐸, as depicted in Fig. 3.27. Since this result
is also valid for the incoming set, we prefer the universal notation of the lobe area 𝐴. Furthermore,
we drop the dependence on (𝑞2, 𝑝2) of 𝐴 and the coordinate surfaces for a while. Utilizing Stokes’
theorem, the area 𝐴 can be determined by means of the boundary curve 𝜕𝐴

𝐴 =
∫︁

𝐴
𝑑𝑝1 ∧ 𝑑𝑞1 =

∫︁
𝜕𝐴

𝑝1𝑑𝑞1 =
∫︁

𝜕𝐴1
𝑝1𝑑𝑞1 −

∫︁
𝜕𝐴2

𝑝1𝑑𝑞1, (3.90)

which splits into 𝜕𝐴1 ⊂ 𝐶, i.e., a part on the partial barrier, and 𝜕𝐴2 ⊂ ℱ−1(𝐶), i.e., a part on the
preimage of the partial barrier. The segments are labeled in Fig. 3.27.

The integral along the segment 𝜕𝐴1 can be directly carried out if one assumes a specific partial
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barrier which is given by 𝑝pb
1 (𝑞1, 𝑞2, 𝑝2). More tedious is the integral along the segment 𝜕𝐴2, since

the analytical form of the preimage of the partial barrier is not known. To this end we parameterize
the segment 𝜕𝐴2 as

[0, 1] ∋ 𝑡 ↦→ 𝛾(𝑡) = (𝑞1(𝑡), 𝑝1(𝑡), 𝑞2 = const, 𝑝2 = const), where 𝛾(0) ∈ 𝐿

and 𝛾(1) ∈ 𝑅.
(3.91)

Instead of carrying out the integral along 𝜕𝐴2, the integral along the mapped boundary curve ℱ(𝜕𝐴2)
is evaluated. The mapped boundary curve is again part of the partial barrier, i.e., ℱ(𝜕𝐴2) ⊂ 𝐶, since
initially 𝜕𝐴2 ⊂ ℱ−1(𝐶) holds. In Fig. 3.27 the mapped boundary ℱ(𝜕𝐴2) is shown as blue dashed
line. Its 𝑞2-value is changed and the 𝑝2-values change continuously as function of 𝑞1, compare to
Eq. (3.86). The endpoints of this curve are also part of the corresponding NHIMs, marked as blue
dots. Since the coordinates change like 𝑞′

1 = 𝑞1 + 𝑝1 and 𝑝′
1 = 𝑝1 − 𝜕𝑉 (𝑞′

1,𝑞′
2)

𝜕𝑞′
1

one yields for the integral
along the mapped boundary curve

∫︁
ℱ(𝜕𝐴2)

𝑝1𝑑𝑞1 =
1∫︁

0

𝑑𝑡 𝑝′
1(𝑡)𝑑𝑞′

1(𝑡)
𝑑𝑡

=
1∫︁

0

𝑑𝑡 𝑝1(𝑡)
(︂

𝑑𝑞1(𝑡)
𝑑𝑡

+ 𝑑𝑝1(𝑡)
𝑑𝑡

)︂
−

1∫︁
0

𝑑𝑡
𝜕𝑉 (𝑞′

1, 𝑞′
2)

𝜕𝑞′
1

𝑑𝑞′
1(𝑡)
𝑑𝑡

=
∫︁

𝜕𝐴2

𝑝1𝑑𝑞1 +
𝑝𝑅

1∫︁
𝑝𝐿

1

𝑝1𝑑𝑝1 −
ℱ(𝑞𝑅

1 )=𝑞𝑅
1 +𝑝𝑅

1∫︁
ℱ(𝑞𝐿

1 )=𝑞𝐿
1 +𝑝𝐿

1

𝑑𝑞′
1

𝜕𝑉 (𝑞′
1, 𝑞′

2)
𝜕𝑞′

1

=
∫︁

𝜕𝐴2

𝑝1𝑑𝑞1 +
[︂1

2𝑝2
1 − 𝑉

(︀
𝑞1 + 𝑝1, 𝑞2 + 𝑝2

)︀]︂𝑞𝑅
1 ,𝑝𝑅

1

𝑞𝐿
1 ,𝑝𝐿

1

. (3.92)

By rearranging Eq. (3.92) and inserting into Eq. (3.90) one obtains

𝐴 =
∫︁

𝜕𝐴1

𝑝1𝑑𝑞1 −
∫︁

ℱ(𝜕𝐴2)

𝑝1𝑑𝑞1 +
[︂1

2𝑝2
1 − 𝑉

(︀
𝑞1 + 𝑝1, 𝑞2 + 𝑝2

)︀]︂𝑞𝑅
1 ,𝑝𝑅

1

𝑞𝐿
1 ,𝑝𝐿

1

, (3.93)

which can be written more explicitly by inserting the partial barrier 𝑝pb
1 (𝑞1, 𝑞2, 𝑝2) and the parame-
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terization of the coordinate surfaces yielding

𝐴(𝑞2, 𝑝2) =
[︂1

2𝑝2
1 − 𝑉 (𝑞1 + 𝑝1, 𝑞2 + 𝑝2)

]︂𝑞𝑅
1 (𝑞2,𝑝2),𝑝𝑅

1 (𝑞2,𝑝2)

𝑞𝐿
1 (𝑞2,𝑝2),𝑝𝐿

1 (𝑞2,𝑝2)

+
𝑞𝑅

1 (𝑞2,𝑝2)∫︁
𝑞𝐿

1 (𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1 (𝑞1, 𝑞2, 𝑝2)

−
𝑞𝑅

1 (𝑞2,𝑝2)+𝑝𝑅
1 (𝑞2,𝑝2)∫︁

𝑞𝐿
1 (𝑞2,𝑝2)+𝑝𝐿

1 (𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1

(︁
𝑞1, 𝑞2 + 𝑝2, 𝑝2 − 𝑉2(𝑞1, 𝑞2 + 𝑝2)

)︁
.

(3.94)

The first term is equal to the generating form 𝜆std4d (3.20), the second term is the integral along the
partial barrier, while the third term is the integral along the mapped boundary curve. For the case of
NHIMs of period-1 the endpoints of the mapped boundary curves are on the same NHIMs, e.g., the
red dot on the NHIM 𝐿 with coordinates 𝑞𝐿

1 (𝑞2, 𝑝2), 𝑝𝐿
1 (𝑞2, 𝑝2) is mapped onto the same NHIM with

the new 𝑞1-value given by 𝑞𝐿
1 (𝑞2, 𝑝2) + 𝑝𝐿

1 (𝑞2, 𝑝2), shown as blue dot. The lobe area 𝐴 in the (𝑞2, 𝑝2)-
section is determined by Eq. (3.94). While in Fig. 3.27(a) the exit lobe 𝐸(𝑞2, 𝑝2) is highlighted, for
the incoming lobe 𝐼(𝑞2, 𝑝2) the roles of the left and right NHIMs have to be interchanged before
Eq. (3.94) can be applied.

For periodic NHIMs of longer periods the integral along the mapped boundary curve ℱ(𝜕𝐴2) is
between different constituents of the periodic NHIM. This is depicted in Fig. 3.27(b) for the NHIMs
of period-2 where the mapped curve ℱ(𝜕𝐴2) is in between the left and right NHIM in another in-
terval of 𝑞1.

In the following we show that the integration of the lobe area formula 𝐴(𝑞2, 𝑝2) (3.94) with respect
to 𝑞2 and 𝑝2 leads to flux Φ (3.70). The integration

∫︀
𝑑𝑞2

∫︀
𝑑𝑝2 of the first term appearing in the lobe

area formula (3.94) already yields the expression for the flux (3.70). Consequently, the second and
third term of Eq. (3.94) have to cancel each other. To this end we perform the volume integral∫︁

𝑉

𝑑𝑉 =
∫︁

𝑑𝑞2

∫︁
𝑑𝑝2

∫︁
𝑑𝑞1 (3.95)

for the difference of these terms. Here, the integration
1∫︀
0

𝑑𝑞1 takes all the lobes of the entire exit 𝐸

as well as the incoming set 𝐼 into account. The difference then reads∫︁
𝑉

𝑑𝑉 𝑝pb
1 (𝑞1, 𝑞2, 𝑝2) −

∫︁
𝑉

𝑑𝑉 𝑝pb
1

(︁
𝑞1, 𝑞2 + 𝑝2, 𝑝2 − 𝑉2(𝑞1, 𝑞2 + 𝑝2)

)︁
, (3.96)

which is zero by means of a change of variables 𝑞′
1 = 𝑞1, 𝑞′

2 = 𝑞2 + 𝑝2 and 𝑝′
2 = 𝑝2 − 𝑉2(𝑞1, 𝑞2 + 𝑝2)

as the Jacobian satisfies det(𝐽) = 1 and 𝑑𝑉 ′ = 𝑑𝑉 holds. This underlines that the flux Φ is entirely
determined by means of the NHIMs and is in particular independent of the partial barrier.
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Note that Eq. (3.94) for 4d maps can be simplified to compute lobe areas in 2d symplectic maps.
For a given partial barrier 𝑝pb(𝑞) the lobe area formula then reads

𝐴 =
[︂1

2𝑝2 − 𝑉 (𝑞 + 𝑝)
]︂𝑞𝑅,𝑝𝑅

𝑞𝐿,𝑝𝐿
+

𝑞𝑅∫︁
𝑞𝐿

𝑑𝑞 𝑝pb(𝑞) −
𝑞𝑅+𝑝𝑅∫︁

𝑞𝐿+𝑝𝐿

𝑑𝑞 𝑝pb(𝑞). (3.97)

Here, the points 𝑞𝐿, 𝑝𝐿 and 𝑞𝑅, 𝑝𝑅 correspond to neighboring points of the periodic orbit of minimax
and minimizing type. Recall that the formula only captures a single lobe. For a periodic orbit of
length 𝑛 thus the area of 𝑛 lobes, either above or below the partial barrier, have to be evaluated.
An example for the periodic orbit 𝑥2:5 is shown in Fig. 3.6. The integral terms cancel, by adding up
the lobe areas (3.97) of the entire exit set. This is the case as integrals with the same limit appear
twice, however, with different sign. Consequently, only the sum over the first term contributes which
is exactly the same as the flux formula for periodic orbits (3.43).

Verification by lobe areas

The derived formula for one particular lobe area 𝐴(𝑞2, 𝑝2) (3.94) is used to determine the fluxes Φ2d

(3.87)-(3.88) by summing the areas of all 𝑛 lobes of the exit and incoming set, respectively. This
computation is performed on a grid in the (𝑞2, 𝑝2)-plane. For the parameter set (𝑘1, 𝜉) = (1.75, 0.03)
and (𝑚, 𝑛) = (2, 5) the result for Φ2d

1→2 and Φ2d
2→1 is shown in Fig. 3.28, where the color quantifies

the flux Φ2d for a particular choice of (𝑞2, 𝑝2). By comparing both fluxes we make the following
observations. First of all, the difference between the two flux planes shown in Fig. 3.28(a) and (b) is
striking. In particular, the zero net flux condition does not hold for a specific (𝑞2, 𝑝2)-section, since
the fluxes are not equal. Secondly, the flux Φ2d is a smooth periodic function of (𝑞2, 𝑝2). Thirdly, the
deviations from the mean are greatest for 𝑝2 ≈ −0.3 as indicated by prominent minima and maxima.

The integration of Φ2d(𝑞2, 𝑝2) (3.89) yields the corresponding 4d flux (3.70), which is expected
as the flux should be independent of the partial barrier. More precisely, the integration allows to
determine two fluxes, since Φ2d

1→2 as well as Φ2d
2→1 can be evaluated. Here, for both directions one

obtains the same flux, i.e., Φ1→2 = Φ2→1 = 0.005213101, and thus the volume of the incoming and
exit set are equal. This directly implies that the zero net flux condition (3.30) for this specific partial
barrier is fulfilled. The comparison of the result of the volume measurement with the flux (3.70)
entirely obtained by NHIMs reveals that both approaches provide similar results, which only differ
on the order of 10−9.

Note that the flux Φ2d(𝑞2, 𝑝2) for flux in both directions depends on the specific choice of the partial
barrier such that Fig. 3.28 might differ substantially for a different construction. Thus, neither a
particular lobe nor the summation of all lobes of the incoming and exit set leads to the same value
Φ2d(𝑞2, 𝑝2) for different realizations of the partial barrier. We emphasize, however, that the 4d fluxes
are equal, if the partial barriers are properly constructed.
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Figure 3.28: Flux Φ2d as function of (𝑞2, 𝑝2) for a 3d partial barrier (3.84) constructed with the
NHIMs 𝑋2:5. In (a) the flux Φ2d

1→2 (3.87) is shown, while (b) shows Φ2d
2→1 (3.88). The lobe areas

are determined by Eq. (3.94). For the black dashed line, indicating the section 𝑝2 = −0.4, the flux
is also determined by iteration of an ensemble of initial conditions, shown in Fig. 3.29.
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Determination of flux by iteration of an ensemble of initial conditions

The flux Φ2d(𝑞2, 𝑝2), which is obtained by means of the lobe area formula (3.94), is verified by
determining the flux by iteration of an ensemble of initial contions. To this end a large ensemble of
𝑁es points is uniformly distributed in the (𝑞1, 𝑝1)-plane for a fixed (𝑞2, 𝑝2)-section. These points are
classified into the subsets related to their initial region 1 or 2 by a comparison of the 𝑝1-coordinate
with the partial barrier within this section. 𝑁1 and 𝑁2 denotes the number of initial conditions
in each region, where 𝑁es = 𝑁1 + 𝑁2 holds. Subsequently, all points are iterated once. After the
iteration all points have the same 𝑞′

2 value, as they start in the same (𝑞2, 𝑝2)-section, but different
values for 𝑝′

2, see Eq. (3.16). Each point of the iterated ensemble is classified into one of the two
regions. To this end the relative position of every point is compared to the partial barrier in the
(𝑞1, 𝑝1)-plane for the respective (𝑞′

2, 𝑝′
2)-section. Note that in principle the determination of flux by

iteration can be defined in different ways, e.g., one could require the points to be mapped into a
specific (𝑞2, 𝑝2)-section.

Of particular interest are the amount of points which cross the partial barrier, i.e., change the
region after iteration. These numbers are denoted as 𝑁1→2 and 𝑁2→1 and enter into the calculation
of the flux which is given by the fractions Φ2d

1→2 = 𝑁1→2
𝑁es

and Φ2d
2→1 = 𝑁2→1

𝑁es
, respectively, compare

to Eq. (3.45). In Fig. 3.29 the results for ensembles with 𝑁es = 107 initial conditions are shown
as crosses. In particular, the flux is shown for several values of 𝑞2 and the 𝑝2-coordinate fixed to
𝑝2 = −0.4. For comparison the solid curves show the result for the flux Φ2d

1→2 and Φ2d
2→1, respectively,

which are obtained by Eqs. (3.87)-(3.88) and the lobe area formula (3.94). They correspond to the
values indicated in Fig. 3.28 as dashed line. The results indicate a good agreement between both
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Figure 3.29: Flux Φ2d for 𝑝2 = −0.4 as function of 𝑞2 determined by iteration of an ensemble with
𝑁es = 107 initial conditions. The result of Φ2d

1→2 and Φ2d
2→1 is shown as blue and orange crosses,

respectively. For comparison the flux Φ2d(𝑞2, 𝑝2 = −0.4) for both directions 1 → 2 and 2 → 1
obtained by Eqs. (3.87)-(3.88) and the lobe area formula (3.94) are shown as blue and orange line,
respectively.
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methods. Since the flux can only be determined exactly in the limit of infinite ensembles 𝑁es → ∞,
the observed deviations are a consequence of the limited ensemble size used here. Nevertheless, both
methods are capable to quantify the flux for a given partial barrier. However, as the precision of
the determination of flux by iteration depends on the ensemble size, the computation via the lobe
areas is used preferably. Note that, by repeating the determination of flux in various (𝑞2, 𝑝2)-sections,
Fig. 3.28 can be reproduced. Since this provides no further insights, this is not shown here.

To summarize, flux in a 4d symplectic map can be determined by means of NHIMs. The ob-
tained flux is verified by a volume and flux measurement for an explicitly constructed partial barrier.
Although only one specific example is shown here, several other examples with varying periods and
other parameters of (𝑘1, 𝜉) confirm the approach. These results are not shown here. Instead by means
of the flux (3.70) the interesting case of a cantorus generalization and the dependence on the coupling
is considered in the following.

3.3.4 Flux of cantorus generalization

In this section we consider the flux (3.70) for the NHIMs 𝑋𝑚:𝑛 in the Farey sequence to the golden
mean frequency. To this end we fix the parameters of the 4d standard map to (𝑘1, 𝜉) = (1.75, 0.03),
for which we already determined the flux of 𝑋2:5.

For the corresponding 2d standard map with 𝑘 = 1.75 the fluxes (3.43) in the Farey sequence to
the golden mean cantorus are monotonously decreasing. However, the fluxes already converge for
relatively short periodic orbits, similar to the scaling behavior in Fig. 3.13. A good approximation of
the limiting flux of the cantorus is already obtained for the periodic orbits 𝑥13:34, see Fig. 3.15(b).

Thus, in the following we determine the fluxes in the Farey sequence from 1
3 to 13

34 , requiring the
computation of the NHIMs 𝑋1:3 up to 𝑋13:34. For these NHIMs the corresponding fluxes (3.70)
are determined. The results are shown in Fig. 3.30 as orange crosses which are plotted against the
periods 1

3 to 13
34 . The fluxes decrease fast for the periods 1

3 to 3
8 , but then only slightly decrease from

period 5
13 to 13

34 , hardly visible on the logarithmic scale. For comparison also the flux Φ𝜉=0 for the
case of 𝜉 = 0 is shown by blue crosses. Here, also the flux for the period 1

2 can be computed. This
is not possible for non-zero coupling, since we only can deal with NHIMs so far and the underlying
periodic orbit 𝑥1:2

max is elliptic.
Since the difference between the fluxes Φ and Φ𝜉=0 are hard to distinguish, they are additionally

listed in Table 3.1. Here, for comparison the relative increase Δ in percent is shown as well. Overall,
the fluxes Φ converge with increasing period, similar to the fluxes Φ𝜉=0 in the uncoupled case. The
increase Δ of the flux due to the coupling is small compared to the flux for the uncoupled case
Φ𝜉=0. With increasing period the relative increase converges to approximately 0.726%. We conclude,
that in order to determine the flux approximately, it is sufficient to consider relatively short periodic
NHIMs. In particular, the flux for the periods 8

21 and 13
34 only differs by 10−7, while the difference

to the flux in the uncoupled case is of order 10−5.
The Farey sequence of fluxes shows a convergence towards a limiting flux with increasing period,
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Figure 3.30: Fluxes Φ (3.70), shown as orange crosses, for the NHIMs 𝑋𝑚:𝑛 with periods ranging
from 𝑚

𝑛 = 1
3 to 13

34 which are part of the Farey sequence to the golden mean. The results are obtained
for (𝑘1, 𝜉) = (1.75, 0.03). Blue crosses show the corresponding flux Φ𝜉=0 for the periods ranging from
1
2 to 13

34 .

(𝑚, 𝑛) Φ Φ𝜉=0 Δ/%
(1, 2) − 0.018313657 −
(1, 3) 0.009427879 0.009400420 0.291
(2, 5) 0.005213100 0.005183701 0.567
(3, 8) 0.004298614 0.004268363 0.708
(5, 13) 0.004146122 0.004116168 0.728
(8, 21) 0.004140335 0.004110444 0.727
(13, 34) 0.004140248 0.004110407 0.726

Table 3.1: Table of fluxes Φ (3.70) for the NHIMs 𝑋𝑚:𝑛 in the Farey sequence to the golden mean.
Data as in Fig. 3.30.
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similar as in the 2d symplectic map. This indicates that the construction incorporating the NHIMs
generalizes the concept of the well-known cantorus barriers present in 2d symplectic maps, at least
for the specific model under consideration, see Sec. 3.3.1. Topologically, the corresponding object can
be thought of as the product of the cantorus of the 2d map with the NHIM. For sufficiently small
couplings 𝜉, we expect that the NHIMs and consequently also the restrictive partial barriers exist.
Moreover, we expect these generalized partial barriers to be as important as their counterparts in
the 2d case. In particular, it seems very plausible that due to the coupling no additional, restrictive
partial barriers are created and thus also the approximants in the Farey sequence to the golden mean
provide the smallest flux.

Note that depending on the parameter 𝑘1 even shorter or longer periodic orbits might become
necessary to compute the limiting flux of the cantorus generalization. A good first estimate for
the necessary length of the periodic orbits, i.e., the period of the NHIMs, is obtained by means of
Fig. 3.15(a). Since the increase of the limiting flux due to the coupling 𝜉 is rather small, we investigate
the dependence on the coupling in more detail.

3.3.5 Flux in dependence on the coupling

Due to the the small coupling 𝜉 there is only slight increase of the flux Φ compared to Φ𝜉=0, see
Table 3.1. Naturally the question arises how the flux dependence on the coupling 𝜉. To this end we
fix 𝑘1 = 1.75 and choose the period 8

21 , since already relatively short periods converge to the flux of
the generalized cantorus. The flux is determined for coupling strengths in the interval 𝜉 ∈ [0.0, 0.06]
with a step-wise increase of the coupling of Δ𝜉 = 0.0025. Within this interval of the coupling 𝜉 the
computation of the NHIMs converged with manageable effort. In Fig. 3.31 the fluxes are shown as
blue crosses, which increase as function of the coupling. We find that the flux depends on 𝜉 like a
quadratic function, Φ = Φ𝜉=0 + 0.0333 · 𝜉2, as indicated by the orange dashed line.

Note that for other parameters 𝑘1 and different periods a similar quadratic dependence has been
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Figure 3.31: Fluxes Φ (3.70), shown as blue crosses, for the NHIMs 𝑋8:21 as function of the
coupling 𝜉, while 𝑘1 = 1.75 is fixed. The orange dashed line indicates the scaling behavior, which is
proportional to 0.0333 · 𝜉2.
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found as well. However, whether this quadratic behavior is generic or whether for greater values of
the coupling a different scaling regime sets in has not been studied. Furthermore, the parameter
regime close to the destruction of the NHIM might also lead to interesting phenomena.

Altogether, in this section we determine flux across partial barriers in 4d symplectic maps entirely
by means of 2d NHIMs entering Eq. (3.70). Alternatively, the flux can be determined by different
approaches, which, however, require an explicitly constructed partial barrier. Both approaches, the
volume measurement of the turnstile and the determination of flux by iteration of an initial ensemble,
verify the result of Eq. (3.70). Moreover, we find a relevant partial barrier which is the generalization
of the golden mean cantorus present in 2d maps. The flux through this barrier is given by the limiting
flux of the sequence of approximating partial barriers constructed from periodic NHIMs.



3.4 Local flux in 4D maps 101

3.4 Local flux in 4D maps

In a 4d symplectic map the flux is a well-defined quantity. It describes the 4d volume which crosses
a partial barrier via the turnstile mechanism. The turnstile constructed in Sec. 3.3 extends in 𝑞2

and 𝑝2 such that the question arises whether the transported volume shows local dependence on
some coordinate. In Sec. 3.4.1, we underline the importance to study the flux in dependence of the
slow changing variable 𝑝2. We refer to this as the local flux and present an example for transport
in Sec. 3.4.2 emphasizing this 𝑝2-dependence. In particular, we show in Sec. 3.4.3 that the local
flux depends on the specific partial barrier under consideration. Common features, however, are
captured by a contribution only depending on the NHIMs, which is derived in Sec. 3.4.4. This
barrier-independent description allows to study the local flux in the cantorus limit in Sec. 3.4.5
and, moreover, in dependence on the coupling in Sec. 3.4.6. Furthermore, we compare the NHIM
contribution with the flux through a partial barrier which is composed of invariant manifolds in
Sec. 3.4.7.

3.4.1 Motivation

The motivation to study the local flux mainly arises from two considerations. The first concerns
an observation in the 3d paraboloid billiard for long-trapped orbits. Here, the chaotic transport
across resonance channels locally changes as a function of an effective coordinate along the resonance
channel, indicated by the time-resolved phase-space portrait [71], see Fig. 2.11.

The second incentive arises from the specific setup for which the flux is determined in Sec. 3.3,
where the corresponding turnstile is extended in 𝑝2 and 𝑞2. Since the kicking strength 𝑘2 for the
4d standard map (3.16) is set to zero and only relative small couplings 𝜉 are considered, the 𝑝2-
coordinate changes relatively slow. Thus, it is reasonable to investigate whether the flux depends
on the slow coordinate 𝑝2. In contrast, the 𝑞2-coordinate varies rapidly in comparison with 𝑝2, such
that a possible dependence should average out. A specific example for transport, which shows a
dependence on the slow variable, is discussed in the next section.

3.4.2 Example for transport dependence on slow variable

In the following we demonstrate that the study of local flux in 4d maps is important in order to
understand the chaotic transport. We employ an example showing locally varying chaotic transport
with a dependence on a slow variable. To this end we define a surface in phase space which is crossed
under time evolution by orbits of an initial ensemble. This initial ensemble is located in a chaotic
phase-space region, sufficiently far away from the defined surface. We assume that partial barri-
ers restrict the chaotic transport between the initial region and the surface. The number of orbits
crossing this surface within a specific time interval is locally resolved as a function of the slow variable.

Specifically, we employ the 4d standard map (3.16) for the parameters (𝑘1, 𝜉) = (1.3, 0.005) and
again 𝑘2 = 0. The initial conditions for the 𝑞1 and 𝑝1 component are chosen uniformly in the intervals
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Figure 3.32: Histogram of the 𝑝2-resolved transport for the standard map (3.16) for (𝑘1, 𝜉) =
(1.3, 0.005). The thick black line shows the count of orbits crossing the surface at 𝑝1 = 0.6 at a
specific value of 𝑝final

2 . Here, all orbits cross the surface within 𝑡 ∈ [50, 100] iterations. The blue line
corresponds to the transport in the uncoupled case for 𝜉 = 0.

𝑞1 ∈ [0.0, 0.05]∪ [0.95, 1.0] and 𝑝1 ∈ [−0.05, 0.05]. This corresponds to a rectangle in the (𝑞1, 𝑝1)-plane
around the hyperbolic fixed point 𝑥0:1

min. The 𝑞2 and 𝑝2-coordinates are chosen to be randomly uniform
distributed in the (𝑞2, 𝑝2)-plane ∈ [0, 1) × [−0.5, 0.5). An initial condition starting in this region is
iterated until it crosses the surface 𝑝1 = 0.6. We record the number of iterations 𝑡 of an orbit, until
𝑝1 > 0.6 is fulfilled. The value of 𝑝1 = 0.6 results from the consideration that relevant restrictive
partial barriers constructed from periodic NHIMs should not be intersected by the surface. Thus,
the position of the surface is sufficiently above the periodic NHIMs which are expected to show the
smallest flux, e.g., above the cantorus with golden mean frequency.

For the parameters under consideration the dynamics in the 𝑝2-coordinate is slow due to the small
coupling, while 𝑞2 is rotating fast. To this end we resolve the transport example locally as function
of 𝑝2 and gather the 𝑝2-coordinate of the initial condition 𝑝init

2 and the final value 𝑝final
2 after crossing

the surface. In order to design a statistical relevant example of transport, we choose a large ensemble
of 𝑁init = 108 initial conditions.

In Fig. 3.32 the histogram of the 𝑝final
2 values, crossing the surface within 𝑡 ∈ [50, 100] iterations, is

shown as a thick black curve. The histogram shows a large peak around 𝑝2 ≈ −0.4 and some plateaus
with fluctuation on finer scales. This clearly underlines that the transport is significantly enhanced
for 𝜉 > 0, showing a much lager probability to cross the surface. For comparison the blue line shows
the same example of transport in the case of vanishing coupling 𝜉 = 0. Altogether, the coupling leads
to an overall increased transport, which is significantly enhanced in certain regions.

The gray dashed line shows the distribution of 𝑝init
2 of the corresponding initial condition. For small

values of the coupling 𝜉 the initial and the final value of 𝑝2 do not vary much. The deviation between
the initial and final value is limited by the prefactor of the coupling and the maximal number of
iterations, i.e., |𝑝init

2 − 𝑝final
2 | = 𝑡max · 𝜉

2𝜋 , compare Eq. (3.16). The distribution of this difference, not
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shown here, reveals that the mean is around 0. The distributions 𝑝final
2 and 𝑝init

2 only slightly differ
as can be best seen at the position of the peak. We conclude that the transport is locally enhanced.

Note that if one locates the surface at 𝑝1 = −0.6 the distribution of 𝑝final
2 is mirrored due to a

symmetry and the corresponding peak would appear for positive 𝑝2. Moreover, in order to increase
the statistics we incorporate the mirrored distribution to improve the overall statistics.

3.4.3 Local flux in dependence on the partial barrier

The 𝑝2-dependent transport example emphasizes the necessity to study the local flux, more specially,
the 𝑝2-dependent flux. To this end we define the 3d flux for 𝑝2-sections as

Φ3d(𝑝2) =
∫︁

𝑑𝑞2 Φ2d(𝑞2, 𝑝2), (3.98)

which allows to determine Φ3d
1→2 and Φ3d

2→1 by the integration of Φ2d
1→2 (3.87) and Φ2d

1→2 (3.88), respec-
tively. This 𝑝2-dependent flux corresponds to a three-dimensional volume, since the two-dimensional
lobe areas are integrated with respect to the 𝑞2-coordinate. In order to obtain the 4d flux, addition-
ally, the integration with respect to 𝑝2 has to be carried out, see Eq. (3.89).

In order to study the 𝑝2-dependent flux, we consider the example of the NHIMs 𝑋2:5 and its
explicitly constructed partial barriers again. Figure 3.33 shows Φ3d(𝑝2) the integrated 2d fluxes of
the partial barrier considered in Fig. 3.28(a) and (b) for both directions. The fluxes Φ3d

1→2 and Φ3d
2→1,

depicted as blue and orange lines, respectively, show roughly the same dependence on 𝑝2. On a finer
scale, however, both curves show small deviations. Thus, although for the 4d flux Φ1→2 and Φ2→1

the zero net flux condition (3.30) is fulfilled, this is not true for the 𝑝2-dependent flux, confirming
that there is no 3d zero net flux condition. Moreover, both curves of Φ3d are constantly above the
black dashed line, which is the flux Φ𝜉=0 in the case of vanishing coupling. It corresponds to the
𝑝2-independent flux of the 2d map and is shown in upcoming plots for better comparison, see also
discussion in Sec. 3.3.1. For 𝑝2 ≈ −0.4 there is a maximum of Φ3d(𝑝2), which corresponds to an
increase of 2.2% with respect to Φ𝜉=0. Interestingly, the Poincaré map of the internal dynamics on
the NHIM shows the biggest resonance and the largest chaotic layer, for this 𝑝2-peak value, compare
to Fig. 3.24.

For the sake of completeness, we compare the flux of a few selected 𝑝2-values to the flux which
was determined by iteration of an ensemble of initial conditions, see Fig. 3.29, where the results are
integrated with respect to 𝑞2 as well. The result is shown in Fig. 3.33 as accordingly colored crosses.
Since the considered ensemble size is not large enough, the determination of flux by iteration cannot
resolve the small deviations between both curves. More importantly, however, this method verifies
the general 𝑝2-dependent flux qualitatively.

The 4d flux (3.70) is independent on the specific choice of a partial barrier as only the NHIMs
enter the calculation. Eventually, for explicitly constructed partial barriers this flux is confirmed
by volume measure, as shown previously. For the 𝑝2-dependent flux Φ3d(𝑝2) however, the question
arises whether it is independent of the specific partial barrier. The evaluation of the 𝑝2-dependent
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Figure 3.33: Flux Φ3d(𝑝2) (3.98) for a 3d partial barrier (3.84) constructed with the NHIMs 𝑋2:5

for (𝑘1, 𝜉) = (1.75, 0.03). The fluxes Φ3d
1→2 and Φ3d

2→1 are shown as blue and orange line, respectively.
The 𝑝2-dependent flux determined by iteration of an ensemble of initial conditions are shown as
equally colored crosses. The black dashed line shows the flux Φ𝜉=0.
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Figure 3.34: Comparison of the flux Φ3d(𝑝2) (3.98) for two different 3d partial barriers (3.84)
constructed with the NHIMs 𝑋2:5 for (𝑘1, 𝜉) = (1.75, 0.03). The fluxes Φ3d

1→2 and Φ3d
2→1 for the

second partial barrier are shown as blue and orange line, respectively. For comparison the flux of
the partial barrier of Fig. 3.33 is shown as gray dashed lines. The 𝑝2-dependent flux determined by
iteration of an ensemble of initial conditions are shown as equally colored crosses. The black dashed
line shows the flux Φ𝜉=0.



3.4.4 NHIM contribution and barrier-specific contribution 105

flux (3.98) requires the integration of the lobe area (3.94) with respect to 𝑞2. Since the lobe area
itself depends on the partial barrier, a dependence of the 𝑝2-dependent flux on the partial barrier is
expected.

In order to show this dependence, we construct a second partial barrier which slightly differs from
the previous one. In addition to the requirements discussed in Sec. 3.2.2, we require that the slope of
the 1d partial barrier in the (𝑞1, 𝑝1)-plane at the NHIMs has a specific value. In doing so, we obtain
a second realization of a partial barrier, which differs from the first example, but obviously allows for
the same 4d flux Φ. This is not true for the 𝑝2-dependent flux, which is shown in Fig. 3.34 as blue
and orange curve, respectively. Here, for comparison the results of the first realization, see Fig. 3.33,
are shown as gray dashed lines. The curves for the specific partial barriers differ substantially, e.g.,
at the height of the largest peak. However, overall both partial barriers show a similar qualitatively
behavior. For the second realization the deviations between both 𝑝2-dependent fluxes Φ3d

1→2 and
Φ3d

2→1 are greater in comparison with the first realization. We again verify the 𝑝2-dependence of the
flux for the second partial barrier by the determination of flux by iteration of an ensemble of initial
conditions. For three prominent 𝑝2-values the flux is shown as crosses in Fig. 3.34.

3.4.4 NHIM contribution and barrier-specific contribution

The 4d flux is independent of the specific partial barrier, whereas the 𝑝2-dependent flux Φ3d(𝑝2)
varies with the partial barrier under consideration. However, the 𝑝2-dependent flux for different
partial barriers share common qualitative features. Therefore, we split the 𝑝2-dependent flux into
two contributions

Φ3d(𝑝2) = Φ3d
NHIM(𝑝2) + 𝛿pb(𝑝2), (3.99)

namely the NHIM contribution Φ3d
NHIM, entirely determined by the NHIMs, and a barrier-specific

contribution 𝛿pb, depending on the partial barrier under consideration.

The derivation starts with the integration of the lobe area 𝐴 (3.94) with respect to 𝑞2, yielding

Φ3d(𝑝2) =
1∫︁

0

𝑑𝑞2 𝐴(𝑞2, 𝑝2) =
1∫︁

0

𝑑𝑞2

(︃[︂1
2𝑝2

1 − 𝑉 (𝑞1 + 𝑝1, 𝑞2 + 𝑝2)
]︂𝑞𝑅

1 (𝑞2,𝑝2),𝑝𝑅
1 (𝑞2,𝑝2)

𝑞𝐿
1 (𝑞2,𝑝2),𝑝𝐿

1 (𝑞2,𝑝2)

+
𝑞𝑅

1 (𝑞2,𝑝2)∫︁
𝑞𝐿

1 (𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1 (𝑞1, 𝑞2, 𝑝2)

−
𝑞𝑅

1 (𝑞2,𝑝2)+𝑝𝑅
1 (𝑞2,𝑝2)∫︁

𝑞𝐿
1 (𝑞2,𝑝2)+𝑝𝐿

1 (𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1

(︁
𝑞1, 𝑞2 + 𝑝2, 𝑝2 − 𝑉2(𝑞1, 𝑞2 + 𝑝2)

)︁)︃

(3.100)
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while the 𝑝2 coordinate is fixed, such that one obtains a 3d volume, e.g., the flux Φ3d. As discussed
previously, the limits of integration of the second and third term are points on the left and right
NHIM, respectively. Note that in order to keep the notation simple, we only consider NHIMs of
period-1, see Fig. 3.27(a). The extension to several lobes is eventually achieved by summation over
all lobes.

The first term in Eq. (3.100) only depends on the left and the right NHIM, whereas the second
and third term are integrals along the partial barrier. This suggests that

Φ3d
NHIM,main(𝑝2) =

1∫︁
0

𝑑𝑞2

[︂1
2𝑝2

1 − 𝑉 (𝑞1 + 𝑝1, 𝑞2 + 𝑝2)
]︂𝑞𝑅

1 (𝑞2,𝑝2),𝑝𝑅
1 (𝑞2,𝑝2)

𝑞𝐿
1 (𝑞2,𝑝2),𝑝𝐿

1 (𝑞2,𝑝2)
, (3.101)

is relevant for the NHIM contribution, while the remainders are part of the barrier-specific contri-
bution. Subsequent integration of Eq. (3.101) with respect to 𝑝2 leads to the 4d flux (3.70) and is
therefore called main NHIM contribution.

The main NHIM contribution Φ3d
NHIM,main(𝑝2) (3.101) in case of NHIMs 𝑋2:5 is shown in Fig. 3.35

as black line. For comparison the 𝑝2-dependent fluxes Φ3d for the two different partial barriers of
Fig. 3.34 are shown as blue and orange lines. Obviously, the main NHIM contribution is not able to
capture the common qualitative behavior of these partial barriers. In particular, the deviations among
the partial barriers are substantially smaller then the deviation to the main NHIM contribution
(3.101), which fluctuates on much larger scales.

This underlines that the main NHIM contribution (3.101) is unsuitable to capture the common
features of the 𝑝2-dependent flux. In order to obtain a more relevant NHIM contribution we consider
the integrals of Eq. (3.100). In particular, we introduce a change of variables 𝑞′

2 = 𝑞2 + 𝑝2 for the last

−0.4 −0.2 0.0 0.2 0.4
0.0046

0.0048

0.0050

0.0052

0.0054

0.0056

0.0058

1 → 2

2 → 1

Φ3d
NHIM, main

p2

Φ3d

Figure 3.35: Comparison of the main NHIM contribution Φ3d
NHIM,main(𝑝2) (3.101), shown as black

line, with the 𝑝2-dependent flux for the two different partial barriers of Fig. 3.34 shown as blue
and orange lines, respectively. The results are shown for the NHIMs 𝑋2:5 and the parameters
(𝑘1, 𝜉) = (1.75, 0.03).
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term of (3.100) which after omitting the prime 𝑞′
2 = 𝑞2 then reads

1∫︁
0

𝑑𝑞2

𝑞𝑅
1 (𝑞2−𝑝2,𝑝2)+𝑝𝑅

1 (𝑞2−𝑝2,𝑝2)∫︁
𝑞𝐿

1 (𝑞2−𝑝2,𝑝2)+𝑝𝐿
1 (𝑞2−𝑝2,𝑝2)

𝑑𝑞1 𝑝pb
1

(︁
𝑞1, 𝑞2, 𝑝2 − 𝑉2(𝑞1, 𝑞2)

)︁
. (3.102)

The arguments of the coordinate surfaces (3.76) in the integral limits and the arguments in the partial
barrier have changed accordingly. Thus, one obtains

Φ3d(𝑝2) = Φ3d
NHIM,main(𝑝2) +

1∫︁
0

𝑑𝑞2

(︃ 𝑞𝑅
1 (𝑞2,𝑝2)∫︁

𝑞𝐿
1 (𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1 (𝑞1, 𝑞2, 𝑝2)

−
𝑞𝑅

1 (𝑞2,𝑝2)∫︁
𝑞𝐿

1 (𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1

(︁
𝑞1, 𝑞2, 𝑝2 − 𝑉2(𝑞1, 𝑞2)

)︁)︃ (3.103)

which is easier to handle, since the arguments of the partial barrier are simplified. Moreover, we
introduced the abbreviations for the limits of the second integral which are defined as

𝑞
𝑅/𝐿
1 (𝑞2, 𝑝2) = 𝑞

𝑅/𝐿
1 (𝑞2 − 𝑝2, 𝑝2) + 𝑝

𝑅/𝐿
1 (𝑞2 − 𝑝2, 𝑝2) = 𝑞

𝑅/𝐿
1 (𝑞2, 𝑝2 − 𝑉2(𝑞𝑅/𝐿

1 , 𝑞2)). (3.104)

The first equality reflects the fact that a point on the NHIM stays on the NHIM under the map ℱ ,
e.g., 𝑞′

1 = 𝑞1 + 𝑝1. The iterated point is also part of the NHIM and thus is implicitly defined by the
last equality of Eq. (3.104).

In the following we consider a sketch of the integrals
∫︀

𝑑𝑞1𝑝pb
1 appearing in Eq. (3.103), where we

utilize the abbreviations (3.104) of the integral limits. Besides the already fixed 𝑝2-coordinate, we
require the 𝑞2-coordinate to be fixed. In Fig. 3.36(a) the black curve in the (𝑞1, 𝑝1)-plane shows the
section of the partial barrier 𝑝pb

1 (𝑞1, 𝑞2, 𝑝2), while the blue curve indicates the corresponding projection
of 𝑝pb

1 (𝑞1, 𝑞2, 𝑝2 − 𝑉2(𝑞1, 𝑞2)). The endpoints of both integrals are points on the left and on the right
NHIM, respectively, as indicated by the black and blue dots. Projections of the corresponding
NHIMs onto the (𝑞1, 𝑝1)-plane are shown as gray colored regions. In Eq. (3.103) the integrals can be
interpreted as the difference of the areas under the partial barrier. The area corresponding to this
difference is indicated by the sum of the red and blue colored areas, see Fig. 3.36(a). We split this
difference into two parts. Here, the red colored part is determined by the NHIMs, while the blue
part depends on the partial barrier.

The red area, which only depends on the NHIMs, is itself divided into two parts, denoted as
𝜑𝑅 for the right NHIM and −𝜑𝐿 for the left NHIM. These parts are within the intervals [𝑞𝐿

1 , 𝑞𝐿
1 ]

and [𝑞𝑅
1 , 𝑞𝑅

1 ], respectively, which arise due to the unequal limits of integration in Eq. (3.103). By
defining these areas consistently in the intervals [𝑞𝑅/𝐿

1 , 𝑞
𝑅/𝐿
1 ], the left contribution in Fig. 3.36 thus

must have a minus sign. Undefined is the upper boundary segment between the points (𝑞𝐿
1 , 𝑝𝐿

1 ) and
(𝑞𝐿

1 , 𝑝𝐿
1 ) on the left and (𝑞𝑅

1 , 𝑝𝑅
1 ) and (𝑞𝑅

1 , 𝑝𝑅
1 ) on the right NHIM, indicated as red dashed line. The
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Figure 3.36: Sketch of the integrals appearing in Eq. (3.103) in the (𝑞1, 𝑝1)-plane for a fixed (𝑞2, 𝑝2)-
section. The black curve indicates the section of 𝑝pb

1 (𝑞1, 𝑞2, 𝑝2), whereas the blue curve indicates the
projection of 𝑝pb

1 (𝑞1, 𝑞2, 𝑝2 − 𝑉2(𝑞1, 𝑞2)). Limits of the integrals are points on the NHIMs, which are
shown as equally colored dots. The NHIMs are projected onto the (𝑞1, 𝑝1)-plane and are shown as
gray colored areas. Differences between the integrals are shown as blue and red colored areas. The
blue colored area depends on the partial barrier. The red colored areas 𝜑𝐿 and 𝜑𝑅 depend on the
NHIMs. The separation between these blue and red areas is given in (a) by an arbitrary curve (red
dashed line), in (b) by a straight line (red line) and in (c) by a unique segment on the NHIM (gray
line) connecting these endpoints.

specific choice of this upper segment, which is important in order to determine 𝜑𝑅 and 𝜑𝐿, will be
discussed later. On the other hand, the blue area is mainly confined between the partial barrier and
the projected partial barrier, which are very close to each other.

The partition of the difference of the two integrals of Eq. (3.103) into a NHIM-dependent part
and a barrier-specific part thus allows to further add terms to the main NHIM contribution (3.101),
yielding the NHIM contribution

Φ3d
NHIM(𝑝2) = Φ3d

NHIM,main(𝑝2) +
1∫︁

0

𝑑𝑞2
(︁
𝜑𝑅(𝑞2, 𝑝2) − 𝜑𝐿(𝑞2, 𝑝2)

)︁
. (3.105)
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Consequently, the barrier-specific contribution becomes

𝛿pb(𝑝2) =
1∫︁

0

𝑑𝑞2

(︃ 𝑞𝑅
1 (𝑞2,𝑝2)∫︁

𝑞𝐿
1 (𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1 (𝑞1, 𝑞2, 𝑝2)

−
𝑞𝑅

1 (𝑞2,𝑝2)∫︁
𝑞𝐿

1 (𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1

(︁
𝑞1, 𝑞2, 𝑝2 − 𝑉2(𝑞1, 𝑞2)

)︁

− 𝜑𝑅(𝑞2, 𝑝2) + 𝜑𝐿(𝑞2, 𝑝2)
)︃

.

(3.106)

The flux of NHIM contribution (3.105) for a specific 𝑝2-value is thus given by the sum of the main
NHIM contribution Φ3d

NHIM, main(𝑝2) and the integration of 𝜑𝐿, 𝜑𝑅 , i.e., the red areas of Fig. 3.36,
along 𝑞2. The NHIM contribution (3.105) fulfills the zero net flux condition for each value of 𝑝2. This
is the case as determining the flux of the exit or incoming set requires to interchange the role of the
left and the right NHIMs and hence leads to the exact same result. The barrier-specific contribution
𝛿pb (3.106) for a specific 𝑝2 corresponds to the integration of the blue colored area of Fig. 3.36 along
𝑞2. In contrast to the NHIM contribution, the barrier-specific contribution does not fulfill the zero
net flux condition for each 𝑝2, since it depends on the partial barrier.

By performing the integration of the NHIM contribution (3.105) with respect to 𝑝2 the corre-
sponding 4d flux should be obtained and thus the terms 𝜑𝐿 and 𝜑𝑅 have to vanish. However, this
conceptually desirable property has not be shown analytically yet. Consequently, also the integral of
the barrier-specific contribution

∫︀
𝑑𝑝2 𝛿pb(𝑝2) = 0 should vanish.

Apart from this, ambiguity arises from the definition of the upper boundary of the areas 𝜑𝐿 and
𝜑𝑅 as indicated by the red dashed line in Fig. 3.36(a). Two possibilities of a direct connection and a
connection on the NHIM are discussed in the following.

Direct connection

One possible choice to define the upper border segment of the areas 𝜑𝐿 and 𝜑𝑅 is the direct connection
of the endpoints in the (𝑞1, 𝑝1)-plane. These endpoints are part of the corresponding NHIM for
different values of 𝑝2, compare to Eq. (3.104). The direct connection between them, however, is not
part of the NHIM. A sketch for the direct connection is shown in Fig. 3.36(b). For this choice the
areas are simply evaluated by a trapezoid given by

𝜑
𝑅/𝐿
direct(𝑞2, 𝑝2) =

[︁
𝑞

𝑅/𝐿
1 (𝑞2, 𝑝2) − 𝑞

𝑅/𝐿
1 (𝑞2, 𝑝2)

]︁(︃𝑝
𝑅/𝐿
1 (𝑞2, 𝑝2) + 𝑝

𝑅/𝐿
1 (𝑞2, 𝑝2)

2

)︃
, (3.107)

requiring only points on the left and right NHIM, respectively. Thus, the NHIM contribution for
the direct connection is evaluated by means of Eq. (3.105) and (3.107).

In Fig. 3.37(a) the NHIM contribution Φ3d
NHIM(𝑝2) (3.105) is shown as black line for the NHIMs
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Figure 3.37: (a) Comparison of the NHIM contribution Φ3d
NHIM(𝑝2) (3.105) with the 𝑝2-dependent

flux Φ3d (3.98) for the two different partial barriers of Fig. 3.34. The NHIM contribution is shown
as black line. The fluxes Φ3d

1→2 and Φ3d
2→1 are shown as blue and orange lines, respectively. The black

dashed line shows the flux Φ𝜉=0. In (b) the barrier-specific contribution 𝛿pb (3.106) is shown in the
corresponding colors. The results are shown for the NHIMs 𝑋2:5 and the parameters (𝑘1, 𝜉) =
(1.75, 0.03).
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Figure 3.38: Same as in Fig. 3.37, however, for the NHIMs 𝑋3:8.



112 3.4 Local flux in 4D maps

𝑋2:5, previously considered in Figs. 3.33 and 3.34. Since we consider NHIMs of period 2
5 , expression

(3.105) has to be evaluated for 5 neighboring pairs of the NHIMs 𝑋2:5
max and 𝑋2:5

min. For comparison
the fluxes Φ3d(𝑝2) of Fig. 3.33 and Fig. 3.34 for the two explicitly constructed partial barriers are
shown. Comparing the NHIM contribution with the 𝑝2-dependent flux of Fig. 3.33 shows that the
flux is varying significantly. Yet the qualitative form is quite similar, e.g., both show a prominent
peak at 𝑝2 ≈ 0.4. Better agreement is observed for the comparison with the 𝑝2-dependent flux of
Fig. 3.34. Integrating the NHIM contribution

∫︀
𝑑𝑝2 Φ3d

NHIM(𝑝2) leads numerically to almost the same
result as the 4d flux (3.70), deviating only on the order of the precision of the NHIM.

The barrier-specific contribution 𝛿pb(𝑝2) (3.106) has to be evaluated for the exit and the incoming
set. In this way one obtains 𝛿pb for 1 → 2 and vice versa 2 → 1. This contribution is depicted
in Fig. 3.37(b) for the two specific partial barriers of panel (a). For one specific partial barrier the
contribution 𝛿pb is different accordingly to the fluxes from 1 → 2 and vice versa 2 → 1. Obviously,
the contribution must be different for the second partial barrier. Moreover, the contribution are
fluctuating around 0. Numerical integration of

∫︀
𝑑𝑝2 𝛿pb(𝑝2) leads to a very small value, which is on

the order of the precision of the NHIM.

In order to show that the NHIM contribution describes common features of the 𝑝2-dependent flux,
we consider a second example of an explicitly constructed partial barrier in Fig. 3.38(a). Here, the
NHIM contribution Φ3d

NHIM(𝑝2) for the periodic NHIMs 𝑋3:8 is shown as a black line. For compar-
ison the 𝑝2-dependent fluxes Φ3d(𝑝2) (3.98) for the explicitly constructed partial barrier are shown
as blue and orange line, respectively. Both 𝑝2-dependent fluxes show a good qualitative and quan-
titative agreement and the barrier-specific contribution, shown in Fig. 3.38(b), describes the small
fluctuations due to the partial barrier.

The previously shown examples suggest that the NHIM contribution Φ3d
NHIM(𝑝2), entirely deter-

mined by the NHIMs and completely independent of the partial barrier, is a relevant quantity. In
particular, the contributions due to a specific partial barrier only lead to minor corrections of the
𝑝2-dependent flux.

NHIM connection

Another conceptual interesting way to connect the endpoints on the NHIMs, in order to confine the
areas 𝜑𝐿 and 𝜑𝑅, is to consider a curve entirely on the corresponding NHIM. To this end the paths
of integration entering Eq. (3.103) are depicted in Fig. 3.39 in the (𝑞1, 𝑝2)-plane for a fixed value
of 𝑞2 and 𝑝2, where we utilize the same notation as in the sketch Fig. 3.36. The integral over the
partial barrier 𝑝pb

1 in the limits [𝑞𝐿
1 , 𝑞𝑅

1 ] is denoted as 𝐼1 and has a fixed 𝑝2-value. 𝐼2 denotes the
second integral in the interval [𝑞𝐿

1 , 𝑞𝑅
1 ] with varying 𝑝2-coordinate. The dashed curves correspond to

the coordinate surfaces 𝑞𝐿
1 (𝑞2, 𝑝2) and 𝑞𝑅

1 (𝑞2, 𝑝2) as function of 𝑝2 and fixed value of 𝑞2 for the left
and the right NHIM, respectively. The endpoints 𝑞𝑅

1 , 𝑞𝑅
1 and 𝑞𝐿

1 , 𝑞𝐿
1 are part of the corresponding

curves, see Fig. 3.39. They can be uniquely connected via a segment of this curves denoted as Γ𝑅



3.4.4 NHIM contribution and barrier-specific contribution 113

qL1 qR1

q̄L1 q̃R1

Γ

I1

ΓR
ΓL

I2

NHIM: L NHIM: R

p2

p2

q1

Figure 3.39: Sketch of a closed path Γ(𝑞2, 𝑝2) consisting of the four segments 𝐼1, Γ𝑅, 𝐼2 and Γ𝐿 in
the (𝑞1, 𝑝2)-plane where the 𝑞2-value is fixed. The paths Γ𝐿 and Γ𝑅 are part of the left and right
NHIM, while the dashed lines indicates the coordinate surface 𝑞

𝐿/𝑅
1 (𝑞2, 𝑝2) as function of 𝑝2 for a

fixed value of 𝑞2.

and Γ𝐿. Both segments can be parameterized by 𝜆 ∈ [0, 1] and are given by

Γ𝑅/𝐿(𝑞2, 𝑝2) : 𝑝
Γ𝑅/𝐿

2 (𝜆) = 𝑝2 + (𝜆 − 1)𝑉2(𝑞𝑅/𝐿
1 , 𝑞2)

𝑞
Γ𝑅/𝐿

1 (𝜆) = 𝑞
𝑅/𝐿
1 (𝑞2, 𝑝

Γ𝑅/𝐿

2 (𝜆)).
(3.108)

The connection is parameterized by a small variation in 𝑝2 which is limited by the factor 𝑉2. An
example of such a path is shown in Fig. 3.36(c) in the projection onto the (𝑞1, 𝑝1)-plane connecting the
endpoints on the NHIM. This segment is parameterized by the coordinate surfaces 𝑞

𝑅/𝐿
1 (𝑞2, 𝑝

Γ𝑅/𝐿

2 )
and 𝑝

𝑅/𝐿
1 (𝑞2, 𝑝

Γ𝑅/𝐿

2 ). In comparison to the direct connection, Fig. 3.36(b), the path on the NHIM
only slightly differs. By the parameterization (3.108) the areas 𝜑𝑅 and 𝜑𝐿 can also be formulated
as integrals of the partial barrier

∫︀
𝑑𝑞1 𝑝pb

1 (𝑞Γ
1 , 𝑞2, 𝑝Γ

2 ). This is possible as the paths Γ𝑅 and Γ𝐿 are
part of the NHIMs which themselves are part of the partial barrier. The 𝑞1-component is itself
parameterized by the 𝑝2-component 𝑞

𝑅/𝐿
1 (𝑞2, 𝑝

Γ𝑅/𝐿

2 ) and thus the description in terms of the partial
barrier 𝑝pb

1 (𝑞Γ𝑅/𝐿

1 , 𝑞2, 𝑝
Γ𝑅/𝐿

2 ) = 𝑝
𝑅/𝐿
1 (𝑞2, 𝑝

Γ𝑅/𝐿

2 ) is synonymous to the coordinate surface of the NHIM.
Consequently, the areas are evaluated by a change of variables yielding

𝜑
𝑅/𝐿
NHIM(𝑞2, 𝑝2) =

∫︁
Γ𝑅/𝐿(𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1 (𝑞Γ𝑅/𝐿

1 , 𝑞2, 𝑝
Γ𝑅/𝐿

2 ) =
𝑝2∫︁

𝑝2−𝑉2(𝑞𝑅/𝐿
1 ,𝑞2)

𝑝
𝑅/𝐿
1 (𝑞2, 𝑝2)𝜕𝑞

𝑅/𝐿
1

𝜕𝑝2
(𝑞2, 𝑝2) 𝑑𝑝2,

(3.109)

which allows to compute the NHIM contribution (3.105). It turns out that the evaluation of the parts
𝜑𝑅 and 𝜑𝐿 for the direct connection (3.107) and the NHIM connection (3.109) yield numerical almost
similar results. These are only deviating on the order of the numerical precision of the NHIMs.
Thus, the additional cost of performing the integration along the NHIMs does not provide better
results.

By the paths Γ𝑅/𝐿 on the NHIM, the barrier-specific contribution (3.106) can be regarded as the
integral of a closed path Γ consisting of the four segments 𝐼1, Γ𝑅, 𝐼2 and Γ𝐿. It can be formulated as
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integral of the partial barrier and thus reads

𝛿pb(𝑝2) =
1∫︁

0

𝑑𝑞2

∮︁
Γ(𝑞2,𝑝2)

𝑑𝑞1 𝑝pb
1 (𝑞Γ

1 , 𝑞2, 𝑝Γ
2 ). (3.110)

The closed path Γ(𝑞2, 𝑝2) is indicated in the (𝑞1, 𝑝2)-plane of Fig. 3.39 by the clockwise aligned arrows
for which the segments Γ𝑅 and 𝐼2 have to be traversed in reversed order. For a hypothetical partial
barrier 𝑝pb

1 which is independent of 𝑝2 the barrier-specific contribution 𝛿pb would be zero, when using
the NHIM connection.

In summary, the 𝑝2-dependent flux itself depends on the specifc partial barrier and locally shows
different fluxes for the crossing in opposite directions. This is in contrast to the 4d flux which is
independent of the partial barrier. In order to obtain a 𝑝2-dependent flux, which is independent of the
partial barrier and that explains the shape qualitatively, we propose a splitting into two contributions
(3.99). The NHIM contribution Φ3d

NHIM only depends on the NHIMs and is independent of the partial
barrier, whereas the barrier-specific contribution 𝛿pb depends on the partial barrier. The comparison
of the 𝑝2-dependent flux of explicitly constructed partial barriers with the NHIM contribution reveals
that the latter captures most features of the first on a qualitative and even a quantitative level. Thus,
it seems reasonable to consider only the NHIM contribution for further studies, since in this way the
construction of a specific partial barrier is avoidable and only the NHIMs have to be determined.
This is particularly helpful for longer periods where it is often cumbersome or impossible to construct
a partial barrier explicitly.

One should keep in mind that the proposed splitting is not unique, as pointed out by the different
connection types. Moreover, there might be different ways to obtain the local flux only incorporating
the NHIMs. Furthermore, the proposed splitting does not provide a description for the construction
of a partial barrier which resembles the NHIM contribution and has a vanishing barrier-specific
contribution.

3.4.5 Local flux of cantorus generalization

Since the flux Φ (3.70) for the approximants in the Farey sequence to the golden mean cantorus
generalization converges with increasing period as shown in Fig. 3.30 and in Table 3.1, the question
immediately arises whether the 𝑝2-dependent flux Φ3d also shows convergence. To this end we employ
the same NHIMs for the parameters (𝑘1, 𝜉) = (1.75, 0.03) and consider the NHIM contribution
Φ3d

NHIM(𝑝2) (3.105). In Fig. 3.40 the results are shown for the NHIMs with periods ranging from 2
5

to 13
34 . Panel (a) shows the difference of the NHIM contribution to the corresponding 4d flux, i.e.,

Φ3d
NHIM(𝑝2) − Φ. This representation allows to compare 𝑝2-dependent features for different periods.

For the NHIMs 𝑋1:3 the 𝑝2-dependent flux shows a broad peak. However, already for the periodic
NHIMs 𝑋2:5 a clear peak at roughly 𝑝2 ≈ −2

5 is recognizable. The peak for period 8 is both higher
and narrower and roughly centered around 𝑝2 ≈ −3

8 . By further considering NHIMs of higher
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period, e.g., 5
13 , 8

21 and 13
34 not only the peak and its height converges, furthermore, also the entire 𝑝2-

dependent flux converges. This convergence is illustrated in panel (b), where the usual representation
of Φ3d

NHIM(𝑝2) is considered in order to distinguish the result of the three longest computed periods,
i.e., 5

13 , 8
21 and 13

34 . The flux for the first two periods are easily distinguished, as they show the same
functional behavior and are slightly shifted. While the 𝑝2-dependent flux for the last two periods in
the sequence are indistinguishable on the shown scale. They only can be discriminated because the
flux for 8

21 is shown as solid, while the flux for 13
34 is shown as dashed line.

The results presented in Fig. 3.40 indicate that for approximants with longer periods the 𝑝2-
dependent flux converges to some limiting flux. This might be obvious as both the flux in 2d
symplectic maps and the flux in 4d maps converge as well. Consequently, also for the 𝑝2-dependent
flux it suffices to consider NHIMs with relatively short periods in order to obtain reasonable results
for the flux of restrictive barriers.

In the following the example for 𝑝2-resolved transport of Sec. 3.4.2 is reconsidered which motivates
to study the local flux. The 𝑝2-resolved histogram in Fig. 3.32 shows an overall increase of transport
across the surface at 𝑝1 = 0.6 for (𝑘1, 𝜉) = (1.3, 0.005), in comparison to the transport in the uncoupled
case 𝜉 = 0.0, shown as blue line. Remarkable is the overall increase and in particular the prominent
peak at 𝑝2 ≈ −0.4. In order to cross the surface the orbits of the ensemble are expected to cross
several restrictive partial barriers in phase space. The most restrictive partial barrier is expected to
be the generalization of the golden mean cantorus.

Therefore, we consider for this set of parameters the approximants in the Farey sequence to the
golden mean cantorus. Compared to Fig. 3.40, where the limiting flux is shown for the parameter
𝑘1 = 1.75, the limiting flux for 𝑘1 = 1.3 is expected to be smaller by one order of magnitude which
is deduced from the fluxes of the 2d standard map, see Fig. 3.15. The NHIM contribution is shown
in Fig. 3.41 for the NHIMs 𝑋𝑚:𝑛 ranging from 𝑚

𝑛 = 3
8 to 21

55 . Again in panel (a) the difference
Φ3d

NHIM(𝑝2) − Φ emphasizes that the functional form converges with increasing period, such that the
curves of 8

21 , 13
34 and 21

55 are indistinguishable, although their mean value, i.e., the 4d flux has not
converged yet. In panel (b) the NHIM contribution for 8

21 can be distinguished from 13
34 and 21

55 , while
the latter two almost coincide.

Both, the transport histogram, Fig. 3.32, as well as the NHIM contribution Φ3d
NHIM(𝑝2) in the

cantorus limit, shown in Fig. 3.41(b), share some qualitative features like the prominent peak. This
suggest that there is a link between the 𝑝2-dependent flux of the generalization of the golden mean
cantorus, e.g., the most restrictive barrier, and the 𝑝2-resolved transport histogram. However, as we
only consider the flux through one restrictive partial barrier here, the situation in general is more
complex. Thus, in order to reach the surface several restrictive partial barriers have to be crossed,
similar to transport models discussed in 2d symplectic maps [24].
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Figure 3.40: NHIM contribution Φ3d
NHIM(𝑝2) (3.105) for the NHIMs 𝑋𝑚:𝑛 in the Farey sequence

from 1
3 to 13

34 for (𝑘1, 𝜉) = (1.75, 0.03). In (a) the difference Φ3d
NHIM(𝑝2) − Φ is shown. In (b) the flux

of the three largest periods is shown. The black dashed lines indicate the corresponding fluxes Φ𝜉=0.

3.4.6 Local flux in dependence on the coupling

A quadratic scaling of the 4d flux Φ (3.70) in dependence on the coupling is observed in Sec. 3.3.5.
Accordingly, we investigate the scaling of the 𝑝2-dependent flux in dependence on the coupling 𝜉 in
this section. To this end we evaluate the NHIM contribution (3.105) for the NHIMs 𝑋8:21, where
the constraint to this period is justified only by the minimal change of flux for higher periods like 13

34 ,
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Figure 3.41: NHIM contribution Φ3d
NHIM(𝑝2) (3.105) for the NHIMs 𝑋𝑚:𝑛 in the Farey sequence

from 3
8 to 21

55 for (𝑘1, 𝜉) = (1.3, 0.005). In (a) the difference Φ3d
NHIM(𝑝2) − Φ is shown. In (b) the flux

of the three largest periods is shown. The black dashed lines indicate the corresponding fluxes Φ𝜉=0.

as discussed previously.

Specifically we choose the equidistant spaced couplings 𝜉 ∈ [0.01, 0.02, · · · , 0.06] and compute the
flux Φ3d

NHIM (3.105), which is shown in Fig. 3.42(a) as different colored lines. For comparison the flux
in the uncoupled case Φ𝜉=0 is shown as black dashed line. All curves are roughly of the same shape,
however, as their mean values, i.e., the 4d flux, is increasing with the coupling, the curves are slightly
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Figure 3.42: NHIM contribution (3.105) for the NHIMs 𝑋8:21 for 𝑘1 = 1.75 in dependence of
coupling 𝜉. In panel (a) Φ3d

NHIM(𝑝2) is shown, while panel (b) shows the scaling behavior Φ3d
NHIM−Φ𝜉=0

𝜉2 .
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shifted to each other. Remarkably, the 𝑝2-dependent flux is entirely shifted with increasing coupling.
In Fig. 3.42(b) the scaling behavior of the NHIM contribution is shown by computing the quantity

Φ3d
NHIM−Φ𝜉=0

𝜉2 for different coupling strength 𝜉. The curves almost coincide and thus the 𝑝2-dependent
NHIM contribution Φ3d

NHIM also shows quadratic scaling. The scaling locally changes with the profile
of Fig. 3.42(b). In the vicinity of the peak 𝑝2 ≈ −0.4 the influence due to the coupling is strongest. In
this region we observe a small splitting of the curves, which indicates that additional to the quadratic
scaling also higher order terms are relevant.

3.4.7 Partial barrier composed of invariant manifolds

In this section we consider a different type of partial barrier which is composed of invariant manifolds.
For the 2d standard map this has been discussed in Sec. 3.2.2, where the partial barrier is composed
of segments of the 1d stable and unstable manifolds 𝑊 s and 𝑊 u which emerge from the 0d hyperbolic
fixed 𝑥0:1

min.
In the case of the 4d standard map the corresponding objects in phase space have the following

dimensionality: The 0d hyperbolic fixed point 𝑥0:1
min generalizes to the 2d NHIM 𝑋0:1

min. The manifolds
𝑊 s and 𝑊 u attached to 𝑋0:1

min are three-dimensional objects and thus have sufficient dimensionality
to separate different regions of phase space, since they are of codimension one. These manifolds
intersect in two-dimensional intersection manifolds, generalizing the homoclinic points. By means
of a segment of the stable and unstable manifold, intersecting in a primary intersection manifold,
a partial barrier can be composed. Considering the preimage of the partial barrier then allows to
construct the turnstile with incoming 𝐼 and exit lobe 𝐸, i.e., enclosing 4d volumes [229]. The choice
of the primary intersection manifold allows to define different partial barriers and consequently also
different turnstiles.

In Ref. [229] a partial barrier is constructed by a family of 1d tori, e.g., NHIT explained in
Appendix B, whose linearization allows to compute the invariant manifolds. Based on the manifolds
the volume of the resonance zone as well as of one lobe of the turnstile, i.e., the flux, is determined.
Furthermore, also the 𝑝2-dependent flux for this lobe is considered. However, as this approach relies
on the interpolation through gaps in the NHIT due to resonances, the results in their vicinity are not
exact.

Instead we consider an approach of Ketzmerick [230] which relies on the NHIM 𝑋0:1
min, their attached

manifolds 𝑊 s, 𝑊 u and the two-dimensional homoclinic intersection manifolds of them. The latter
are determined by an adjusted bisection algorithm by exploiting the property of future and past
asymptotics towards 𝑋0:1

min. By a suitable interpolation of the manifolds in between the intersection
manifolds the volume of the enclosed lobe can be determined.

In this way for the parameters (𝑘1, 𝜉) = (1.8, 0.1) of the 4d standard map the 4d volume for four
different lobes yields the flux Φ = 0.00733154 [230]. This flux could in principle also be determined
by means of the intersection manifolds entering Eq. (3.35), similar to the 2d case. Instead we
exploit the NHIMs 𝑋1:𝑛 for large 𝑛 which approximate these intersection manifolds, compare to
Fig. 3.7 for the 2d map. For the relatively short periodic NHIMs 𝑋1:9, the evaluation of Eq. (3.70)
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yields Φ = 0.00733272 which is in good agreement. This is especially convenient as this approach is
independent of the stable and unstable manifold.

In the following we consider the 𝑝2-dependent flux Φ3d(𝑝2) for the four different lobes defined by
means of stable manifold 𝑊 s and unstable manifold 𝑊 u and compare those to the NHIM contribution
of the approximating NHIMs 𝑋1:9. The results are shown in Fig. 3.43 where the 𝑝2-dependent flux
for all lobes is shown as lines in different shades of red. Lobe 1 corresponds to the exit set 𝐸 of
Fig. 3.7 and Lobe 2 to 4 are the adjacent lobes further to the right. Although all lobes have the
same 4d volume their 𝑝2-dependent flux varies strongly [230]. Comparing the NHIM contribution
(3.105) (black line) of 𝑋1:9 with the 𝑝2-dependent flux of the lobes 4 and 3, shown as the two palest
curves, indicate a strong deviation as the peaks of the curves are at different values of 𝑝2. Thus, the
barrier-specific contribution (3.110) for these lobes is quite large. While for the lobes 2 and 1, shown
as red lines with increasing intensity, the agreement to the NHIM contribution is better and thus
the barrier-specific contribution is smaller.

The reason for the particular small deviation of Lobe 1 is that the corresponding partial barrier is
rather smooth, as shown in Fig. 3.7. On the other hand, the partial barriers for which the Lobes 2
to 4 are the incoming set 𝐼 or exit set 𝐸, respectively, show stronger variations in the (𝑞1, 𝑝1)-plane
as the segments of the manifolds bend significantly. Thus, the Lobes 2 to 4 show stronger variations
in the 𝑝2-dependent flux and their barrier-specific contribution is greater than that of lobe 1.
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Figure 3.43: Comparison of the 𝑝2-dependent flux of four different lobes with the NHIM contri-
bution Φ3d

NHIM (3.105) for the NHIMs 𝑋1:9. The flux for the lobes is obtained for different partial
barriers which are composed of segments of the invariant manifolds of 𝑋0:1

min [230]. Different shades
of red indicate the results for the lobes. The NHIM contribution Φ3d

NHIM is shown as thick black
line. The black dashed line shows the flux Φ𝜉=0. The parameter of the 4d standard map (3.16) are
(𝑘1, 𝜉) = (1.8, 0.1).



4 Summary and outlook

In this thesis we study the chaotic transport in 4d symplectic maps and its restriction due to the
presence of partial transport barriers. In particular, we identify the relevant invariant objects to
determine the flux across partial barriers. We find clear signatures of partial barriers in the study
of the power-law decay of the Poincaré recurrence statistics in the 3d paraboloid billiard. There,
long-trapped orbits, which stick close to regular structures, are the origin of this slow decay. More
precisely, these orbits explore the stochastic layers of resonances channels which we visualize in phase
space. Moreover, we detect sudden transitions across resonance channels by analyzing long-trapped
orbits in the frequency-time representation and in the time-resolved animation of phase space. These
observations indicate the presence of partial barriers. Their origin in higher-dimensional systems,
however, is unclear.

In a suitable model system of a 4d map we identify two-dimensional periodic NHIMs as the relevant
objects for the description of partial barriers. It turns out that the flux across the latter is entirely
determined by the difference of the integrals of the Lagrangian over two periodic NHIMs [19]. This
implies that no partial barrier has to be constructed explicitly. We utilize two alternative approaches
to determine the flux and verify the previous result. These approaches, however, require the explicit
construction of a 3d partial barrier for which the two periodic NHIMs form the backbone. This allows
to measure the volume of the turnstile by exploiting a formula for the lobe areas. Additionally, by
iteration of an ensemble of initial conditions, an approximation of the transported volume is obtained.
Both approaches verify the results of the flux entirely determined by the NHIMs. Moreover, we find
the most restrictive partial barrier by generalizing the golden mean cantorus present in 2d maps.
Topologically, this generalization can be thought of as the product of a cantorus and the NHIMs.
The flux through this restrictive barrier is given by the limiting flux of the sequence of approximating
periodic NHIMs.

The chaotic transport due to such partial barriers exhibits a strong dependence on a slowly chang-
ing variable as we exemplarily demonstrate. We investigate this dependence by considering the local
dependence of the flux with respect to this variable. It turns out that the local flux exhibits strong
variations, which, however, are not independent of the explicitly constructed partial barrier. Similar
features of the local flux for different partial barriers suggest the splitting into two different contri-
butions, namely the barrier-specific contribution and the NHIM contribution. The latter captures
common features like prominent peaks. Deviations of the different partial barriers are consequently
captured by the barrier-specific contribution. Regarding the NHIM contribution only, we demon-
strate the convergence of the local flux in the sequence towards the cantorus generalization. Moreover,
we find striking similarities between the local flux of the generalized cantorus barrier and the result
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of the transport example.
While this thesis describes the basic mechanism of partial barriers, the extension to more generic

systems like, e.g., the 3d billiard, is still an open question. This task, however, is in general rather
intricate as the geometry of the resonances channels is often distorted. In the vicinity of surrounding
regular tori we expect the local flux across the resonance channel to be almost vanishing. Only in the
Chirikov regime the flux across partial barriers separating different resonance channels is significant.
This is indicated by the time-resolved animation of a long-trapped orbit where transitions only occur
at specific locations along the channel [71]. Note that already the study of partial barriers in a simpler
model, where the turnstile is locally confined, so that it leads to local rather than global transport,
might provide further insights.

Let us remark that the discussed cantorus generalization corresponds to the formation of a Cantor
set in only one dimension. Whether also a formation of a Cantor set in the second dimension is
possible, as discussed in Ref. [231, 232], remains subject to future research. Nevertheless, the obtained
results should be generalizable to even higher-dimensional systems. In a 2𝑛-dimensional phase space
the corresponding NHIMs are (2𝑛−2)-dimensional submanifolds. Accordingly, these NHIMs should
allow for determining the flux and for constructing (2𝑛 − 1)-dimensional partial barriers.

Eventually, the implications on quantum mechanics is also of great interest. In particular the
impact of the strongly varying local flux on localization properties of quantum states [233, 234] and
quantum transport [235] is an interesting question for future research.



Appendix

A Further example of a long-trapped orbit in the 3D billiard

A second example of a long-trapped orbit in the 3d paraboloid billiard is shown in Fig. A.1. Both in
the 3d phase-space slice and in frequency space, see Fig. A.1(a, d), the orbit is located in a different
region than the example discussed in Sec. 2.2.3, Figs. 2.10–2.12. In particular, the plot in frequency
space reveals that the sticky orbit is close to the region where ℳfp

𝑥 has a gap due to the important
3:0 :1 resonance and is contained between the stochastic layers of the 2:1 :1 and the 7:1 :2 resonance.
In the frequency-time plots, Fig. A.1(b, c), the orbit first, up to 𝑡 ≈ 1.3 × 107, rapidly jumps between
the stochastic layers of these two resonances, and then mainly stays in the stochastic layer of either
of them, i.e. for 𝑡 ∈ [3 × 107, 5.6 × 107] around the 2:1 :1 resonance clearly visible as green and yellow
colored stochastic layers in the 3d phase-space slice representation in Fig. A.1(d). This highlights
the possibility that different stochastic layers may either behave as one large stochastic layer or two
separate ones.

For this orbit also trapping deeper in the hierarchy is found for the time interval 𝑡 ∈ [1.5×107, 2.2×
107] for which in Fig. A.1(b, c) the frequency-time signals collapse onto the frequencies of the 3:0 :1
resonance. Note, that the deeper hierarchy around the 3:0 :1 resonance is not visible in the chosen
perspective. Thus, overall this second example shows both in phase space and in frequency space
conceptually the same signatures as the one discussed in Sec. 2.2.3.
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Figure A.1: Long-trapped orbit with recurrence time 𝑡rec ≃ 7.6 × 107 and time 𝑡 encoded in
color. (a) Magnification of Fig. 2.5 with regular tori (grey dots) and selected resonance lines, (b,
c) frequency-time signals 𝜈𝑦(𝑡) and 𝜈𝑥(𝑡), (d) 3d phase-space slice representation. Adapted from
Ref. [70]. For a rotating view see Supplemental Material [71].
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B Approximation of NHIMs by 1D-tori

Two-dimensional periodic NHIMs are the relevant objects in phase space in order to determine the
flux Φ (3.70) in a 4d map. Their computation is discussed in Sec. 3.3.2. Alternatively, the NHIM can
be partially described by a family of 1d tori [140, 145, 236, 237] which is discussed next. The closed
curves in the Figs. 3.22-3.24 correspond to 1d tori. These are located on the NHIM and are thus
accordingly named as normally hyperbolic invariant tori (NHIT) [203, 238–240]. Such a 1d torus can
be described as a Fourier series

𝑥(𝜃) = 𝑐 +
𝑁coeff∑︁
𝑘=1

𝑎𝑘 cos(𝑘𝜃) + 𝑏𝑘 sin(𝑘𝜃) + 𝜃

2𝜋
𝑟 (B.1)

parameterized by an angle coordinate 𝜃 ∈ [0, 2𝜋) with 𝑐, 𝑎, 𝑏 ∈ R4 denoting vectors of coefficients.
Consequently, each coordinate of the 1d torus embedded in the 4d phase space is described in terms
of a Fourier series. The additional term 𝑟 in (B.1) accounts for the rotational geometry of the 1d
torus, e.g., 𝑟 has zero entries except for the 𝑞2-coordinate. For 1d tori of elliptic shape, i.e., resonance
in Figs. 3.22-3.24, the corresponding term 𝑟 must be neglected.

In fact, a 1d torus is located on one constituent of a periodic NHIM and is thus a period-𝑛 1d
torus. For such a torus the relation

ℱ𝑛(𝑥(𝜃)) = 𝑥(𝜃 + 𝑛 · 𝜔) (B.2)

holds, where 𝜔 is an irrational frequency and 𝑛 is the periodicity. For a given frequency, period and
a suitable initial guess for the Fourier coefficients 𝑐, 𝑎, 𝑏 the corresponding 1d torus can be obtained
via a Newton method [145, 237]. Regular 1d tori, which are located on one constituent of a periodic
NHIM, are parametrized by the frequency 𝜔, corresponding to a one-parameter family of 1d tori.
In Ref. [203] such NHIT are shown, composing a so-called normally hyperbolic invariant cylinder.
However, besides the 1d tori also chaotic layers are present in the phase-space portraits of Figs. 3.22-
3.24, already indicating the limitation of this method, which relies on the existence of continuous 1d
tori.

The projection of a family of 1d tori onto the canonical planes (𝑞1, 𝑝1) and (𝑞2, 𝑝2) is shown in
Fig. B.1. These tori, shown as black lines, are located on the NHIM 𝑋2:5

max. The NHIM is related
to the periodic orbit 𝑥2:5

max at (𝑞, 𝑝) = (0.78312, 0.29375), indicated in the (𝑞1, 𝑝1)-plane as green
point. Three of these 1d tori are highlighted in color. The red colored 1d torus corresponds to a
rotational torus as visualized in the (𝑞2, 𝑝2)-plane. Its projection onto the (𝑞1, 𝑝1)-plane has a large
extent in the shape of an ellipse. The magenta and cyan colored torus are inside of a resonance and
of elliptic shape. Their projections onto the (𝑞1, 𝑝1)-plane shows more complicated structures like,
e.g., a moon-like shape and bows.

For sake of clarity only a few selected 1d tori with varying 𝜔 are shown, i.e., the small gaps appearing
quite regular are not due to resonances. However, there are also regions around the resonance eyes
where the search algorithm for the 1d tori is not converging. This is obviously the case in regions
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of chaotic dynamic on the NHIM, see Figs. 3.22-3.24, where 1d tori cease to exist. Note that more
Fourier coefficients 𝑁coeff are necessary in order to accurately parametrize a 1d-torus near the chaotic
region due to stronger bends.

Instead of the NHIMs also families of 1d tori can be utilized in order to determine the flux. This,
however, requires an interpolation of the coordinate surfaces 𝑞1(𝑞2, 𝑝2) and 𝑝1(𝑞2, 𝑝2), respectively.
Starting with as many 1d tori as possible, including the resonances, the coordinate surfaces are
described in terms of 2d Fourier series (3.78). Its coefficients can be determined by a linear least
square fit (3.79). For small gaps, due to the chaotic layers associated with the resonances, this
interpolation works quite well. Larger chaotic layers, however, might lead to numerical artifacts.
Furthermore, the determination of the 1d tori requires more numerical effort since an initial guess for
the Fourier coefficients must be provided. Consequently, we determine the flux by means of NHIMs.
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Figure B.1: Projections of a family of normally hyperbolic invariant tori (NHIT) onto the canonical
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